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Preface 


This book has resulted from my extensive work with talented students in Macedo- 
nia, as well as my engagement in the preparation of Macedonian national teams for 
international competitions. The book is designed and intended for all students who 
wish to expand their knowledge related to the theory of inequalities and those fas- 
cinated by this field. The book could be of great benefit to all regular high school 
teachers and trainers involved in preparing students for national and international 
mathematical competitions as well. But first and foremost it is written for students— 
participants of all kinds of mathematical contests. 

The material is written in such a way that it starts from elementary and basic in- 
equalities through their application, up to mathematical inequalities requiring much 
more sophisticated knowledge. The book deals with almost all the important in- 
equalities used as apparatus for proving more complicated inequalities, as well as 
several methods and techniques that are part of the apparatus for proving inequalities 
most commonly encountered in international mathematics competitions of higher 
rank. Most of the theorems and corollaries are proved, but some of them are not 
proved since they are easy and they are left to the reader, or they are too compli- 
cated for high school students. 

As an integral part of the book, following the development of the theory in 
each section, solved examples have been included—a total of 175 in number— 
all intended for the student to acquire skills for practical application of previously 
adopted theory. Also should emphasize that as a final part of the book an exten- 
sive collection of 310 “high quality” solved problems has been included, in which 
various types of inequalities are developed. Some of them are mine, while the oth- 
ers represent inequalities assigned as tasks in national competitions and national 
olympiads as well as problems given in team selection tests for international com- 
petitions from different countries. 

I have made every effort to acknowledge the authors of certain problems; there- 
fore at the end of the book an index of the authors of some problems has been 
included, and I sincerely apologize to anyone who is missing from the list, since 
any omission is unintentional. 

My great honour and duty is to express my deep gratitude to my colleagues Mirko 
Petrushevski and Dorde Barali¢ for proofreading and checking the manuscript, so 


Vii 


Vili Preface 


that with their remarks and suggestions, the book is in its present form. Also I want 
to thank my wife Maja and my lovely son Gjorgji for all their love, encouragement 
and support during the writing of this book. 

There are many great books about inequalities. But I truly hope and believe that 
this book will contribute to the development of our talented students—future na- 
tional team members of our countries at international competitions in mathematics, 
as well as to upgrade their knowledge. 

Despite my efforts there may remain some errors and mistakes for which I take 
full responsibility. There is always the possibility for improvement in the presen- 
tation of the material and removing flaws that surely exist. Therefore I should be 
grateful for any well-intentioned remarks and criticisms in order to improve this 
book. 


Skopje Zdravko Cvetkovski 
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Chapter 1 
Basic (Elementary) Inequalities 
and Their Application 


There are many trivial facts which are the basis for proving inequalities. Some of 
them are as follows: 


. Ifx > yand y>z then x > z, for any x, y,zER. 
.Ifx>yanda>bthenx+a>y+b,foranyx,y,a,bER. 
_Ifx>ythenx+z>y+z, foranyx,y,zER. 

. Ifx > yanda>b then xa> yb, for any x,y €R* ora,beR™. 

. If x € R then x* > 0, with equality if and only if x = 0. More generally, for 
A; € R* and x; €R,i=1,2,...,m holds Ayx7 + Aoxy +--+ + Anx7 > 0, with 
equality if and only if x; = x2 =--- =x, =0. 


nA WN Re 


These properties are obvious and simple, but are a powerful tool in proving inequal- 
ities, particularly Property 5, which can be used in many cases. 

We'll give a few examples that will illustrate the strength of Property 5. 

Firstly we’ll prove few “elementary” inequalities that are necessary for a com- 
plete and thorough upgrade of each student who is interested in this area. 

To prove these inequalities it is sufficient to know elementary inequalities that 
can be used in a certain part of the proof of a given inequality, but in the early 
stages, just basic operations are used. 

The following examples, although very simple, are the basis for what follows 
later. Therefore I recommend the reader pay particular attention to these examples, 
which are necessary for further upgrading. 


Exercise 1.1 Prove that for any real number x > 0, the following inequality holds 
x+—->2. 
x 


Solution From the obvious inequality (x — 1)? > 0 we have 
x*7-2x4+1>0 & x*4122x, 


and since x > 0 if we divide by x we get the desired inequality. Equality occurs if 
and only ifx —1=0,ie.x =1. 
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2 1 Basic (Elementary) Inequalities and Their Application 


Exercise 1.2 Let a, b € R™. Prove the inequality 


a b 
—~+—>2. 
a 


> 


Solution From the obvious inequality (a — b)* > 0 we have 


24 p2 
b 
— S26 


a—2ab+hP>0 & a+bh?>2ab © = 
ab b 


Equality occurs if and only ifa —b=0,i..a=b. 


Exercise 1.3 (Nesbitt’s inequality) Let a, b,c be positive real numbers. Prove the 
inequality 

a i: b a ae 3 

b+ce ct+ta a+b” 2 


Solution According to Exercise 1.2 it is clear that 
a+b b+c atc ct+tb bt+ta ate 
b+c atb c+b a+c a+c_ b+a 


Let us rewrite inequality (1.1) as follows 


a+b a-+c c+b b+a b+ece ate 
+ + + + ac > 6, 
b+c ctb a+c ate a+b b+a 


>24+2+4+2=6. (1.1) 


or 
a = b i: Cc oo 
b+ce cta atb7~2’ 


a s required. 
Equality occurs if and only if ? = ‘= = $<, from where 
easily we deduce a=b=c. 


> 
> 
CS 
Q 
9 
> 
> 
a 
g 


ao 
Q 
9 
i 


The following inequality is very simple but it has a very important role, as we 
will see later. 


Exercise 1.4 Let a, b,c € R. Prove the inequality 
a+b? +c? >ab+bet+ca. 
Solution Since (a — b)? + (b — c)? + (c—a)* > 0 we deduce 
2(a? +b* +c’) >2(ab+bc+ca) =} Ap ae >ab+be+ca. 


Equality occurs if and only ifa=b=c. 
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As a consequence of the previous inequality we get following problem. 
Exercise 1.5 Let a,b,c € R. Prove the inequalities 
3(ab + be +.ca) < (at+b+c) <3(a* +b? +c’). 
Solution We have 


3(ab+ be + ca) =ab+be+ca+2(ab+ be + ca) 
<a’ +b? +c°+2(abt+be+ca)=(at+b+c) 
=a’ +b*+c* +2(ab+be+ca) 
<7 4P 4042074 +0?) =3° +h? +c’). 
Equality occurs if and only ifa=b=c. 


Exercise 1.6 Let x, y, z > 0 be real numbers such that x + y + z = 1. Prove that 


/6x +1+/6y +1+V76z4+1<3V3. 


Solution Let /6x + 1=a,. /6y+1=b, /6z+1=c. 
Then 


a+b +7 =6(x +y+2I4+3=9. 


Therefore 
(at+tb+c) <3? +b? +c*)=27, ie. atb+c<3V3. 

Exercise 1.7 Let a,b,c € R. Prove the inequality 

at +b+4+ct>abc(atbtc). 
Solution By Exercise 1.4 we have that: If x, y, z € R then 

aa "Saye ee: 
Therefore 

a+ bt +ch> ab? + bc? +07a? = (ab) + (bc) + (cay” 
> (ab)(bc) + (bc) (ca) + (ca)(ab) = abc(a+b+c). 

Exercise 1.8 Let a, b,c € R such that a+ b+ c > abc. Prove the inequality 


ath +c? > V3abc. 
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Solution We have 


@4P eV aC 4 +e ei 4 we pee 


=a +h +A+ PB +e7?)4+h( +a") +c (a? +b’). 


By Exercise 1.7, it follows that 
at +b+4+ct>abc(at+b+c). 
Also 
b? +c? > 2be, ota > 2ca, a+b > 2ab. 


Now by (1.2), (1.3) and (1.4) we deduce 


(a* +b? +c’)? > abc(a +b +c) + 2a*be + 2b? ac + 2c*ab 


=abc(a+b+c)+2abc(a+b+c)=3abc(a+b+c). 


Since a+ b+ c > abc in (1.5) we have 


(a* + b? +c’)? > 3abc(a + b +c) > 3(abc)’, 


ath +c? > V3abc. 
Equality occurs if and only if a=b=c= V3. 


Exercise 1.9 Let a,b,c > 1 be real numbers. Prove the inequality 
1 1 1 1 

abe+—-+-—-+->a+b+c+—_. 

a boc abc 


1 


a? 


(-Ne-ed-e 


After multiplying we get the required inequality. 


Solution Since a, b,c > 1 we have a > ib > i,c > -, Le. 


(1.2) 


(1.3) 


(1.4) 


(1.5) 


Exercise 1.10 Let a, b, c,d be real numbers such that a* + b+ +c*+d* = 16. Prove 


the inequality 
C4tPt+co+e@ < 32. 


Solution We have a* < a* + b* +. c+ + d* = 16, ie. a < 2 from which it follows 


that a*(a — 2) <0, ie. a® < 2at. 
Similarly we obtain b> < 2b+, c? < 2c4 and d? < 2d’. 
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Hence 
O+b>+04+d <2(at+b44+ct++d*) = 32. 
Equality occurs iff a = 2,b =c =d =0 (up to permutation). 


Exercise 1.11 Prove that for any real number x the following inequality holds 


xy 4x4 x 41>0. 


Solution We consider two cases: x < 1 and x > 1. 
(1) Let x < 1. We have 


GP GO ye Fh Nt et oe he (a 


9 4 


Since x < 1 we have 1 — x > Oand x* > x°, i.e. x4 — x? > 0, so in this case 


x? y9 4x4 x 41250, 


i.e. the desired inequality holds. 
(2) For x > 1 we have 


ae gt = eS a Se) et Se I 
SCC Hn 4 hada Sor Sek 
Since x > 1 we have x? > l,ie. x? —1>0. 
Therefore 
x? —x9 +x4-x4+1>0, 


and the problem is solved. 

Exercise 1.12 Prove that for any real number x the following inequality holds 
Qx4t +1 > Ix? + x?. 

Solution We have 


2xt 41 —2x3 — x? = 1-27 -237°(1 —x) = (1 —x) (14+ x) — 2x7 (1 — x) 


= (1—x)(x +1—2x°) =(1—x)(@(1 — x”) 41-2?) 
ZG) (xa =x) +2)+0-x)0 +x+x")) 
=(1-x)((-2)@0 +x) 414242") 

= (1—x)?(7 +1" +27) >0. 


Equality occurs if and only if x = 1. 
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Exercise 1.13 Let x, y € R. Prove the inequality 
xt tyt+4xy4+2>0. 
Solution We have 
e py Paes Va ak 994 Ory eee 2) 
= (x? —y*)’ + 2(ry + 1)? 20, 


as desired. 
Equality occurs if and only ifx =1, y=—lorx=—l,y=1. 


Exercise 1.14 Prove that for any real numbers x, y, z the following inequality holds 
eye 1 Oy Gay = pee 1): 
Solution We have 
wot yt ee 1 oeGy? Sat 4 
= (x = 94? 9? tx @ oder 4) 4+ OH Oe 1) 
= (x? -y* + —2) +@—- 1) 20, 


from which we get the desired inequality. 
Equality occurs if and only ifx =y=z=lorx=z=1,y=~-l. 


Exercise 1.15 Let x, y, z be positive real numbers such that x + y + z = 1. Prove 
the inequality 


xy+yz+2zx < 


Nile 


Solution We will prove that 
Qxy + 2yz+4ex<(x+y42z)’, 


from which, since x + y + z= | we’ll obtain the required inequality. 
The last inequality is equivalent to 


x+y? +22—-Izx>0, ie. (x—z)?+y*=0, 


which is true. 
Equality occurs if and only if x =z and y=0,ie.x=z= 5s y=0. 


Exercise 1.16 Let a,b € R™. Prove the inequality 


ath +1>aVb24+14+bVa2 +1. 
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Solution From the obvious inequality 


(a —Vb2 +1)? + (6— Va? +1)? =0, (1.6) 


we get the desired result. 
Equality occurs if and only if 


a=Vb?+1 and b=Va?+1, ie. @=b?+1 and b? =a? +1, 
which is impossible, so in (1.6) we have strictly inequality. 
Exercise 1.17 Let x, y,z ¢ R*™ such that x + y + z= 3. Prove the inequality 
Vat Jy tJ/z>xytyz+zx. 
Solution We have 
8a tyt2=atytz)7 =x? 4+ y* +27 4 2Axy + yzt zx). 


Hence it follows that 


1 2 2 2 
xy t+ yeti 5Gx—x +3y —y°+3z-2Z°). 


Then 
Vx + /y +/z— (xy + yzt zx) 
= JE+ yt Jit 500-32 t y?—3y +2 —32) 
= 5? — 3x +2V%) + Or —Sy 4-2) Hie? = 32 42/2) 
1 
= 5 VEO — 1)?(/x +2) + Jy(V¥ — D?/¥ +2) 
+ J/z/z — 1)?(/Z + 2)) = 9, 
i.e. 


Vx t+ f/y+/z>xytyz+zx. 


Chapter 2 
Inequalities Between Means (with Two and 


Three Variables) 


In this section, we’ll first mention and give a proof of inequalities between means, 
which are of particular importance for a full upgrade of the student in solving tasks 
in this area. It ought to be mentioned that in this section we will discuss the case 
that treats two or three variables, while the general case will be considered later in 


Chap. 5. 


Theorem 2.1 Let a,b €R* , and let us denote 


2 2) 
oma)" — am = ">", GM=~VJab and HM= 


Sle 


1 
ty 


QM > AM > GM > HM. (2.1) 


Equalities occur if and only if a = b. 


Proof Firstly we’ll show that QM > AM. 
For a,b € R* we have 


(a—b)’>=0 
& a@+bh>2ab & 2(a?+b*)>a?+b* 4+2ab 


a2 +b a+b a 
> 
2 ~ 2 


& Aa24+b2)>(atbr © 


az+b2 a+b 
> : 
2 == 


Equality holds if and only ifa —b=0,ie.a=b. 
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Furthermore, for a, b € R*™ we have 


b 
(Ja-Vbr>0 & a+tb—-2Vab>0 © S > Jab. 


So AM > GM, with equality if and only if 
Ja-Vb=0, ie. a=b. 


Finally we’ll show that 


2 
GM > HM, ie. Vab> 5 i 
ath 
We have 
2/ ab 2ab 
(Ja-vVbr>0 & atbe2vab © 122°" & Vab> 
a+b a+b 
2 
? vab>>=—- 
ath 


Equality holds if and only if /a — /b =0,ie.a=b. 


Remark The numbers QM,AM,GM and HM are called the quadratic, arithmetic, 
geometric and harmonic mean for the numbers a and b, respectively; the inequalities 
(2.1) are called mean inequalities. 

These inequalities usually well be use in the case when a,b € Rt. 

Also similarly we can define the quadratic, arithmetic, geometric and harmonic 
mean for three variables as follows: 


2 b2 2 b 
om = | AM = 78 GM =~/abe and 


3 


HM = ———_. 
1 it 1 
atbte 


Analogous to Theorem 2.1, with three variables we have the following theorem. 


Theorem 2.2 Let a,b,c € R™, and let us denote 


Il pF ois pep) np) ib 
QM = a AM = 7", GM=~<Jabc and 
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Then 
QM > AM > GM > HM. 


Equalities occur if and only ifa=b=c. 


Over the next few exercises we will see how these inequalities can be put in use. 


Exercise 2.1 Let x, y,z € R™ such that x + y +z=1. Prove the inequality 


ee Si, 
z x y 


When does equality occur? 


Solution We have 


x z xz I1fx Zz l/yz . 2x lf/zx x 
zg ee =3(2+2)+ (2+ )+5f +*2), (2.2) 
Zz 


Analogously we get 


1 1 
= ace >z and — a pee >x. 
2\ x y 2\ y Z 


Adding these three inequalities we obtain 


xX z ZX 
a pO ee yee 1, 
Z x y 


. . . xy = yZ ¥ = . er: =. . “<5 
Equality holds if and only if = = = = 2 ie. x=y=z. Sincex+y+z=I1we 


x 


y 
get that equality holds iff x = y=z=1/3. 


Exercise 2.2 Let x, y, z > 0 be real numbers. Prove the inequality 


Qik? 2 2 2 2 
Soest G xXx rx 
y y >0. 


yz Z+x x+y 


When does equality occur? 


Solution Leta=x+y,b=y+z,c=z4+x. 
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Then clearly a, b, c > 0, and it follows that 


x27—277 y*—x? gy? _(@=bjc | (b~ oa, (C~ayb 
y+z Z+x ry b Cc a 
ac ba_ cb 
=—+—+—-—(at+btoc). (2.3) 
b Cc a 


Similarly as in Exercise 2.1, we can prove that for any a,b,c > 0 


ac ba cb 
—+—+—>atbete. (2.4) 
b Cc a 


By (2.3) and (2.4) we get 


2 


x27? y2_ x? 


2 y2 
YZ Z+x x+y 
ac, bac 


b 
= gn ag Aero seers) aro rey— 0. 


Equality occurs iff we have equality in (2.4), i.e. a = b=c, from which we deduce 
that x = y =z. 


Exercise 2.3 Let a, b,c € R™. Prove the inequality 


(A) (ort)eed)es 


When does equality occur? 


Solution Applying AM > GM we get 


1 1 b 1 
23) Dees aa 
b b Cc Cc a a 
1 1 1 a |b [c 
a+ b+ c+ >8,/—-,/--.,/-=8. 
b Cc a b cVa 


Equality occurs if and only if a = te b= i, cH=7ie.a=pac= i, from which 
we deduce thata =b=c=1. 


Therefore 


Exercise 2.4 Let a, b,c be positive real numbers. Prove the inequality 


ab bc ca a+tb+c 
+ + < : 
atb+2c b+c+2a cta+2b 4 
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Solution Since AM > HM we have 


ab _ ab al 1 1 ) 
a+b+2c (at+c)+(b+c)” 4\ate bt+c) 


Similarly we get 


be bc 1 1 ca ca 1 1 
< + and < te . 
b+c+2a”~ 4\a+b a+c cta+2b”~ 4\a+b b+e 
By adding these three inequalities we obtain the required inequality. 


Exercise 2.5 Let x, y, z be positive real numbers such that x + y + z = 1. Prove the 
inequality 


xy + yz+27zx > Oxyz. 
Solution Applying AM > GM we get 
xy byztzx = (xy + yz zxy(x + y +2) = 3p (xy) (yz) (zx) + 3.3/xyz = Sxyz. 


Equality occur if and only if x = y=z= i 


Exercise 2.6 Let a,b,c € Rt such that a? + b? +c? = 3. Prove the inequality 


1 fi 1 & 1 mee 
ltab 14+bc 1+ca7~2 


Solution Applying AM > HM and the inequality a? + b* + c* > ab + be + ca, we 
get 


Ue eocillss ya 9 . 9 ae 
l+ab 1+be 1+ca~ 3+ab+be+ca~ 3+a?+b2+c2 2 


Exercise 2.7 Let a, b, c be positive real numbers. Prove the inequality 


b b 
2 7 a ee 
Cc a b 
Solution We have 


pe ere *)()(=) 
Cc a b ws Cc a b 
Sg EEN TOee 
= abc 


2 -J/be-Jca dp iy 


abc 
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Equality occurs if and only ifa=b=c. 


Exercise 2.8 Let x, y, z be positive real numbers such that i + t + i = |. Prove 
the inequality 


(-Dy-DYE-)=8. 


Solution The given inequality is equivalent to 
JC): 8 
x y Zz xyz 
1 1 1 8 
1 1 1 > : (2.5) 
x y Zz XYZ 


From the initial condition and AM > GM we have 


or 


Analogously we obtain | t > a and | i > Try 
e 


If we multiply the last three inequalities Ww get inequality (2.5), as required. 
Equality holds if and only if x = y=z=3. 


Exercise 2.9 Let x, y,z € R™ such that x + y + z= 1. Prove the inequality 


2 2 2 2 2 2 
Xo +2Z ZO +x 
apo 4 >2 
Zz x y 


Solution We have 
2 2 2 2 2 2 
xo +Z ZO +x 
y 5 y + 
Z x y 


gt) 42 4 9 =(2 Pape: +=) 
z x y z 


x y 
1 (x 1 1 
= Ma A: di 1 af ye, oe 
2\ z x 2\ z y 2\ x y 


>2( tv +V2) arty to=2 


Exercise 2.10 Let x, y, z € R* such that xyz = 1. Prove the inequality 


x2 y* +27 -+xy + yz +2x : 


Vat J/yt Vz 
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Solution We have 
eoy +e txytyztex xe tyztytextertxy 
Jat f/yt fz Vat SV + JZ 
‘ QV x2 yz + 2 xy2z + 2 xyz? 
7 Vat Jy + vz 
— WVx + S¥ +12) _9 
Vat JV + JZ 


Equality occurs if and only if x = y=z=1. 


Exercise 2.11 Let a, b,c € R™. Prove the inequalities 


9abc ab” be? ca’ aa +b? +c 
< + + < 
2Za+b+c)” a+b b+c cta~ 2 


Solution Since AM > HM and from the well-known inequality 
ab+be+ca <a’ +b’? +c’, 
we get 


ab” bc? ca’ 1 1 1 


Bb bee oan 7 pies Veaiee 1/a2+1/ca 
2 b*+ab c+be  a*+ca 


= eA 4 4 
a+ht+c+ab+bce+ca 

- 4 

2G +h +07) _ +P te? 

re 4 2 


It remains to show the left inequality. 
Since AM > GM we have 


ab bc? ca? 3abc 
+ + ter . 
a+b b+e cta™ Yat+bj(b+c)(ct+a) 


Therefore it suffices to show that 


3abc a 9abc 
Vatby(6+cey(e+a) 2atbt+c)’ 


Yatbt+c)>3Vatb(b+cleta), 
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which is true, since 


Qatb+c)=(at+b)+(b+o04 (c+a) = 3V(atb(b+c\(c+a). 


The following exercises shows how we can use mean inequalities in a different, 
non-trivial way. 


Exercise 2.12 Prove that for every positive real number a, b, c we have 
we. he 2 
—+—+—24a+b+e. 
b c a 


Solution 1 From AM > GM we have 


2 2 
a a 
a ee eae ed 
pa SG . 


Analogously we get 


b? C2 
—+c>2b and —+a>2c. 
Cc a 


After adding these three inequalities we obtain 
a pe 2 


Cc 
—+—+—+4+(a+b+c)>2%(at+b+o), 
b c a 


oe Pp 2 
—+—+—2a+b+e. 
b c a 

Equality occurs if and only ifa=b=c. 


Solution 2 Observe that 


a b C a—-ab+b* B-be+ce c—ca+a? 
+ SS + + ; 
b Cc a b c a 


(2.6) 
Since for any x, y € R, we have x* — xy + y? > xy, by (2.6) we get 


aa b% c? ab be ca 
oS + eg ere: 


Exercise 2.13 Let x, y, z be positive real numbers. Prove the inequality 


Bo yy 3 
pi Say Pe. 
ye mx xy 
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Solution Since AM > GM we have 


a 3 x3 
—+y4+z72>3,/—-y-z=3x. 
yz yz 

y3 


3 
Zz 
—+z+x>3y and —+x+y>3z. 
ZX xy 


Similarly we have 


After adding these inequalities we get the required result. 
Equality holds if and only if x = y = z. 
Exercise 2.14 Let a,b,c € R®™ . Prove the inequality 


abc Z 1 
(l+a)(a+b)\(b+c)(c+ 16) ~ 81° 


Solution We have 


(lt+a)(a+b)(b+c)(c + 16) 


Nieto a askeete Vipera e Venice a Sy 
7 ay Le ee 2°72) 

j}a2 _3fab2 _ af bc? _ 3/64c 
> ; 33 =" sgiabe: 
3/2 3 m1 3 mi 3 Fi > 8labc 


abc = 1 
(l+a)(a+b)(b+c)(c +16) ~ 81° 


Thus 


Exercise 2.15 Let x, y € R™ such that x + y = 2. Prove the inequality 
x yx? Py") <2. 


Solution Since AM > GM we have ./xy < ae) =l,ie.xy <1. 
Hence 0 <xy <1. 
Furthermore 


Py (x ty?) = (xy + YQ? — xy + 9”) = 2xry)P (x +)? — 3xy) 
= 2(xy)>(4— 3xy). 
It’s enough to show that 
(xy) (4 -3xy) <1. 


Let xy = z then 0 < z < 1 andclearly 4 — 3z>0. 
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Then using AM > GM we obtain 
4 
=, 


4-3 
Be) =2-2-e(4— 3) < (EEE =) 


as required. 
Equality occurs if and only if z = 4 — 3z,1.e.z=1, 1.x =y = 1. (Why?) 


Exercise 2.16 Let a, b,c, d be positive real numbers such thata +b+c+d=4. 


Prove the inequality 


1 1 1 1 
>2 
pa) wat eat ei 


Solution We have 


1 a’ a> a 
a+ a*+1 2a 2 
Similarly we get 
1 b 1 1 d 
Sige. >1—£ and a eee 
b+) 2° c?+1 2 a+ 2 
After adding these inequalities we obtain 
1 1 1 1 b d 
2 a+b+c+ Span. 


+ + 
pat” pes c+1 d*#4+17 2 


Equality occurs if and only ifa=b=c=1. 


Chapter 3 
Geometric (Triangle) Inequalities 


These inequalities in most cases have as variables the lengths of the sides of a given 
triangle; there are also inequalities in which appear other elements of the triangle, 
such as lengths of heights, lengths of medians, lengths of the bisectors, angles, etc. 

First we will introduce some standard notation which will be used in this section: 


ha, hp, hc—lengths of the altitudes drawn to the sides a, b, c, respectively. 
ta, th, t-—lengths of the medians drawn to the sides a, b, c, respectively. 
lu, lg, ly—lengths of the bisectors of the angles a, B, y, respectively. 
P—area, s—semi-perimeter, R—circumradius, r—inradius. 


Furthermore we will give relations between the lengths of medians and lengths of 
the bisectors of the angles with the sides of a given triangle. 
Namely we have 


9 bPt+e a > ete pf 2 ath? 2 
— — — = ——— ——— a es 
2 4’ 2 y 4” v 2 4 
and 
f5 ((b +c)? —a’) 2 —aelG@t =”) 
Sa) ey ar eT a 
(b+c) (a+c) 
2 — platy =) 
yo (a+b? 


We can rewrite the last three identities in the following form 


s(s — b) 2 S(s —c) 
Cr Cre 


Pogo! —@ 


2 
a "haa ‘B= 


Also we note that the following properties are true, and we’ll present them with- 
out proof. (The first inequality follows by using geometric formulas and mean in- 
equalities, and the second inequality immediately follows, for instance, according 
to Leibniz’s theorem.) 
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Proposition 3.1 For an arbitrary triangle the following inequalities hold 


R>2r and a hee =OR. 


Basic inequalities which concern the lengths of the sides of a given triangle are 
well-known inequalities:a+b>c,a+c>b,b+c>a. 
But also useful and frequent substitutions are: 


a=x+y, b=y+z, c=z+x, wherex,y,z>0. (3.1) 


The question is whether there are always positive real numbers x, y, z, such that the 
above identities (3.1) hold and a, b, c are the sides of the triangle. 
The answer is positive. 
Namely x, y, z are tangent segments dropped from the vertices to the inscribed 
circle of the given triangle. 
From (3.1) we easily get that 
_ate—b _atb-e _¢c+b=a 
—E se * — @ 
and then clearly x, y,z > 0. 
Remark The substitutions (3.1) are called Ravi’s substitutions. 


Exercise 3.1 Let a,b,c be the lengths of the sides of given triangle. Prove the 
inequalities 
3 a b c 
< 


+ =F <2. 
2°” b+e cta atb 


Solution Let’s prove the right-hand inequality. 
Sincea+b>cwehave 2(a+b)>a+b+c,ie.a+b>s. 
Similarly we getb+c>sanda+c>s. 

Therefore 


a b Cc a bee 
+ + <—$-+-=2, 
b+c atc bta ss SS 
Let’s consider the left-hand inequality. 
If we denote b+c=x,a+c=y,a+b=z then we have 


Pe a a 
2 


_f4rx—y ea 
a oe ae 
Hence 
a b c Zty-x z+x- xX+y—Z 
b+c a+c b+a 2x 2y 2z 
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1.e. 


a b Cc 1/z Zio KK 1 
+——-4+ = ( pore ee ee 3) = 50+242-3)=5 
Zz 


b+ce atc b+ta 2\x x x 


as required. 
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Remark The left-hand inequality is known as Nesbitt’s inequality, and is true for 


any positive real numbers a, b and c (Exercise 1.3). 


Exercise 3.2 Let a, b,c be the side lengths of a given triangle. Prove the inequality 


Solution Since AM > HM we have 


1 1 1 7 9 sat 
s-a s—b s-c’ (s ajt(s—b)+(s—c) s° 


Equality occurs if and only ifa=b=c. 


Exercise 3.3 Let s and r be the semi-perimeter and inradius, respectively, in an 


arbitrary triangle. Prove the inequality 
s > 3rv3. 


Solution 1 We have 


2s =a+b+c> 3Vabe =3V4PR = 3 4srR > 3V 8sr2, 


s> wy, sr2 
or 
s> 3rV3. 


Equality occurs if and only ifa=b=c. 


Solution 2 We have 


s_ a) +t (s —5) + (5 —€) AMzGM 
a, 3 = 


Also 


(s —a)(s —b)(s —c) = = =sr°. 
Ss 


V(s —a)(s — b)(s —c). 


(3.2) 


(3.3) 
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By (3.2) and (3.3) we obtain 
5s> 30 sr2, le. s> 3/3r. 
Equality occurs if and only ifa =b=c. 
Exercise 3.4 Let a, b,c be the side lengths of a given triangle. Prove the inequality 
(a+b—c)(b+c—a)(c+a-—b) <abce. 

Solution I We have 

a’ >a’ —(b-c) =(atb—-c)(atc—b). 
Analogously 

b?>(b+a-—c)(b+c—a) and c*>(c+a—b)\(ct+b—a). 
If we multiply these inequalities we obtain 
a’b’c* > (at+b—c)'(b+e-a)(c+a—b) 

& abc>(a+b—c)\(b+c—a)(c+ta—b). 

Equality holds if and only if a= b =c, ice. the triangle is equilateral. 


Solution 2 After setting a=x+y,b=y+z,c=z+-x, where x, y,z > 0, the 
given inequality becomes 


(x+y(VtDR+x) = 8xyz. 
Since AM > GM we have 
(xt y)\(y + z)(z +x) > 2./xy + 2./yz- 2./zx = 8xyz, 


as required. Equality occurs if and only ifx =y=zie.a=b=c. 


Remark This inequality holds for any a, b,c € Rt (Problem 47). 
Exercise 3.5 Let a, b,c be the side lengths of a given triangle. Prove the inequality 
a+b +c? <2(ab+be+ca). 


Solution Letta=x+y,b=y+z,c=z+x,x,y,z>0. 
Then we have 


(x+y)? + (y+2)? +(e +x) 
<2(*x*+wWvtatovt+taZt+txa+z+x)~4+ y)) 
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or 
xy+yz+zx > 0, 


which is clearly true. 
Exercise 3.6 Let a, b,c be the side lengths of a given triangle. Prove the inequality 
8(a+b—c)(b+c—a)(c+a—b)<(a+b)(b+c)(c+a). 
Solution Since AM > GM we have 
(a+ b)(b +.c)(c +a) = 2Vab2V be2,/ca = Babe. 
So, it suffices to show that 


8abc > 8(a+b—c)(b+c—a)(c+a—b), 


abc > (a+b—c)(b+c—a)(c+a-—b), 
which is true by Exercise 3.4. 


Equality occurs if and only ifa=b=c. 


Exercise 3.7 Let a, b, c be the lengths of the sides of a triangle. Prove the inequality 


[gabe 1 i 1 " 1 
a b c  atb-c b+te-a cta-—b 


Solution Since AM > HM we have 


1 1 1 2 1 
+ ea => A 
2\a+b-—c b+c-a]” a+b—-c+b+c-a b 


Similarly we deduce 


1 1 1 1 1 1 1 1 
+ > and a 2s 
2\a+b-—c cta-b a 2\b+c-a ct+a-—b c 
Adding these inequalities we get the required inequality. 
Equality occurs if and only ifa=b=c. 


Exercise 3.8 Let ABC be a triangle with side lengths a, b,c and AA; B,C, with 
side lengths a + B b+§,c+§. Prove that P; > 2P, where P is the area of AABC, 
and P is the area of AA, B,Cj. 


Solution By Heron’s formula for AABC and AA, B,C, we have 


16P? =(a+b+cj(a+b—c)(b+c—a)(at+c—b) 
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and 
3 
16P? = Za +b +e)(—a +b + 3c)(—b + ¢ + 3a)(—¢ +4 + 3b). 


Since a,b and c are the side lengths of triangle there exist positive real numbers 
p,q,r such thata=q+r,b=r+p,c=p+q. 
Now we easily get that 


p _ 16pqr 
P2 3(22p+q)Qq+r)(Qr + p) 


(3.4) 


So it suffices to show that 
2p +q)2q +r)Q2r + p) = 27paqr. 
Applying AM > QM we obtain 
2p+Qeq+rer+ p=(pt+p+gatqtny +r + p) 
> 3] pq . 3y/q2r . 3/2 p = 27 par. (3.5) 


By (3.4) and (3.5) we get the desired result. 


Exercise 3.9 Let a,b,c be the lengths of the sides of a triangle. Prove that: if 
2(ab? + bc* + ca”) = a?b + b?c +.c7a + 3abc then the triangle is equilateral. 


Solution We'll show that 
a’b +b?c+ ca + 3abc > 2(ab* + bc* + ca’), 
with equality if and only if a= b =c, i.e. the triangle is equilateral. 
Let us use Ravi’s substitutions, 1.e.a=x+y,b=y+z,c=z+x. Then the 

given inequality becomes 

e+ytetutyt yet zx > 2x72z+ y2x +27y). 
Since AM > GM we have 

x 2°x > 2x7z, yi tx7y > 2y7x, 23 + yz > 22’y. 

After adding these inequalities we obtain 

ety + +x2y + y2zt 22x > 2x22 4 y*x +27y). 


Equality holds if and only if x = y = z,ie.a=b=c, as required. 
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Exercise 3.10 Let a,b,c be the side lengths, and a, 6, y be the respective angles 
(in radians) of a given triangle. Prove the inequalities 


maw aa+tbB+cy 
< <->. 
37 atb+e 2 


Solution First let’s prove the left inequality. 
We can assume that a > b> c and then clearlya > 6B > y. 
So we have 


(a—b)(a— B)+ (b-—c)(B-y)+(c-al(y —a)=0 
& 2WMaa+bp+cy)=>(b+cat+(c+ab+(at+b)y, 


3(aa+bB+cy)>(at+b4+c)\a@a+Bt+y). 


Hence 
aa+bB+cy . a+Bty 7 
atb+c ~ 3 3° 

Equality occurs if and only ifa=b=c. 

Let’s consider the right inequality. 

Since a, b and c are side lengths of a triangle we havea+b+c>2a,a+b+c> 
2banda+b+c> 2c. 

If we multiply these inequalities by a, 6 and y, respectively, we obtain 


(a+b+c)\(at+Bt+y)>2(aa+bp+cy), 


aa+bB+cy aethty _% 
a+b+c Bo De 


Chapter 4 

Bernoulli’s Inequality, the Cauchy—Schwarz 
Inequality, Chebishev’s Inequality, Suranyi’s 
Inequality 


These inequalities fill that part of the knowledge of students necessary for prov- 
ing more complicated, characteristic inequalities such as mathematical inequalities 
containing more variables, and inequalities which are difficult to prove with already 
adopted elementary inequalities. These inequalities are often used for proving dif- 
ferent inequalities for mathematical competitions. 


Theorem 4.1 (Bernoulli’s inequality) Let x;,i = 1,2,...,n, be real numbers 
with the same sign, greater then —1. Then we have 
(1+ x1)0+%2)---d +41) = 14%) +%2 +++: +%. (4.1) 


Proof We'll prove the given inequality by induction. 

Forn=1 we have 1+ x; >1+4+ 1. 

Suppose that for m = k, and arbitrary real numbers x; > —1,i = 1,2,...,k, with 
the same signs, inequality (4.1) holds i.e. 


(1 +1) + x2)--- C+ x4) = 1+ x1 + x2 +-+- 4+ x4. (4.2) 


Letn =k+1, and x; > —1,i=1,2,...,k4-+-1, be arbitrary real numbers with 
the same signs. 
Then, since x), x2,...,Xx+41 have the same signs, we have 


(x1 +x2 +--+ 4+ x~)xK41 = 0. (4.3) 
Hence 
(1+4x1)( +x2)---( + xk41) 
(4.2) 
> tx txo +++ +x) 4+ x41) = Lt xy txo te te + xR 


(4.3) 
+ (xp +xo2 ++) + xR) xeg1 2 L+xy+x2++-+ + xR41, 


i.e. inequality (4.1) holds for n = k + 1, and we are done. 
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Corollary 4.1 (Bernoulli’s inequality) Let n € N and x > —1. Then 
(+x)? >1+nx. 


Proof According to Theorem 4.1, for x1 = x2 =-+-: =X, = x, we obtain the re- 
quired result. 


Definition 4.1 We’ll say that the function f (x1, x2,...,xn) 1s homogenous 
with coefficient of homogeneity k, if for arbitrary t € R, t 4 1, we have 


Ff tx1, 1405-21 F in) SE FO, . .:.4 An): 


2 2 . « . . 
++)" is homogenous with coefficient 1, since 


Example 4.1 The function f(x, y) = >355 


12x24 py? ety? 
tx,ty)= =f =f: r ; 
FGx, ty) 2tx + ty 2x+y fey) 


The function f(x, y,z) =x* + xy + 3z is not homogenous. 
If we consider the inequality f (x1, x2,...,%n) => g(%1,%2,-..-,Xn) then for this 
inequality we’ll say that it is homogenous if the function 


h(x1,X2,.--,Xn) = f(X1, X2,..-, Xn) — B(X1, X2,..., Xn) is homogenous. 


In other words, a given inequality is homogenous if all its summands have equal 
degree. 


Example 4.2 The inequality x* + y* + 2xy > z* + yz is homogenous, since all 
monomials have degree 2. 

The inequality a*b + b*a < a> +b? is also homogenous, but the inequality a> + 
b> + 1>5ab(1 — ab) is not homogenous. 


In the case of a homogenous inequality, without loss of generality we may as- 
sume additional conditions, which can reduce the given inequality to a much sim- 
pler form. In this way we can always reduce the number of variables of the given 
inequality. This procedure of assigning additional conditions is called normaliza- 
tion. An inequality with variables a, b, c can be normalized in many different ways; 
for example we can assume a+b+c= 1, orabc = 1 orab+bc+ca = 1, etc. The 
choice of normalization depends on the problem and the available substitutions. 


Example 4.3 Let us consider the homogenous inequality a* + b? + c? > ab + 
bc + ca. We may use the additional condition abc = 1. The reason is explained 
below. 

Suppose that abc = k?. 

Let a=kx, b=ky and c = kz; then clearly xyz = 1 and the given inequality 
becomes x* + y? + z* > xy + yz+zx, which is the same as before. Therefore the 
restriction xyz = | doesn’t change anything in the inequality. 
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Alternatively, we can assume a + b+ c = | or we can assume ab+ be +ac= 1, 
etc. 

In general if we have a homogenous inequality then without loss of generality 
we may assign an additional condition such as: abc,a+b+c,ab+ be + ca, etc. 
to be whatever non-zero constant (not necessarily 1) that we choose. 

In the case of a conditional inequality, there is a procedure somewhat opposite 
to normalization. With this procedure (known as homogenization) the given condi- 
tion can be used to homogenize the whole inequality. After that, the newly acquired 
homogenous inequality can be normalized with some additional condition. For suc- 
cessful homogenization many obvious substitutions can be helpful. 


For example, if we have abc = 1 then we can take a = wb= 2 c= 2, if we 
—, = x — y —_ Zz ‘ 
have a+ b+c=1 then we can take a = wee ae = ee and if 


y = Zz t 


ae, eee Xx 
a’ +b*+c* =1wecantakea = b= ,c= , etc 
Jf xrty2+22 : Jf xr+yr+e2 Jf x2+y2+c2 


Example 4.4 Consider the following conditional inequality 
xytyz+zx>9xyz, whenx+y+z=1. 


Obviously, the given inequality is not homogenous. 
We can homogenize it as follows: since x + y+ z= 1 by taking 


a b c 
x = ——_ , y =" pe oe? , aa REE 
a+b+c a+b+c at+b+c 
the inequality becomes 
ab be ca 9abc 


(a+b+c) Bs (a+b+c)2 = (a+b+c) = (a+b+c)’ 
Le. 
(a+b+c)(ab+ be + ca) > 9abc. 
Now it is homogenous and can be further normalized with abc = 1, which reduces 
it to the inequality 
(ab+be+ca)\(at+b+c)>9. 
The last inequality is true since 


(ab+be+ca\atb+co=ab+actbathc+cb+ca+t 3abe 
aa ob bc ie 
SS ee Se eS 
c c a a 
a a b be 
ae a SRS aS 
G b a cb 


ao 


8 


>24+24+2+3=9. 


Theorem 4.2 (Cauchy—Schwarz inequality) Let aj, a2,...,d, and b, bo, 
..., Dy be real numbers. Then we have 


(+) Er)=(Ees) 
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i.e. 


(af +3 +++» +.a2)(bj + bs +++» +b2) > (ayby + anby +++ +anbn)’. 


ne occurs if and only if the sequences (a\,a2,...,an) and (bj, bo, 
., by) are proportional, i.e. Bi = n= = Be 


Proof I The given inequality is equivalent to 


ya? +a +++ +a2- [62 + OF +++ 462 > laibs tardy +++ andy. (4.4) 


Let A=,/a? +03 +---+02,B= JR +R +---+02. 

If A = 0 then clearly a) = az =--- =a, = 0, and inequality (4.4) is true. 
So let us assume that A, B > 0. 

Inequality (4.4) is homogenous, so we may normalize with 


a +at +a =1=bi4+b54--- +2, (4.5) 
i.e. we need to prove that 
jayby + agb2 +--+ + anbn| < 1, with conditions (4.5). 
Since QM > GM we have 


lab) +agb2 +--+ + anbn| < \ayb| + |agb2| +--+ + lanbn| 


tht  Bthy ant by 
~ 2 2 2 
_ a tagt tant tbe te thn), 
5 ; 
as required. 
Equality occurs if and only if iE = Ei =-+- = 7. (Why?) 


Proof 2. Consider the quadratic trinomial 


n 


n n n n 
Sax _ bj)? = So (ajx? — 2ajbjx + b?) =x? Soa? — 2x YS aibi + >>}. 
i=l i=1 i=1 i=1 i=l 


This trinomial is non-negative for all x € R, so its discriminant is not positive, i.e. 


(5) (E+) (Ee) 
~ (E+) «(Ee)» 


as required. 
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— a 


Equality holds if and only if ajx — bj = 0,i = 1,2,...,n, ie a = 


sis 
II 


n 


Now we’ll give several consequences of the Cauchy—Schwarz inequality which 
have broad use in proving other inequalities. 


Corollary 4.2 Let a,b, x, y be real numbers and x, y > 0. Then we have 
2 D 2 D 2 
a b a+b a b 
O2t ss + 


; p) 
YS ary ae 


(og (a+b+c) 
ni tees : 
y i HE Sez 


Proof (1) The given inequality is equivalent to 


yatyartx(xty)b? >xy(atby, 
which is clearly true. 
Equality occurs iff ay = bx ie. £ = 2 


(2) If we apply inequality from the first part twice, we get 
a. Be 


ie. (ay —bx)* >0, 


2 2 2 2, 
tae , at) Cc , atbto 


sae SO zZ7 xtytz 
Equality occurs iff ¢ = 2 = 


x 


Also as you can imagine there must be some generalization of the previous corol- 
laries. Namely the following result is true. 


Corollary 4.3 Let aj, a», 


...,4n3 01, b2,..., by, be real numbers such that 
bi, b2,..., by, > 0. Then 
ice aN cee CLs a 
by bo ln by +bo+---+bp ‘ 
with equality if and only if 2 =2=...=% 


i By 


Proof The proof is a direct consequence of the Cauchy—Schwarz inequality. 


Corollary 4.4 Let a), a2,...,dn;b1, b2,..., by be real numbers. Then 


(ater 0, et Oe 


> J (aj tag tes ban)? + by + bo bb By. 
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Proof By induction by n. 
For n = | we have equality. 
For n = 2 we have 


ya? +63 + a3 + > Vata)? + bi + ba? 


ela +2. Val +03 > (aay + bib>) 


& (a? + bi): (a3 + BS) = (aan + bby)’, 


which is the Cauchy—Schwarz inequality. 
For n = k, let the given inequality hold, i.e. 


fa? +b2+ Jae +3 4---+ a2 +02 


> V (ay +a + ++ +g)? + 1 + bo +++ + dy). 


For n =k+ 1 we have 


(a +et fai ++. + a2, +02,, 


= fa? +02 + fat +02 +.--+ fa? +074 ag +b, 


> Va tat Faye + Oi + bn +s + by? + a2, +2, 


> (a tanto tay? + (by + bat + Beg)? 


So the given inequality holds for every positive integer n. 


The next result is due to Walter Janous, and is considered by the author to be a 
very important result, which has broad use in proving inequalities. 


Corollary 4.5 Let a,b,c and x, y, z be positive real numbers. Then 


ee ee ee, en ORE 
Ware Barge x+y 


Proof The given inequality is homogenous, in the variables a, b and c, so we can 
normalize witha +b+c=1. 
And we can rewrite the inequality as 


ah = ea) SG Sata bee). 
Xx 


Xx 
Yr Z Z+x +y 


Hence 


b 
aeupees fe apnoea) ee ae ee a) 
Yr Z+x x+y YrZ Z+xX x+y 
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By the Cauchy—Schwarz inequality we have 


ax by CZ 
+ ob 
yz Z+x x+y 


2 2 2 
< ( ) +( . ) +( z ) -Va? +b? +c? 
y+z Z+X x+y 


3 3 
+ |2vabrberca+ | labr ber ca, 


and after one more usage of the Cauchy—Schwarz inequality we get 


2 2 20 
Gh) ye) rr 
y+z Z+x x+y 


3 3 
+ |ivabrberca+ | 3 labrbe rca 


2 2 2 
x y z 3 
</( ) +( ) +( ) +5 
/ ytz Z+x x+y 2 


x Va? +b? + c2 + 2(ab + bc +ac) 
x \? y e ge 2 3 
= oF + +x. 
y+zZ Z+x x+y 2 


b 
Ot ogee ye "a. aha been) 


ytz zZt+x x+y 


2 2 2 
x y Zz 3 
/ yz Z+x x+y 2 


It suffices to show that 


+ /3(ab + be + ca) 


So we have 


2 2 2 

x y Zz 3 x y z 
( ) +( ) +( )+ <( a - 

ytz Z+x x+y 2 ytzr Z+x x+y 


which is equivalent to 


yz XZ xy 
+ + 2. 
(x+y)\%+z) (YV+xX)Qy+z) (+x)iz+y)~ 4 


After clearing the denominators inequality (4.7) becomes 


xy ty?xty*zt zy tz7x +272 > xyz, 


which is a direct consequence of AM > GM. 
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Me 


(4.7) 
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Theorem 4.3 (Chebishev’s inequality) Leta, <a2 <--: <a, andbi <lo < 
+++ <b, be real numbers. Then we have 


n n n 
(>>. (: ] <n as 
v= Ill iil 
1.é. 
(aj +a2+---+an)(b1 + bo +---+bn) <n(aiby +anb2 +--+ +anbn). 


Equality occurs if and only if a, = a2 =---=dy orb} = by =---=)y. 


Proof For alli, j € {1,2,...,2} we have 
(a; — aj) (bi — bj) = 9, (4.8) 


abi + ajbj = ajbj +.ajbj. (4.9) 
By (4.9) we get 


n n 
(32) (: s] = ayby + aby + ayb3 +--+ + abn 
isl 


i=1 
+ agb, + agby + azb3 +--+ + a2by 
+ a3b; + a3b2 + a3b3 +--+ + azbp 


+ ayb, + ayb2 + a,b3 +--+ + aybn 
Sab, 

+ a,b, + ab2 + anb2 

+ ayb, +.43b3 + anb2 + a3b3 + a3b3 


n 
+ayb) + dnby + arb2 + anbn +++: + anbyn =n So aii. 

i=l 
Equality holds iff we have equality in (4.8), i.e. aj] = a2 =--- =a, or b} = bo = 
ss Dp. 


Note Chebishev’s inequality is also true in the case when aj > a2 > --- > da, and 
bi > by >--- > by. But if ay < an <---< ay, bj > bo > --- > dD, (or the reverse) 
then we have 
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Let us note that the inequality from Corollary 4.1 is true not just in case when n € N, 
but it is also true in the casesn > 1,n€ Qandne[l,o),neER. 

We prove this statement bellow in the case when n > 1,n € Q, and the second 
case will be left to the reader. 


Corollary 4.6 Let x > —1 andr >1,r €Q. Then 
(1l+x)'>1+rx. 


Proof Letr = ne Gcd(p,q) = 1. Then clearly p > q. 
Let a) =a =-++=dg =1+4+rx and dg41) =4g42 =-::=apyp=1. 
If 1 +rx <0, then we are done. 
So let us suppose that 1 + rx > 0. 
Since AM > GM we have 


_ pxtp _ qtrqxt+p-—q_ ql+rx)+p-—q 


1+x 
P P 
a+ 47+ +++ +g + dg+i +++ tap 
= . > aan ay 


= V/A +rx? =(14+rx)? =(14rx)?, 


and we easily obtain (1+ x)’ >1+rx. 


Corollary 4.7 Let x > —1 anda €[1, c),a ER. Then 
(+x)*>1l+ax. 


Theorem 4.4 (Suranyi’s inequality) Let a), a2,...,an be non-negative real 
numbers, and let n be a positive integer. Then 
(n — 1)(aj +45 +---+ af) +najaz---a, 
> (ay +ay +--+ +an)(at | tay) +.--+a"7}), 


Proof We will use induction. 
Due to the symmetry and homogeneity of the inequality we may assume that 


a) >a2>+:+>an41 and ay t+arnt+---t+a,=1. 


For n = | equality occurs. 
Let us assume that for n = k the inequality holds, i.e. 


(k— (ak +ak +---+af) + kajan---ay > at! tah +-.-+ak'. 
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We need to prove that: 


k k k k 
ka. + kas + kage WG + ak+1 WG -(d +aun( Doe tata > 0. 


i=1 i=1 i=l i=l 


But from the inductive hypothesis we have 


k-1 


(k — (af +ah +--+» +.af) + kajaz-+ ag > aj ode 


+ as 4. ay 


Hence 


k k k 
k-1 k 
kag | [ aj > dks) ) a; — (k— Nagy ) qj. 


i=1 i=1 i=l 
Using this last inequality, it remains to prove that: 


k k k k 
(Soe! — rat] = avei(e oh - ) 


i=1 i=l i=1 i=1 


k 
+ K+ (1 aj + (k— Dap.) — ast) > 0. 


i=1 
We prove that 


k 
ak+1 . ait (k- Dak, - ost) = 0, 


i=1 


and 


We have 


WG +(k- lak, ,— = = [[@ — Agy1 tags) + (k - Dap, - as 


i=]. i= 


k-1 
> aby tag: Gnawa Nagy. —- ayy 
i=l 


=0. 
The second inequality is equivalent to 


k k 
ky art! So af = auni(k ra - Sal ). 


i=l i=l i=1 i= 
By Chebishev’s inequality we have 
k k k 


k k k 
kta > Sra rat =Srak!, ie. EY at— ral! >, 


i=1 i=1 i=l i=1 i=l i=1 
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and since a; + a2 +--+ + ax41 = 1, by the assumptation that aj > az >--- > aps, 
we deduce that 


ae 
a ty 


So it is enough to prove that 


ye k+1 =e 


> 
Vv 
a) 
— 
> 
M- 
a 
| 
M- 
"s 
= 


which is equivalent to 


k I k k 
Ea + ae 22) ai 


Since AM > GM inequality we have that 


1 
kay) + cay! > 2ak for alli. 


Adding this inequalities for i = 1,2,..., k we obtain the required inequality. 


Exercise 4.1 Let x, y be positive real numbers. Prove the inequality 


x+y >], 


Solution We’ll show that for every real number a, b € (0, 1) we have 
a? > —" _., 

~ a+b—ab 

By Bernoulli’s inequality we have 


a> =(14a—1)'!" <14 (a—1D(1—b) =a+b—ab, 


i 
~a+b—ab 
If x > 1 or y > | then the given inequality clearly holds. 


So letO0<x,y <1. 
By the previous inequality we have 


=I 


peeves jg, =a EY. 
X+Y—-XY xX+Y-xXy X+y-xXy x+y 
Exercise 4.2 Let a, b,c > 0. Prove Nesbitt’s inequality 


a i b ee C ue 
b+ce cta atb7~2 


Solution I Applying the Cauchy—Schwarz inequality for 
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aj,=vb+c, a2=J/c+a, a3=Va+b; 


b= : ; by = : , b3 = : 
Vb+c Veta Va+b 
gives us 
(o+o+e+a+ atop Sees hes Jeati+n?=9, 
b+c cta a+b 
i.e. 


1 1 1 
2 b >9 
or +o(so+aotaa)2 


at+b+c at+b+c atbtc 9 


b+c cta a+b ~ 2 
gy a - b 4 Cc 2 3? 
b+ce cta a+b” 2 ~ 2° 


Equality occurs iff (b +c)? = (c +a)? = (a+b), ie. iff a=b=c. 


Solution 2 We'll use Chebishev’s inequality. 


. 1 
Assume that a > b > c; then pee = ey ee 


Now by Chebishev’s inequality we get 


1 if 1 a b c 
b <3 . (4.10 
as +o(oc+actas)s (Gott) ot) 


Note that 


1 1 1 1 


( 1 i 1 mn 1 ) 
x : 
b+c cta a+b 


Since AM > HM (the same thing in this case with Cauchy—Schwarz) we have 


1 1 1 
(o+o+e+a+ ato) (— + +7 )9. 


Therefore 


1 1 1 9 
b >, 4.11 
ae toot ota )e5 ( ) 


By (4.10) and (4.11) we obtain 


3 a 4 b 2% ‘6 25 . a 4 b ae Cc me 
, Le. >F,. 
b+ce cta a+b] 2 b+c cta a+b” 2 


Equality occurs iffa =b=c. 
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Exercise 4.3 Let a, b, c,d be positive real numbers. Prove the inequality 


te ititoe 64 
b d~at+tb+ct+d 


Solution By Corollary 4.3 we obtain 


Pols , Gri+24+4? _ 64 
a bec d= a+b+c+td atbt+c+d’ 


as required. 


Exercise 4.4 Let a,b,c € R*™ . Prove the inequality 


a b> ce (atb+c) 
+ > . 
33 43 53 — 63 


Solution Note that 3° + 4° + 53 = 6°. 

Taking 
= a=—, a3 = —; 

J 33 / 43 /53 

b) =Vv39, by = V43, bs = 383, 
by the Cauchy-Schwarz inequality we obtain 
b2 
(+5 7 oat SO +P +S) = >(atb+o)’, 

as required. 


Exercise 4.5 Let a, b, c be positive real numbers. Determine the minimal value of 
3a 4b 5c 
+ + : 
b+c cta a+b 


Solution By the Cauchy—Schwarz inequality we have 


3a 4b Sc 
3+4+5 
tee ae ee 


=(a c 
b+c cta atb 


- ls ye 4 5 
= sto) +(cta)+ (at (Stata) 


> 5 (v34+-v44 v3)". 


Hence 
3a 4b Sc 


V3+ 74+ V5)? — 12. 
pet et ex ale ee, 
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So the minimal value of the expression is 5(V/3 +/4+ /5)" — 12, and it is reached 
be _ cta _ atb 


if and only if [> = ae 


Exercise 4.6 Let a, b,c be positive real numbers. Prove the inequality 


2iP Pare Pia 


> b : 
a+b b+c cta See ee 


Solution By the Cauchy—Schwarz inequality (Corollary 4.3) we have 


az +b? b? + c2 c+a2 
a+b b+ec cta 
2 b2 2 b2 2 2 


ae F ote = =P ae = ae s 
~atb b+e cta atb b+e cta 
2(a+b ’ 
POT BONE on A ke 
4(a+b+c) 
Exercise 4.7 Let a,b,c € R®™ . Prove the inequality 
a b c 
1. 


+ + = 
b+2c ct2a a+2b~ 


Solution Applying the Cauchy—Schwarz inequality we get 


a b Cc 
b+2 b 2. 2b 
(eta toy) + 2c) + b(c + 2a) + c(a + 2b)) 
>(atbt+c)’, 
hence 


a By b Cc - (a+b+c) 
b+2c ct2a a+2b7~ 3(ab+be+ca) 


So it suffices to show that 


(atb+c) 


—____—_ >], é b 253 b+b 
3(ab+ be +ca) ~ ie. (a+b+c)° > 3(ab+be + ca) 


which is equivalent to a? + b* +c? > ab + be + ca, and clearly holds. 
Equality occurs iff a =b=c. 


Exercise 4.8 Let a, b,c be positive real numbers. Prove the inequality 


a b c 3(a+b+c) 
+ + > : 
b+1 ctl a+i17 3+a+bd+ec 
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Solution By the Cauchy—Schwarz inequality (Corollary 4.3) we have 


a 4 b a Cc a 5 b? i 2 
b+1 c+l atl a(b+l1) b(ic+1) cat) 
Z (a+b+c) 
~a(b+1)+bee+1l+cat+l 
b 2 
= rer (4.12) 
ab+bce+ca+t+at+b+c 
Also we have 
b 2 
ab+be+cas S45 FO" (4.13) 


By (4.12) and (4.13) we get 


a b Cc (a+b+c) 3(a+b+c) 
+ + = b 2 nant . 
b+1 c+l1 a+l1 fathto t+ta+tb+c 3+at+b+c 


Equality occurs iffa=b=c. 
Exercise 4.9 Let a,b, c > 0 be real numbers such that ab + bc + ca = 1. Prove the 
inequality 
a? is b? 4 ce - V3 
b+te cta a+tb7~ 2° 


Solution By the Cauchy—Schwarz inequality we have 


Pe bP 2 : 
b b))> b 
(++ )e t+o)+(ct+ta)+(a+b))>(a+b4+c)’, 


ie. 
a b? eo a+b+c 
ae eee ae > , eae 
Furthermore 
(atb+c) =a? +b? +c? +2(ab + be + ca) > 3(ab + bc +. ca) = 3, 
Le. 
at+b+c>V3. (4.15) 


Using (4.14) and (4.15) we obtain the required inequality. 
Equality occurs iff a=b=c =1/V3. 


Exercise 4.10 Let a,b,c be positive real numbers such that abc = 1. Prove the 
inequality 
a i b i c 24 
at+bs+c4 b+ct+at* ctat+b47 
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Solution By the Cauchy—Schwarz inequality we have 
a _ a(a? +2) . a(a? +2) 
at+bt+c4 (atbdt+ A414) 7 @4+22 40?) 


Similarly we get 


b b(b? +2) c c(c? +2) 
< and < , 
b+ c4 + a+ (a2 + b2 + c?)2 ct at + b4 (a2 + b2 + c?)2 


Hence 


a a b a Cc Ut te t+2at+b+o) 
at+b4+c4 b+ct+at* ctat+b*~ (a? + b? + c?)2 


’ 


and we need to prove that 
(+b? 4+c?y>at+b44+c44+2(at+b+o), 
which is equivalent to 
ab? +b? +. c?a? >Satbt+c. 


By the well-known inequality a7b? + b?c? + c*a* > abc(a +b +c) and abc = 1, 
we have 


ab? +b? +.c’a? > abclat+b+c)=a+tbte, 


as required. 


Exercise 4.11 Let a, b,c be positive real numbers such that a + b+ c= 1. Prove 
the inequality 


(a+b) (1 + 2c) (2a + 3c) (2b + 3c) > 54abe. 

Solution The given inequality can be rewritten as follows 
2 c c 
(a+ b)*(1+4+ 2c){ 24+ 3- ana > 54c. 
a 
By the Cauchy—Schwarz inequality and AM > GM we have 
3c \? 6c \*?  (2(a+b)+ 6c)? 
2435) 2435) > ices | (oie ) AGRE 
a b Jab a+b (a+b)? 


_ Q—c)+6c)? — 4(1 + 2c)? 
a+b (at bP” 


Then we have 


4(1 + 2c)? 


2 g ie 2 
(a+b) (1+29(2+32) (2432) ee 8) UTE) apa 


=4(1+2c)3, 
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and it remains to prove that 

3 ; 3. 27c 

4(1+ 2c)? >54c, te. (1+2c)° > a 
By the AM > GM inequality we have 
(14+20?=(54242 Pee 
63 = — — (@ _—)e me C = —_— ; 
2 2 - 2.2 


as required. 
Equality occurs iff a= b= 3, c= i: 


Exercise 4.12 Let a,b,c,d,e, f be positive real numbers. Prove the inequality 
b d 
fd ene ee 
b+ce ct+td d+e e+f fta a+b 


Solution By the Cauchy—Schwarz inequality we have 


a 4 b 4 c 4 d 4 e a f 
b+ce ct+td d+e e+f fta a+b 
a b? C2 a e fi 


~ gbacad” bead ede aes ep een” fa+ fb 
a (a+b+c+d+e+ fy 
~ ab+ac+be+bd+cd+ce+de+dft+ef+eat fat+ fb 


(4.16) 


Let 
S=ab+ac+bce+bd+cd+ce+de+df+ef+ea+ fa+ fb. 
Then 
W=(at+b+c+d+et+ fy 
—(4+BP?4+Ce 4a? +e? 4+ f? +2ad+2bd+2cf). (4.17) 
Also we have 
a+b? +74? +e? + f* +2ad + 2be + 2cf 
=(at+d)*+(b+e+(c+ fy 
QM>AM | ‘ 
= gatbtetdtet fy. (4.18) 
Using (4.17) and (4.18) we get 
2S=(at+b+c+d+et+ fy 


“oe EP te ae ee Pad bd 29h) 


1 
S@+b+ctdt+et fy — atb+ctdt+et fy 


2 
= zatbtctdtet fy, 
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(atb+ctdtetfy | 
5 = 


Finally from (4.16) and (4.19) we obtain the required inequality. 
Equality occurs iffa =b=c=d=e= f. 


3. (4.19) 


1 


bet 


Exercise 4.13 Let a,b,c € R* such that - a rt+3 
inequality 


1 
rear > 1. Prove the 


a+b+c>ab+bc+ca. 
Solution We'll use the Cauchy—Schwarz inequality. 
We have 


1 & at+tb+c? 
atb+17 (at+b+c)?’ 


(atb+l(@t+b+c7)>(at+b+c)*, ie. 


Analogously 
1 b+c+a’ 1 c+tat+bh 
< and < ; 
b+cec+17 (a+b+c)? ctat+17 (a+b+4+c) 


By the given condition we have 


1 1 1 atb+C4+b4ce+a@t+etath 
Is a si = 
a+b+1 b+ct+1 cta+tl (a+b+c)? 


1.€. 


’ 


Watb+c)>(atb+c"-@+h +c’) 
& atb+c>ab+bce+ca. 
Exercise 4.14 Let a, b, c be positive real numbers such that ab + bc+ca = 3. Prove 
the inequality 
a(b? +c’) 2 b(c? +a”)  c(a? +a’) 
a2 +be b? +ca c2 +ab 


Solution Let x = a(b? + c2), y= b(c? + a’) and z= c(a2 + b?). 
Then we have 


x a(b* +. c*)(b+c) a(b* + c*) 
b+)=— 73 Lip ae : 
yz b(c* +a“) + c(a* + b*) a*+be 
Analogously we get 
y b(c? +a”) z c(a? +a”) 
= d b) = —~—_.. 
ne ca an a ) aan 


By Corollary 4.5 and the previous identities we have 
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a(b? +c”) b(c?+a*)  c(a? +a’) 


a2+be b2 +ca c2 +ab 
Spi leg i ag Se oe ey 
yrZ Z+xX x+y 


Exercise 4.15 Let x, y, z > 0 be real numbers. Prove the inequality 
Vet 1tVy+lt+v24+1> /6a+y+2). 


Solution According to Corollary 4.4 we have 


Vx? +1t/yt+ltv2t+leVv@atytz?+9. (4.20) 


Applying AM > GM we deduce 


(x+y +z) +9>2,/9 + y +z)? =6(x + y +2). (4.21) 


From (4.20) and (4.21) we get the required inequality. 
Equality occurs if and only if x = y=z=1. 


Exercise 4.16 Let a,b,c €R* . Prove the inequalities 
(1) 2(a® + b8) > (a3 + b3)(a5 + BD); 
(2) 38 +384 8) > (4H +0)(@4+b 40°). 


Solution (1) Let a > b. Then a? > b3 and a? > b°. 
Due to Chebishev’s inequality we have 
(a +b°)(@? +b?) <2(a* +d). 
(2) Similarly to (1). 


Exercise 4.17 Let a, b and c be the lengths of the sides of a triangle, and a, 8, y 
be its angles (in radians), respectively. Let s be the semi-perimeter of the triangle. 
Prove the inequality 
b+c cta a+b_ 12s 
+ oF = . 
a B y IT 


Solution Without loss of generality we may assume that a < b < c. Then clearly 
a<B<y,at+b<atce<b+candi <5 <3. 
Now by Chebishev’s inequality we have 


(a+) +0+0+(c+ay(— +542) 

a p y 

1 1 

stats), 
y 


<3(@+024(+@ 
a B 


46 4 Bernoulli’s Inequality, the Cauchy—Schwarz Inequality 


1.e. 
b+e cta a+b 4s/1 1 1 
+ + = ( +=—+ ) (4.22) 
a B Y 3\a By 
Using (4.22) and AM > HM we obtain 
b+ece cta a+b 4s/1 1 1 4s 9 12s 
+ = +-—+ = : = . 
a B Y 3\a py 3 a+Bty «2 


Equality occurs iffa=b=c. 


Exercise 4.18 Let a,b,c,d <¢R* . Prove the inequality 
e+bh+e ae+h+da e+e4+d8 P+e+d 
a+b+c a+b+d a+ct+d b+c+d 
Sa. fe 4 


Solution Without loss of generality we may assume that a > b > c > d. Then 
clearly Corer > &. 
We’ll use Chebishev’s inequality, i.e. we have 


(at+tb+c)(a2+b? +c’) <3(°4+53 +c) 
e+rP+ec ~etPte 


a+bt+c ~ 3 
Similarly we get 
++ P+ +a @P+O+d P+ +h 
a+b+d ~ 3 , a+c+d — cz ; 
bP+ce+d ~Ptet+d 
b+e+d ~ 3 
After adding these inequalities we get the required inequality. 
Exercise 4.19 Let a}, a2,...,d, €R* such that aj + az +--+ a, = 1. Prove the 
inequality 
a) a2 an n 
ee ees > . 
=o tea 7a - Mal 


Solution Without loss of generality we may assume that aj > a2 >--- > dy. 
Then 
1 1 1 


= eye . 
2-a,° 2-a@ 2-day 


Now by Chebishev’s inequality we have 


1 1 1 
(ar tant ban) ( sao ttt) 
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hence 
ay i an fore an >=( 1 4 1 dceeah 1 ) 
2-a, 2-a@ 2-a, n\2-a, 2-a@ 2-—ay 
1 n> n 
“1% Rabo tow) l= 
Equality occurs if and only if aj =a2 =--- =a, = 1/n. 


Exercise 4.20 Let a, b,c, d be positive real numbers such thata +b+c+d=4. 
Prove the inequality 


1 1 1 1 1 
+ + + <x. 
li+a2 114+b% 11+c? 1144273 


Solution Rewrite the given inequality as follows 
1 1 1 1 1 1 1 1 


11+ a2 2 n+e 2 lise 2 +e 1p =% 
i.e. 
wal Pal ate. gal 
ite eet ase? nse” 
1.e. 
a+l1 b+1 c+1 d+1 
@ Diet Dep te Dieta a. 


Without loss of generality we may assume thata>b>c>d. 
Then we have 
a+l1 b+1 c+1 d+1 
> > > . 
11+a* ~ 11+b%~ 11+c? ~ 11+? 
Now inequality (4.23) is a direct consequences of Chebishev’s inequality. 
Equality occurs if and only ifa=b=c=d=1. 


a-—1l1>b-—1>c-—1>d-1 and 


Chapter 5 


Inequalities Between Means (General Case) 


In Chap. 2 we discussed mean inequalities of two and three variables. In this section 
we will develop their generalization, i.e. we’ll present an analogous theorem for an 


arbitrary number of variables. 


These inequalities are of particular importance because they are part of the basic 


apparatus for proving more complicated inequalities. 


Theorem 5.1 (Mean inequalities) Leta, a2, ..., dy be positive real numbers. 


The numbers 


DY 2D 
si Pi pore aa aL 
n n 
n 
GM = 4/a\a2---d, and HM=— i iE 
Ty ES Ue 


are called the quadratic, arithmetic, geometric and harmonic mean for the 


numbers aj, a2,..., An, respectively, and we have 
QM > AM > GM > HM. 


Equalities occur if and only if ay = a2 =-:--=dp. 


Proof Firstly, we’ll show that AM > GM, i.e. 


aY+a2t- tan 
n 


Let 


qj : 
xj = ————.,_ fori=1,2,...,n. 


7/1 a2 oe “an 4 
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(5.1) 


(5.2) 
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Then x; > 0 for each i = 1,2,...,n and we have 
XpXQ+++Xy, = 1. 


Inequality (5.1) is equivalent to 


a\ a2 an 


+ | —————— or 
Maya2***An 2/1 a2+*+An afayaz+++An 


i.e. to 


Xptxot--- +4, >n, when x1x2---x, =1, (5.3) 


with equality if and only if xj =x. =--- =x, =1. 

We’ll prove inequality (5.3) by induction. 

For n = 1, inequality (5.3) is true; it becomes equality. 

If n = 2 then x1x2 = 1 and since x) + x2 > 2,/x1x2 we get x1 + x2 > 2. 

Hence (5.3) is true, and equality occurs iff x; = x2 = 1. 

Let assume that for n = k, and arbitrary positive real numbers x1, x2,..., xx such 
that x1x2---x~, = 1, we have xj + x2 +---+ x, =k, with equality if and only if 
XpHxXQS HX =H 1. 

Letn =k+1 and x1, x2,...,xx41 be arbitrary positive real numbers such that 


X{X2++ Xe, = 1. 


If x) = x2 =-+- = Xx41 = | then inequality (5.3) clearly holds. 

Therefore, let us assume that there are numbers smaller then 1. Then clearly, 
there are also numbers which are greater then 1. 

Without loss of generality we may assume that x; < | and x2 > 1. 

Then, for the sequences x1x2,x3,...,X%41 Which contain k terms we have 
(x1X2)X3++-X%41 = 1, and according to the induction hypothesis we have that 
X4X2+X3 +--+ + xK41 => k, and equality occurs iff xjx2 = x3 = +--+ = xR41 = 1. 

Now we have 


Xt x2 +++ + XK S xx. $43 4+-+- + X41 +14 G2 —- DU — x1) 
>k+14(—-Nd—x)>k4+1, 


with equality if and only if x}x2 = x3 =--- = x41 = 1 and (x2 — 1) — x1) = 0, 
1.e. iff x1 SXQS SX = 1. 
So, due to the principle of mathematical induction, we conclude that (5.3) is 
proved. 
a a In : 
Thus by (5.2) we have Va = Yarascae Ses Yaa i.e. 
Qa) =a2>=:°::=ay. 


Hence we have proved (5.1), and we are done. 
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We’ ll show that GM > HM, i.e. 


n 
Va1d2°** an = FFG T 
Ga ag 
By AM > GM it follows that 
1 1 1 1 1 1 n 


cee eee ee >n." bs = , 
ay a2 an a\ a2 Gn Vf A1a2+**ay 


i.e. we have 
n 
VG 42*** An = F—G rT 
ais bag ON a 
and clearly equality holds if and only if x = a == x Le. a] =d2=-++- =p. 


It is left to be shown that OM > AM, i.e. 


yo ea , Utagte++4n 


n n 
We’ll use the Cauchy—Schwarz inequality for the sequences (a1, a2,...,@,) and 
(1,1,...,1). 

So we have 


(ea ee hae 1? pa Pa a eo a) 


> nay tas +---+a,)> (ai tagte+an)” 


n 


aie ie, (eee) 
™ n 


jee ee 
n = n : 


Equality holds if and only if ¢ = & =---= “, ie. ay =a2 =-+- = ay. 
Exercise 5.1 Let a,b,c,d €R* such that abcd = 1. Prove the inequality 
a+b? +c?+4+d?+ab+ac+ad+be+bd+cd > 10. 
Solution Since AM > GM we have 
a+b? +02 +d? +ab+ac+ad + be+bd+cd > 10 Va5b5c5d5 = 10. 


Equality holds if and only ifa=b=c=d=1. 
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Exercise 5.2 Let a,b,c € R™. Prove the inequality 
(atb+cP>atb +c) + 24abc. 
Solution We have 
(at+b+cP=a+h4+c + b6abe+3(a’b+ar°ct+b’at+b?c+c’a+c7b) 
> a+b>+c3+4+6abce +3: 6V a®b>c = a3 +b? + c3 + 24abc. 
Equality holds if and only ifa=b=c. 


Exercise 5.3 Let k € N, and a}, a2, ..., dy be positive real numbers such that a; + 
a2 +--++ a, = 1. Prove the inequality 


a, tay bay ea 


Solution Since AM > GM we have 


a+agt:::+a, 1 
/A1a2°+*An = 


n n 
or 
11 1 
n< Me ae tee 
a\ a2 an 
Hence 
—k —k —k 
a, + ay ape hess 
n ’ 
1.e. 
—k —k —k k+1 
a, +4,°> +++ +a, =n 7” 


as required. 


Exercise 5.4 Let a,b, c,d €R*. Prove the inequality 
a° + b° +. c° + d® > abcd(ab + be + cd + da). 


Solution We have 
1 
a® +58 464 d= z (2a° + 2b° + c® + d°) + (2b° + 2c® + d® + a) 


+ Qe°4 24° 40° 4 55) 4d" + 20° + 5° + ©), 
Since AM > GM we have 


6: B76 Oe 6 AO OO Oe 6 
2a a +d zi +ao+b * +ot+d > /a!2pl2c6d6 = abcd. 
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Similarly we get 
6 6 1 76 1 46 
2b° + 2c°+d°+a Spt 
6 
2c® + 2d® + a® + b® 
6 


d, 


> cd7ab 


and 
2d® + 2a® + b® + ¢® 
6 


Adding the last four inequalities we obtain the required inequality. 


Equality holds if and only ifa=b=c=d. 


Exercise 5.5 Let x, y, z > 2 be real numbers. Prove the inequality 


(y? + x)(23 + yx? +z) = 125xyz. 


Solution We have 


y+xu>4ytxaytytytytx>5yy4e. 


Analogously 


2 +y> aa gy and x°+z > 5V x4z, 


Multiplying the last three inequalities gives us the required inequality. 


> d’a*be. 
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In this subsection we will consider characteristic examples in which we can use 


incorrectly the inequality AM > GM. Namely, a possible major route for the proper 


use of this inequality (the means inequalities) will be the fact that equality in these 
inequalities is achieved when all variables are equal. These points at which equality 
(all their coordinates are equal) of a given inequality is satisfied are called points 


of incidence. It is also important to note that symmetrical expressions achieve a 


minimum or maximum at a point of incidence. 


Exercise 5.6 Let x > 0 be a real number. Find the minimum value of the expression 


1 
bs eae 
x 
Solution Since AM > GM we have 


1 1 
x+—-2>2,/x--=2, 
x x 


with equality iff x= +, ie.x=1. 
Thus min{x + 4} =2. 
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Exercise 5.7 Let x > 3 be a real number. Find the minimum value of the expression 


1 
x+-. 
x 


Solution In this case we cannot directly use the inequality AM > GM since the point 
x = | doesn’t belongs to the domain [3, +00). 

We can easily show that the function f(x) =x + i is an increasing function on 
[3, +00), so it follows that minfx + 4}=3+4= 7%. 

Now we will show how we can use AM > GM. 

Since we have equality in AM > GM if and only if all variables are equal, we 
deduce that we cannot use this inequality for the numbers x and + at the point of 
incidence x = 3 since 3 4 i 

Assume that AM > GM is used for the couple (7, +) such that at the point of 
incidence x = 3, equality occurs, ic. 5 = i. 

So it follows that a = x? = 3? =9. 

According to this we transform x + + as follows 


A acd 2 od ae ee ha Lie oS 10 
——w & = x . x= % = : 
x GQ x 9 ~ VO x 9 So 9 3 


Exercise 5.8 Let a, b > 0 be real numbers such that a + b < 1. Find the minimum 
value of the expression 


1 
A=ab+—. 
i ace 


Solution If we use AM > GM we get 


1 / 1 
A=ab+ — >2,/ab-— =2, 
ab ab 


and equality occurs if and only if ab = +: ie.ab=1. 
But then we have a+b > 2./ab =2, contradicting a+b <1. 
If we take x = 4,, then we have x = + > wp > 5 =4. 
Thus we may consider an equivalent problem of the given problem: 
Find the minimum of the function A = x + i, with x > 4. 
Point of incidence is x = 4. 
So we have 7 | i, from which it follows that a = x? = 16. 


Then we transform as follows 


Fe ee ee ae ee ee ee ee ee 
eT She ge ae AG oe Gy Se IB a 


Equality holds if and only if x =4,ie.a=b=1/2. 
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Exercise 5.9 Let a,b,c > 0 be real numbers such thata+b+c< 3. Find the 
minimum value of the expression 


Vets Dl 
A=a+b+c+-+-74+-. 
a bee 


Solution If we use AM > GM we get 


1 1 1 é 1 
A=at+b+c+-—+-—+4+-26,/abc-— =6, 
a boc abc 


with equality if and only ifa=b=c=1. 

But thena+b+c=3> 3, a contradiction. 

Since A is a symmetrical expression on a, b and c we estimate that min A occurs 
ata=b=c,ie.ata=b=c=1/2. 


Therefore for a point of incidence we have 1 _ ob = ye He Hb H=cH= 1/2, 
aa a ac 


and it follows that a = = = 4, 
Now we have 


A=gehe ge aba (ag ten se ele eas 
a area eet a a ee ee a é 


>64Iabe : ie Bie eae ae 
~ (4a)(4b)(4c) 4\a bc) 4 
3 9 271 15 
. S34 =—. 
4 atb+c A 37> 3 


>34+ 


So minA = 4, fora=b=c=1/2. 


Exercise 5.10 Let a, b, c be positive real numbers such that a+ b+ c = 1. Find the 
minimum value of the expression 


1 1 1 
abe+-~+-—+-. 
a bee 


Solution By the inequality AM > GM we get 


1 1 1 4 1 11 
abe+—+—+4+-2>4,/abce.—-—- -=4, 
a boc abe 


with equality if and only if abc = 1 — ; — i. from which we easily deduce that 


a=b=c=1andthena+b+c=3,acontradiction sincea+b+c=1. 
Since abc + 1 + : + : is symmetrical with respect to a, b and c we estimate that 
the minimal value occurs when a = b=c,i.e.a=b=c=1/3,sincea+b+c=1. 
1 1 


= = wl : : mere eee 
Let abc = 75 = gy = ze from which we obtain a = Gb = 81. 
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Therefore let us rewrite the given expression as follows 


jet eed ks (5.4) 
= = —-=a ‘i . 
Lea Bg Rie Be Bie Bia” hoe 


By AM > GM and AM > HM we have 


ee eee ee (5.5) 
Oe Si Bib Bie VY Bia. Bib Ble 7 


and 


(5.6) 


a b 3 cc” at+b+e 
By (5.4), (5.5) and (5.6) we have 


je en 7 
eG be a 8 


with equality if and only ifa=b=c= ; 


Exercise 5.11 Let a, b,c,d > 0 be real numbers. Find the minimum value of the 
expression 


a re b 4 Cc 4 d PPORE or ea! 
b+ct+d ctd+a d+at+b a+tb+c a b 
a+b+d a+b+c 
+ + : 
Cc d 


Solution Let us denote 


A a ai b 4 Cc 4 d PEGs erase 
~ b+etd > ct+td+a’ d+a+b a+b+e a b 
atb+d a+b+e 
+ + . 
Cc d 


If we use AM > GM we get A > 8, with equality iff 


a = b _ Cc = d _b+e+td c+d+a 
b+ce+d ct+d+a dtat+b atb+c ab 
at+b+d a+b+c 
> Cc 7 d , 


Le. 
a=b+c-+d, b=c+d+a, c=d+a+b and d=a+b+e. 


After adding the last identities we deducea+b+c+d=3(a+b+c+d), ie. 
3 = 1, acontradiction. 
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Since A is a symmetrical expression with variables a, b,c, d, it follows that the 
minimum (maximum) will occur at the point of incidencea =b=c=d>0. 

Supposea=b=c=d>0. 

We have 


a _ b _ C _ d i 
b+tc+td ctdta dta+b atbt+c 3 


and 
b+tetd ctd+a atb+d atbte _ 3 
aa = ab 7 ac ~ ad a 


1.€. 7 = 3, and it follows that a = 9. 


Therefore 
_ a b Cc d b+c+d 
Thee ea ae ape 9a 
ctd+a atb+d a+b+c 
bs 9b bg 9c * 9d 
lo ctor one oes) 


9 a b Cc d 
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23 SO+242424242)= ae 
Exercise 5.12 Let a,b,c > 0 be real numbers such that a ++ b+ c= 1. Find the 
maximum value of the expression A = Satb+V/b+e+ Jo+a. 


Solution Since AM > GM we have 


Ja+b=J/(a+b)-1-1< 


aD) eb bebe 
3 = ; 


3 
Similarly 
Yores* nd Yoras 
Thus it follows that 
Ac ayeee orers rer = Herero cic . 


with equality iffa+b=b+c=c+a=l,ie.a=b=c=1/2. 
But thena + b+c=3/24 1, a contradiction. 
Since A is symmetrical expression in a,b,c, we estimate that the minimum 
(maximum) will occur at the point of incidence a =b=c,i.e.a=b=c=1/3. 
Clearlya+b=b+c=c+a=2/3. 
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Since AM > GM we have 


; : 3 E - a+b+3+ 3%  f9 3@+b)+4 
ver +) 3-3 ¥a=V4 3 4 9 


Similarly we get 


f2 3(b 4 9 3 4 
Jb+e< 7 rors — and WV/ct+a<,] oe 


Adding the last three inequalities gives us 


renee (Reto +s 204 OHt Meroe) 


9 9 9 
ee 


So max A = 18, and it occurs iff a+b = b+c =c+a =2/3,ie.a=b=c=1/3. 


Exercise 5.13 Let a,b, c be positive real numbers such that a + b + c = 6. Prove 
the inequality 


Jab + be + Jbe+ca+JSca +ab <6. 


Solution I Since we have a symmetrical expression we estimate that the maximum 
value of ab + be + Vbe+ca + ca + ab will occur at the point of incidence 
a=b=c=2 and then clearly we have ab + bc = 8. 

By the inequality AM > GM we get 


s/(ab + be) -8- (ab+bc)+8+8 
Jab + be = mi ==7( 3 ) 


Similarly we obtain 


Yorred = 7(S tee’) aa See (ea) 
~ 4 3 3 , 


Adding the last three inequalities gives us 


(5.7) 


1 (2(ab +b 48 
Jab + be+ Voc a+ You ab = 7( ar aaa } 


3 


Since ab + be + ca < “+449” = 12 by (5.7) we get 


1 (24+ 48 
ab Foe + Voce a+ Your ab = 2 - )=6 


Equality occurs if and only if ab+ be = be+ca=ca+ab=8,ie.a=b=c=2. 
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Solution 2 The given inequality is equivalent to 


Vb(a+c)+ Ve(b +a) + Va(c +b) <6 


Vb(6—b) + Vc(6—c) + Va(6—a) <6. (5.8) 
Since at the point of incidence a = b=c =2 we have 2a = 6—a=4 by AM > GM 
we deduce 


CCE ENO ce Be a er 
2 6 6 


Analogously we obtain 


b+10 10 
Sb6—b < — and/c(6—c) < — 


After adding the last three inequalities we get 


at+b+e+30 36 


=—=6. 
6 6 


/b(6 — b) + /c(6—c) + Yao —a) < 
Equality occurs if and only ifa=b=c=2. 


Exercise 5.14 Let a, b, c be positive real numbers such that a*+b*+c* =3. Prove 
the inequality 


Vaetbet+ Vb +cat Ve2+ab <3V2. 


Solution Since we have a symmetrical expression we estimate that the maximum 
value will occur at the point of incidence a = b = c = |. Then we have a +be=2. 
By the inequality AM > GM we get 


af 1 1 at+bet+4 

3/9 a0 Sono 

a*+bce= —-V(a +b) 2-32 (S EF"), 
VJ4 S4 


3 


Similarly we obtain 


1 (Bb 4 1 (ct +ab+4 
e+ cas 7 (+S**) a Je+ab <7 (*2"*), 


V4 3 14 3 
Adding the last three inequalities gives us 
1 
Vaz +be+Vb2+cat+Vc2 tab < 5 (7 +b? +c +ab+be+cat 12) 
3/4 
1 


18 i 
2(a* + b? +c?) +12) = =30/ 3: 
3 ya ) 3/4 


Equality occurs if and only ifa=b=c=1. 


Ss 
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Exercise 5.15 Let a, b, c be positive real numbers such that a* +b? +c? =3. Prove 
the inequality 


V5a2 +4(b +c) +3 + W5b2 + 4(c +a) +34 W5c2 +4 +b) 43 <6. 


Solution At the point of incidence a = b = c = 1 we have 5a* +4(b+c)+3 = 16. 
By the inequality AM > GM we get 


v Ga? + 4(b +c) +3) - 163 
8 


V5a2 +4(b +c) +3= 


1 
< 35 Ga" +46 +0) +3+3-16) 


_ 5a*+4(b+c) +51 
= 5 : 


Similarly we obtain 


5b* + 4(c+a)4+51 
32 


V5b2 +4(c +a) +3< 


and 


5c? +4(a +b) +51 


4 
5c? +4 b)+3< 
V5c? + 4(a +b) + 3 


Adding the last three inequalities gives us 


V/5a2 + 4(b +0) +3 + 5b? + 4(c +a) +34 V5c2 + 4(a +b) +3 


z 5(a7 +b? +c?) +8(a+b+c) +153 
= 32 ; 


Since a? +b? +c? =3 we have a+b +c < /3(a2 + b2 +c?) =3, and by the last 
inequality we obtain 


V5a2 + 4(b +0) +3 + V5b? + 4(c +4) +34 V5c2 +4(a +b) +3 


~53+8:34153 _ 192 
= 32 ~ 32 


=6. 


Equality occurs if and only ifa =b=c=1. 


Chapter 6 
The Rearrangement Inequality 


In this section we will introduce one really useful inequality called the rearrange- 
ment inequality. This inequality has a very broad and easy use in proving other 
inequalities. 


Theorem 6.1 (Rearrangement inequality) Let aj < az <-:- <a, and bj < 
by < +--+ < by be real numbers. For any permutation (x1, x2,...,Xn) of 
(a1, d2,..., a) we have the following inequalities: 


ayby + agby +--+ + Gnby = x1by + x2b2 + +++ + Xnbp 
> ayby + an— bz +-+- + aybn. 


In case when aj < a2 <--- <a, and bj < bo <--- < by there is a simple nec- 
essary and sufficient condition for equality in either of the inequalities. The left in- 


equality becomes equality only if (x1, x2,...,%,) matches (a), a2,...,@,), and the 
right inequality becomes equality only if (x1, x2,...,X»,) matches (dn, dn—1,.--, 1). 
Corollary 6.1 Let aj, a2, ..., a, be real numbers and let (x1, x2,..., Xn) be 
a permutation of (a1, a2, ..., An). Then 


i 2 
ay + ay + +++ + ay 2 Aj X] + 42X21 +++ + AnXn. 


Exercise 6.1 Let a, b and c be positive real numbers. Prove Nesbitt’s inequality 


a rf b " Cc ace 
b+ce cta a+tb72 
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Solution Without loss of generality we may assume that a > b > c. Then clearly 


1 1 1 
> > : 
b+e” cta a+b 


By the rearrangement inequality we deduce 


a a b 4s Cc és b a c a 
b+e cta atb~ b+c cta a+t+b 


and 
a in b ry Gs t i a = b 
b+e cta atb7~b+ce cta atb 


Adding the last two inequalities gives us 


a ro b is Cc = a 4 b 45 Cc se 
or : 
b+ce cta atb/)~— b+c cta atb™” 2 


Exercise 6.2 Let a, < a2 <--- < dp and bj < bp <--- < by be two sequences of 
real numbers and let (cj, c2,..., C,) be a permutation of (b1, bz, ..., b,). Prove that 


(a1 —b1)* + (a2 — bo)? +++» + (Gn — bn)” < (a1 —01)* +(a2—02)* +--+ Gn—en)’. 


Solution Note that bf +.b5 +--+ 02 =citch+---+c%. 
So it suffices to prove that 


acy +aoc2 +:+++ + ancy < ayby + arb. +--+ + aynby, 


which is true due to the rearrangement inequality. 


Exercise 6.3 Let a1, a2,..., a, be different positive integers. Prove the inequality 
aya mo 1 
Rp + yy + + Sa + 5 + + 
Solution Let (x1, x2,...,X,) be a permutation of (a1, a2,...,@,) such that x; < 
XQ S60 SXp. 
Then clearly x; >i foreachi = 1,2,...,n and a > * SS A. 


n 
By the rearrangement inequality and the previous conclusion we obtain 


Exercise 6.4 Let a, b, c be the lengths of the sides of a triangle. Prove the inequality 


a(b+c—a)+b°*(c+a—b)+c?(at+b—c) <3abce. 
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Solution Without loss of generality we may assume that a > b > c. Then very easily 
we can verify that 


c(a+b—c)>b(c+a—b)>a(b+c—a). 
Applying the rearrangement inequality we obtain the following inequalities 
a (b+ce—ay+ 6 le+a=—b) 4 C@+bH—e) 
< ba(b+c—a)+cb(c+a—b)+ac(a+b—-c) 
and 
a’(b+c—a)+b’*(cta—b)+cC(a+b—c) 
<ca(b+c—a)+ab(c+a—b)+bc(a+b—-c). 


Adding the last two inequalities gives us the required result. 


Exercise 6.5 Let a, b,c be real numbers. Prove the inequality 
e+P+c > a*b + btc+cta. 


Solution 1 Without loss of generality we may assume that a > b > c, and then 
clearly a+ > b* > c* (since the given inequality is cyclic we also need to consider 
the case when c > b > a, which is analogous). 

Now by the rearrangement inequality we get the required inequality. Equality 
occurs iffa=b=c. 


Solution 2 Since AM > GM we obtain the following inequalities: 
e+a+a+a+dD > 5a‘b, 
DP+P+b +b +c? > Sbi*c, 

CLO HO Se? > 5cta, 
and adding the previous three inequalities yields required inequality. Equality occurs 


iffa=b=c. 


Exercise 6.6 Let a,b,c be positive real numbers such that abc = 1. Prove the in- 
equality 
1 o 1 i 1 sg 3 
a(b+e) B(cta) Glatb)~ 2 


Solution Without loss of generality we may assume that a > b> c. 
Let x = i, y= i z= i. Then clearly xyz = 1. 
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We have 
1 1 1 x3 y? z 
3 + +5 = + + 
B(ib+c) bB(cta) C(atb) If/yt 1/z If/zt l/x  1/x+1/y 
2 2 2 


x y Zz 
= E a : 
ytzr zZt+x x+y 


Since c <b <a we have x <y <z. 


So clearly x+y <z+x<y+zand 4- <x < =t 


ys 
Now by the rearrangement inequality we get the following inequalities 


z 


2 2 2 


x y Zz xy yz zx 
ae zs + aL , 
YZ ZX KX+ry YZ ZX xX+ry 
2 2 2 
x y Zz Se XZ yx Zy 


oF 7 a ok . 
YZ ZX XFy yrz@e Zrx x+y 


So we obtain 


1 1 1 
: (sero * Beta) oa =) 


2 9 2 
x Zz 
=2 eee ) 
yz zZ+tx x+y 
2 xy yz ZX XZ yx zy 


Zi + 1s + r a 
YZ ZX Ky YZ ZX xKX+ry 
=x+ty+z7>3¥ryz=3, 


as required. 


Exercise 6.7 Let a, b, c be positive real numbers. Prove the inequality 


e+e BP+ar c2+b? 
+ + 


>2(a+b+c). 
b c 


Solution Since the given inequality is symmetric, without loss of generality we may 
assume that a > b > c. Then clearly 


a>b>c 


By the rearrangement inequality we have 


2 2 2 
b 1 1 1 1 1 1 
2h ee pee eee tp ke Saehee. 46M) 
b cea b c a a b c 
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and 
2 2 2 
b 1 1 1 1 1 1 
7 apc h pte Sgt ae Sethe. 6D 
Cc a b Cc a b a b Cc 


Adding (6.1) and (6.2) yields the required inequality. 
Equality occurs if and only ifa=b=c. 


Exercise 6.8 Let x, y, z > 0 be real numbers. Prove the inequality 


2 2 


a as Gee Cee een 


> 0. 
yz Z+x x+y 


Ca gS Gn OEE ae Oe cE ce 
Solution We need to prove that tee ee a + ity 
Without loss of generality we may assume that y > z(since the given in- 
equality is cyclic we also will consider the case z > 
Diese D2 1 1 1 
Then clearly x“ > y 22 and 5; oe ay 
By the rearrangement inequality we have 


x2 y? 2 as 22 x2 y 


+ a = ao , 
YZ ZX XY YrZ ZX xXtry 


as required. 
D2 2 1 1 
>y> >y> —_ > > 
If we assume that z > y > x, then z ie ee and eg = eee = ag 
By the rearrangement inequality we obtain 


2 2 2 
x Zz 1 1 1 
ey =2"s +x. +y- 
YrZ ZX xX+Ty x+y yreZ ZX 

1 1 1 
> Z- +x°. + y?-—— 
yrZ Z+Xx x+y 
2 Pe y? 


= + : 
yz Z+x x+y 
Equality occurs if and only if x = y =z. 


Exercise 6.9 Let x, y, z be positive real numbers. Prove the inequality 


x3 se 2 
—+4+—+—>x+ytz. 
yz 2x xy 


Solution Since the given inequality is symmetric we may assume that x > y > z. 
Then 
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By the rearrangement inequality we have 


3 3 3 
x Zz 1 1 1 
eg eg ae 
yz ZX xy yZ ZX xy 
1 1 ee ae ee 
Se ty ee Se 
xy ye zx z x 
We will prove that 
yr 2 
TT +tT tT ext+yte. (6.4) 
y z x 


Letx >y>z. 
Then x” > y? > 2? and i >i 
to consider the case z > y > x). 
By the rearrangement inequality we obtain 


> i (since inequality (6.4) is cyclic we also need 


x2 y? 2 x2 y? 2 
SS ea a Se ae 
y Zz x x y Zz 


The case when z > y > x is analogous to the previous case. 
Now by (6.3) and (6.4) we obtain 


Bo yp 2 
—+—+4+—>x+ytz. 
ye 2x xy 


Equality occurs if and only if x = y =z. 


Exercise 6.10 Let a,b, c,d be positive real numbers such thata +b+c+d=4. 
Prove the inequality 


a*be + bcd + c*da+ dab < 4. 
Solution Let (x, y,z,t) be a permutation of (a,b,c,d) such thatx > y>z>t. 
Then clearly xyz > xyt > xzt > yzt. 
By the rearrangement inequality we obtain 
x-xyzty-xyt+z-xzgt+t- yet >a’bc+b’cd+c*da+d7ab. (6.5) 
Since AM > GM we deduce 


(xy txz+ yt + 2t)? 


X-xyz+y-xyt+z-xzt+t-yzt=(xy+zt)\(xzt+ yt) < ; 
(6.6) 
Since 

(e+y+ztty? 
aa Rn 


xy+xztytt2=@4+0D04+0< 4 
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by (6.6) we deduce that 
X-xyz+ty-xyt+z-xzt+t- yet <4. 
Finally by (6.5) we obtain 
a*bc +b?cd + c?da+d’ab <4, 


and we are done. 
Equality holds iff a=b=c=d=1ora=2,b=c=1,d=0 (up to permuta- 
tion). 


Chapter 7 
Convexity, Jensen’s Inequality 


The main purpose of this section is to acquaint the reader with one of the most 
important theorems, that is widely used in proving inequalities, Jensen’s inequality. 
This is an inequality regarding so-called convex functions, so firstly we will give 
some definitions and theorems whose proofs are subject to mathematical analysis, 
and therefore we’ll present them here without proof. 

Also we will consider that the reader has an elementary knowledge of differential 
calculus. 


Definition 7.1 For the function f : [a,b] — R we'll say that it is convex on 
the interval [a, b] if for any x, y € [a, b] and any a € (0, 1) we have 


fax + 1 —a)y) saf(x) + (1 — a) f(y). (7.1) 


If in (7.1) we have strict inequality then we’ll say that f is strictly convex. 

For the function f we’ll say that it is concave if — f is a convex function. 

If the function f is defined on R, it can happen that on some interval this function 
is a convex function, but on another interval it is a concave function. For this reason, 
we will consider functions defined on intervals. 


Example 7.1 The function f(x) = x? is convex on R, moreover Sf (x) =x” is con- 
vex on R for even n. Also f(x) =x” is convex on R* for n odd, and it is concave 
on R-. 

The function f(x) = sinx on (z, 27) is convex, but on (0, 7) it is concave. 


Now we will state a theorem that will give a criterion for determining whether 
and when a function is convex, respectively concave. 
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Theorem 7.1 Let f : (a,b) > R and for any x € (a, b) suppose there exists 
a second derivative f” (x). The function f (x) is convex on (a, b) if and only if 
for each x € (a, b) we have f(x) = 0. If f(x) > 0 for each x € (a, b), then 
f is strictly convex on (a, b). 


Clearly, according to Definition 7.1 and Theorem 7.1 we have that the function 
f (x) is concave on (a, b) if and only if f(x) <0, for all x € (a, b). 


Example 7.2 Consider the power function f : Rt + R* defined as f (x) = x”. For 
the second derivative we have f’”(x) = a(a — 1)x?-2, and clearly f”(x) > 0 for 
a >lora<Oand f"(x) <0 for 0 <a@ <1. So f is (strictly) convex for a > 1 or 
a <0 and f is (strictly) concave for 0 <a < 1. 


Example 7.3 For the function f :R— R, f(x) =In(1+e*) we have f’(x) = —- 


and f"(x) = ay > 0 for x € R, and therefore f is convex on R. 


Example 7.4 For the function f : Rt > Rt, f(x) =(+ xa for a 4 0 we have 
f"(«) =(@ — 1)x®7 0 + x%)a , from where it follows that for a < 1 the function 
f is strictly concave and for a > 1 the function f is strictly convex. 


Theorem 7.2 Let f\, f2,..., fn be convex functions on (a, b). Then the func- 
tion c\ f, +¢2 fo+---+¢n fn is also convex on (a, b), for any cj, €2,...,Cn € 
(0, co). 


Theorem 7.3 (Jensen’s inequality) Let f : (a,b) > R be a convex function 
on the interval (a,b). Letn € N and a, 2, ..., yn € (0, 1) be real numbers 
such that oy + a2 +-+-+@, = 1. Then for any x1, x2, ...,Xn € (a, b) we have 


(Sa) < Sara): 
isl i=1 
1.é. 


Sf (ax) + 012X2 + +++ + OnXn) S01 f (x1) +02 f (x2) +--+ On f (Xn). (7.2) 


Proof We'll prove inequality (7.2) by mathematical induction. 
For n = 1 we have a; = | and since f(x;) = f (x1) we get f(a@1x1) =a), f (x1), 
so (7.2) is true. 
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Let n = 2. Then (7.2) holds due to Definition 7.1. 


Suppose that for n =k, and any real numbers a1, @2,..., ax € [0, 1] such that 
a; +a2+---+ ax = 1 and any x1, x2,..., xg € (a, b), we have 
fax +++ + Rx) Sy fr) +++ + OK fF (xK)- 3) 


Let n =k +1, and let a, a2,...,a%41 € [0,1] such that aj + a2 +--+ + 
Akt1 = 1. 

Let x1,x2,...,Xe41 € (a, Dd). 

Then we have 


OX, + a2x2 +++ + OR XK 


= (OX, He FOEXK) HOKE IX EH 


Qa] a2 Ok 
= (1 — ag41) xp + XQ fe —— xy | + ree 1 XK41. 
1 —agy 1 aK41 1 R41 
(7.4) 
Let 
ay Ok 
xi+ X2 P+ Xk = YH 
1— a4) 1 = oK41 1 aK41 
Then since x1, x2,...,x% € (a, b) we deduce 
ay om) Ok 
YkH1 = x1 + XQ +++ + Xk 
1— aK) 1 aR41 1 = oK41 
2 ce ee eee 
1— a4) 1 = oR41 1 = O41 
b b 
———— (a + a +--+ + OK) = ——— (1 — 4 41) =) 
l—ary 1 — ost 


Similarly we deduce that yz41 >a. 
Thus yx+1 € (a, Dd). 
According to Definition 7.1 and by (7.4) we obtain 
F(x oe FRx + Oey XK) = fC = O41) Ye+ + O41 XK+1) 


SU — on) f Ont) + ont f R41). (7-5) 


By inequality (7.3) and since 


eal a2 | 


ed ee eT 1—oK41 


we obtain 


2 Ok 
foun =s{ xy + ii 
1 — oy 1 oe+1 1 oK41 


<7—, fon + fe) ++ +f. 7.6) 
— Ok+1 1 — ag, l= 
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Finally according to (7.5) and (7.6) we deduce 


f(xy Hee baer xeg 1) Sy fr) +--+ oy f eet). 


So by the principle of mathematical induction inequality, (7.2) holds for any 
positive integer n, any a1, 02,...,@, € [0, 1] such that aj +a2+---+a, = 1, and 
arbitrary x1, X2,...,% € (a,b). 


Remark If f is strictly convex then equality in Jensen’s inequality occurs only for 
Xp HXQ = = Xp. 


If the function f(x) is concave then in Jensen’s inequality we have the reverse 
inequality, i.e. 


Sf (ayxy +++» + anXn) = ay f (x1) +++ +n f (Xn). 


It is important to note that Jensen’s inequality can also be written in the equivalent 
form: 

If f : 1 > Ris convex on J, x1, x2,...,%, € J and m,,m2,..., mn = 0 are real 
numbers such that m; + m2+---+m, > 0. Then 


f me ate) « Me eee 
m, +mz+---+my - m, +mz+---+my, , 


Example 7.5 Consider the function f(x) = —Inx, on the interval (0, +00). For 
the second derivative we have f” (x) = 4 > 0, which means that f(x) is a strictly 
convex on x € (0, +00). : 


By Jensen’s inequality for a, = a2 =---=Q,_, = i, and x; € (0,+00),i = 
1,2,...,n, we obtain 
Ge) (ae) 
In s 
n n 


n 


Inxy + Inxg +--+ +Inx, (ee) 
<In 
n 


dy inital en(2tee ss), 


n 


1.e. 
7 Xt X24 + Xn 
Af X1X20° + Xn S , 


n 


which is the well-known inequality AM > GM. 


Example 7.6 Let us consider the function f(x) = x7. Since f”(x) = 2 > 0 it fol- 
lows that f is convex on R. Then by Jensen’s inequality 


2 my f (x1) +m2 f (x2) +--+ +n f (Xn) 
~ m +m2+-+-+mp 


(7 awe tte) 
mi +mz+-++ +My 
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we obtain 


2 
my xX, +m 2x2 +--+ + MpXn Z myx; + mgx5 +++ + mpx2 
mM +M2+-+- +My my +rm2+--+mMn 
Le. 


(myxy +-mzx2 +--+ + mnXn)? < (mi xt bimgxd +++ myx2)(my +m. 4+---+my). 


By taking m; = Cre i — ze fori = 1,2,..., in the last inequality, we obtain 


(a1by + agby +++» + Gnbn)* < (a? +3 +++» +.47)(b2 +3 +--+ +b), 


which is the well-known Cauchy—Schwarz inequality. 


On this occasion we will present Popoviciu’s inequality, which will be used in the 
same manner as Jensen’s inequality. But we must note that this inequality is stronger 
then Jensen’s inequality, i.e. in some cases this inequality can be a powerful tool for 
proving other inequalities, where Jensen’s inequality does not work. 


Theorem 7.4 (Popoviciu’s inequality) Let f : [a,b] — R be a convex func- 
tion on the interval (a, b]. Then for any x, y,z € [a, b] we have 


f(Stehs\ 4, Pee 


3 


Proof Without loss of generality we assume that x < y <z. 
Ify< aayte then Abyte z oe <zand a # ae <z. 
Therefore there exist s, t € [0, 1] such that 
+yt+ 
VEE a OTS oe i onl (7.7) 
2 3 
+z x+yt+Z 
a : t+z2(1—2). (7.8) 
2 3 
Summing (7.7) and (7.8) gives 
x+y—2z x+y-—2z 
— t : 
2 ge 
3 


from which we obtain s + t = 5 
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Because the function f is convex, we have 


(=) eg (; =3**) +0 =9 fF, 


(7) er f(2) +0—Df@) 


and 


x+y 1 1 
ae ae a 7 
F( 5 ) <5 f+ 570) 
After adding together the last three inequalities we obtain the required inequality. 
The case when =e < y is considered similarly, bearing in mind that x < 


xtz | xty+z “‘y+tz — x+y+z 
7 and x < "<3. 


Note If f is a concave function on [a,b] then in Popoviciu’s inequality for all 
x,y,z €[a, b] we have the reverse inequality, i.e. we have 


7(F**)4 POFFO LE 


(PA) AE) 


Theorem 7.5 (Generalized Popoviciu’s inequality) Let f : [a,b] > R bea 
convex function on the interval [a, b] and aj, a2, ..., dQ, € [a, b]. Then 


f(a) + f(@) +---+ fG@) +nn — 2) f(a 
= (n— 1)(f (b1) + f(b2) +--+» + fbn), 


_ atdg+:+an Pal : . 
where aq = S20 | and b; = — we aj for alli. 


Theorem 7.6 (Weighted AMV—GM inequality) Leta; € (0,00),i=1,2,...,n, 
and a; €[0, 1],i=1,2,...,n, be such that a, +a2+---+a,=1. 
Then 


Gi, ae! < ajay + agar +--+: + andy. (7.9) 
Proof For the function f(x) = —Inx we have f’(x) = —i and f" (x) = ~~ ie. 


f(x) > 0, for x € (0, 00). 
So due to Theorem 7.1 we conclude that the function f is convex on (0, 00). 
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Let a; € (0, 00),i = 1,2,...,n, anda; € [0, 1],i = 1,2,...,n, be arbitrary real 


numbers such that a; +a2+---+a,=1. 
By Jensen’s inequality we deduce 


- n( a) = (e ua) <)ay@h]- Seng 
i=1 i=l 


i=l i=l 


& —In(ajay + ara2 +---+ aya) < —a, Ina, — a2 naz —---— ay, nay, 
S ayina; +a2inaz+---+a, Ina, < In(ajay + aga2 + --- + ayan) 
> Ina}!a;’ ---a?" <In(ayoy + ana2 +--+ + anan) 
& ajay? ---an" <ayay +ana2 +++» +anQn, 
as required. 
Note By inequality (7.9) for aj] =a. =-:- =a, = i we obtain the inequality 


AM > GM. 


Exercise 7.1 Let a, 6, y be the angles of a triangle. Prove the inequality 


3/3 


sina sin B siny < are 


Solution Since a, B, y € (0, 7) it follows that sina, sin B, siny > 0. 
Therefore since AM > GM we obtain 


sina + sin sin 
\/sina sin B siny < = + Es 


Since f(x) = sinx is concave on (0, 2), by Jensen’s inequality we deduce 


sina + sin 6 + siny _atpBty V3 
3 < sin 5 =a 


Due to (7.10) and (7.11) we get 


oe v3 eae 3/3 
A) eae > anes PSY Se: 


Equality occurs iff a = B = y, ie. the triangle is equilateral. 


Exercise 7.2 Let a, b,c € R™. Prove the inequalities: 


(1) 4(a3 + b*) = (a +b); 
(2) 93 +b? +. c3) > (at+d+0)%. 


(7.10) 


(7.11) 
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Solution (1) The function f(x) = x? is convex on (0,+00), thus from Jensen’s 
inequality it follows that 


(5 ) Ze + & Aa +b) > (a+b). 


(2) Similarly as in (1) we deduce that 


& (40 40)>(atbto)’. 


(crete) er te 
3 = 3 


Exercise 7.3 Let a; > 0,i =1,2,...,n, be real numbers such that a] +a@2+---+ 
Qn = 1. Prove the inequality 


Solution If we take aj = zi = 1,2,...,n, by the Weighted AM—GM inequality 
we get 


1 1 1 1 
Men ae OL 0 FH + On SF, 
ay a n 
1.e. 
os Oy 2,42 An 
<a, Oy a 


Exercise 7.4 Find the minimum value of k such that for arbitrary a, b > 0 we have 
Ja+Sb<kVa+b. 


Solution Consider the function f(x) = </x. 


We have f’(x) = 4x73 and f"(x) =—2x73 <0, for any x € (0,00). Thus 
f (x) is concave on the interval (0, 00). 
By Jensen’s inequality we deduce 


5f(@) ik 5 f(b) < < (= **) 


va+VJb _ [a+b 
2 a 2 


S a+ b= slat = 4. Ya+b. 


Therefore kin = 4/4, and for instance we reach this value for a = b. 
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Exercise 7.5 Let x, y, z > 0 be real numbers. Prove the inequality 


Vx?+14+y+ltv224+1> J6+y4+2). 


Solution Consider the function f(t) = Vt? + 1,t > 0. 
Since f"(t) = l > 0, f is convex on [0, 00). 


(Vt?+1)3 


Therefore by Jensen’s inequality we have 


cane a ee, 
3 ~ 3 , 


Vx?t 1+ /y27+ltvVv24+1 > V/at+ytz)? +9. (7.12) 


From the obvious inequality ((x + y + z) — 3)? > 0 it follows that 
(xty+z)°4+9>6a+y4+2). (7.13) 
By (7.12) and (7.13) we obtain 
VePtlt/y+lt+v24+1>V@tytz?4+9> /6a+y+2z). 
Equality occurs if and only ifx = y=z=1. 


Exercise 7.6 Let x, y, z be positive real numbers. Prove the inequality 


xX +Z  Z+x Zz x 
eae ae >4 " a ) 
Zz x y X+Y yrz Z+x 


Solution Consider the function f(x) =x + i. 

Since f’(x) = 1-5 and f’(x) = 4 > 0 for any x > 0 it follows that f is 
convex on RT. 

Now by Popoviciu’s inequality we can easily obtain the required inequality. 


Chapter 8 
Trigonometric Substitutions and Their 
Application for Proving Algebraic Inequalities 


Very often, for proving a given algebraic inequality we can use trigonometric sub- 
stitutions that work amazingly well, and can almost always lead the solver to a 
solution. 

Using such substitutions, a given inequality may simplify to the point, where 
the final part of the proof will be only routine, and will need previous results (usu- 
ally Jensen’s inequality and elements of trigonometry). Therefore it is necessary to 
possess a knowledge of trigonometry. 

We will give some basic facts that must be known and which are of benefit when 
Jensen’s inequality is being used. Namely, the function sinx is concave on (0, 77), 
the function cosx is concave on (—2/2, 1/2), hence also on (0, 7/2), tanx is con- 
vex on (0, 2/2), while the function cotx is convex on (0, 7/2). 

Furthermore, without proof (the proofs are “pure” trigonometry, and some of 
them can be found in standard collections of problems in mathematics at secondary 
level) we will give several trigonometric identities relating the angles of a triangle, 
which the reader should certainly know. 


Proposition 8.1 Let a, 8, y be the angles of a given triangle. Then we have 


the following identities: 

Ii: cosa+cosB+cosy =1+4sin$- sin 5 -sin > 
b: sina + sinB + siny =4cos% - cos & - cos ¥ 

Iz: sin2a + sin26 + sin2y =4sina-sinB - siny 

I4: sin? o + sin? B + sin* y = 2 + 2cosa - cos B - cosy 
Ij: sin? $ ‘psine = + sin* 5 + 2sin $ -sin 5 -sin? =1 
Is: tan $ - tan § + tan § -tant +sin4- sing =1 

Ig: tana + tan + tany = tana - tan - tany 


‘ a B Wom a B 2 
Tj: cot > + cot 5 + cot 5 =cot 5 - cot 5 - cot 5. 
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Proposition 8.2 Let a, 8, y be arbitrary real numbers. Then we have: 


a 


Ig: sina + sinB + siny —sin@ + 6+ y)=4sin 4 in -sin ¥ 


Io: cosa + cosB + cosy +cos(a + B + y) =4cos 248 “COS Bty - COS ae. 


Now we will give several inequalities concerning the angles of a given triangle, 
which will be used in proving inequalities by using trigonometric substitutions, and 
which are of great importance. The method of introducing certain substitutions and 
knowledge of these inequalities are the essence of this way of proving algebraic 
inequalities. 


Proposition 8.3 Let a, 8, y be the angles of a given triangle. Then we have 
the following inequalities: 


Ni: sina + sinB +siny < 38 No: sina - sing -siny < 38 
» Gat ignl usin <2 - sin? .sin®- sin’ <1 
N3: sins +sin5 + sins <5 Nq: sin 5 - sin 5 sins <% 
Ns: cosa + cos B + cosy < 3 Neo: cosa - cos B - cosy < % 
: a B Y < 3v3 5 a B v2 WS 
N7: COS 5 + COS 5 + COS 5 < Ns: COS 5 + COS 5 + COS 5 <= 
See) 59) ao) 9 Se) 19) +2 3 
No: sin-a+sin°B+sin°y <7 No: sin’ 5 + sin f+ sin ay 


Sis 
NIX 
IA 
EN) 


Ni: cos” a + cos” B +cos*y >} Niz: cos § + cos” 5 + cos 
Ny3: tan$ + tan$ +tan$> J3 Nig: cot $ +cot $ +cot¥ > 3/3 
Nj5: cota + cotB +coty = /3. 


Proof N,: The function sinx is concave on the interval (0, 7), thus from Jensen’s 
inequality we obtain 


sina + sinB + siny esin(S#E*7) — sin 5 V3 
; < pee eee ee 
3/3 


© sina+sinf+siny < > 


N2: Since sinx > 0 for any x € (0, 7) we can apply the inequality AM > GM, 
and we obtain 


sina + sin B + er) (2) \- 3/3 


dt Aiea pe, Satna 
sina - sin B siny = ( 3 5 8 


N3: Similarly as in the proof of N; we have 


sin® + sin& + sin 4 1 
2 2 2 <sin a+Bt+y Soe ieee 
3 6 6 2 
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or 


Me Be Po 3 
< 
nS a Tans =5 
since the function sinx is concave on (0, 7/2). 

Na: Similarly as in proof of Nz and since AM > GM we have 


- a mi B * y 
i. a. B, sinS +sin5 +sins5 N41 
sin - sin gia ee 2 2 ere ; 
2 3 2 


Ns: Since a + B =z — y it follows that 
cosy = —cos(a + 6B) = —cosacos 6 + sing sin B. 
Thus 
3 — 2(cosa + cos 6B + cosy) = 3 — 2(cosa + cos B — cosa cos 6 + sina sin B) 
= sin?a + sin? B —2sinasinB +1+ cos” a 
+ cos” B —2cosa —2cos 6B +2cosacos B 

= (sina — sin B)* + 1 —cosa — cos B)* > 0, 

which is equivalent to 
cosa+cosB+cosy < 


No: Since cos(a + 6) = —cosy, we have 


1 
cosacos B cosy = 7 (cos(a + B)+cos(a — B)) cosy 


1 1 cos* y 
a 7 (cos(a — B)—cosy)cosy = 5 cos(a — B) cosy — 5 


_ >( =) cos*(a — B) 
moe) Gad 2 7. 


2c 
Z cos“ (a — B) a J 
- 8 ~ 8 
N7: Since a, B, y € (0, 7) it follows that a/2, 8/2, y/2 € (0, 7/2). 
The function cos x is concave on the interval (0, 7/2). 
Thus by Jensen’s inequality we get 


cos ¥ + cos § + cos } a+Bty xn Jf3 
< cos = cos = 


3 a 6 6 2." 
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an B y .3v3 
< $ 
COR S Peps pres 5 = 5) 


Ng: Since a, B, y € (0, 7) it follows that a/2, 8/2, y/2 € (0, 7/2), i.e. 


cosa, cos B, cosy > 0, 


so we can apply AM > GM to conclude that 


B y 
a cos 2+ cos & + cos 4 N7 /3 
JJeos cos F cos 4 < Z a EN 


from which it follows that 


a B y .3v3 
COS - COS - COS < . 
2 y RB 


No: By identity 74 and inequality Ng we obtain 


1 9 
sin’ a + sin’ B + sin’ y =2+ 2cosa-cosB cosy <2+2- 5 = 7. 


No: By I, we have that 


sin? 5 +sin? E+ sin? r +2sin$ «sin «sin ® = 1, 
i.e. 
sin? = Lint + sin? Y =1 2sin = ae sin”, 
2 2 2 2 2 2 
According to Nq: sin 5 - sin 4 . sin 5 < ; and the previous identity we obtain 
2 2B ~2Y 2 3 
sin Arm ze z= 8 4 
N 1: We have 
N 9° 23 
cos” aw + cos” B + cos” y = 3 — (sin? a + sin” B + sin? y) 32 aa 


Ni2: We have 


N 3. 9 
7) ae} _ 


Si eas 


2a 2B 2V 290. eB 3 
= =3 
cos + cos eee 5 (sin ane Pais 5 


N43: Since tanx is convex on the interval (0, 2/2), by Jensen’s inequality we 
deduce 


tan® + tan 2 4+ tan % atBt X 
z 2 2 > tan B Y =tan = 


1 
3 = 6 6s 573 
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1.e. 


a B Y 
t t t >v3. 
a an 5 + tan > > V3 


N4: Due to the convexity of cotx on (0, 7/2) by Jensen’s inequality we obtain 


+ B+ 
cot % + cot £ + cot % > scot STE FY W353, 


Ms: Firstly we have 


cosa cosB cosasinf+sinacosB — sin(a+ fp) 


cota + cot 6 = — F = : : = : . 
P sina sin sina sin B sing sin B 


(8.1) 


Also 


1>cos(a — B) =cosacos f + sina sin Bf, (8.2) 


cos y = —cos(a + 8) = —cosacos 6 + sina sin B. (8.3) 


Adding (8.2) and (8.3) gives us 


2sinasinB <1-+ cosy 
<= 2sinasinfsin(a + B) < (1+cosy)sin(a + B) 
<= 2sinasinfBsiny < (1+ cosy) sin(a + f) 


2 sina sin B siny 2 (1 + cos y) sin(a + B) 
sina sinB(1+ cosy) ~ sinasinB(1+ cosy) 
2siny _ Sin@ + 8) 
l+cosy ~ sinasinB 


(8.4) 
Therefore 


(8.1) sin(a+B) cosy Sa 2siny cos y 


sina sin B siny ~ 1l+cosy  siny 


_ , (Seer tomer) 


cota + cot 8 + coty 


“ae (1+ cos y) siny 
e 1 3 sin? y + (1+ cosy)? 
~—2 (1+cos y)siny 


1 2,/3 sin? y(1 + cosy)? 9/3 
> = — 
=3/ (1+ cosy) siny ) 


as required. 
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Proposition 8.4 Let a, 8, y be the angles of an acute triangle. Then 


Njo: tana + tan 6B + tany > 373. 


Proof Since the triangle is acute it follows that a, B, y € (0, 2/2). The function 
f (x) = tanx is convex on (0, 2/2), so by Jensen’s inequality we obtain 


tana + tan B + tany > Stan TET? 


a 
= 3tan— =3V3. 
3 
Furthermore, we’ll give two theorems that will be the basis for the introduction of 
trigonometric substitutions. 


Theorem 8.1 Leta, 8, y € (0,7). Then a, B and y are the angles of a trian- 
gle if and only if 


tan — tan — + tan p tan is + tan = tan 
2; 2 2 


eh 
2 
Proof Let a, B, y be the angles of an arbitrary triangle. Then a + 6+ y=7, ie 
ia a+p 
2= 5 
Therefore 


cot2cot2—1 1 
een a eae = cot aes = 2 Z 
2 2 2 2 


tan 5 tan 2 
a B 
2 cot a + cot 7 


2 
tan 5 + tan & 
<=  tan—tan tan tae +tan = tan ~ =1. 
2 2 2 2 
Conversely, let us suppose that for some a, B, y € (0, 7) we have 


se isa pare aered Sani = fata = 
2 2 2 2 2 


(8.5) 
Ifa=p=y then 3 tan? $ = 1, and since tan 5 > 0 we get tan 5 = Fiea=B= 


y = 60°, from which it follows thata + B+ y =, i.e. a, B and y are the angles 
of a triangle. 


Without loss of generality let us assume that a 4 B. 
Since 0 <a+ 6 < 27 it follows that there exists y; € (—7, 7) such thata + 6B + 
y=. 
Then by the previous part of this proof we must have 
tan 2 tan 2 + tan P tan is 
2 2 2 


1 a V1 
t t =1. 
a Paes as 


(8.6) 
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We'll show that y = y;, from which it will follow thata + 6+ y=7,1e. a, 6 and 
y are the angles of a triangle. 
If we subtract (8.5) and (8.6) we get 


Y Y1 : one =kn, forsomek>0,ke€Z. 


tan—=tan—, Le. 
2 2 


But |>"|<4$+4 <$+4=1, s0 it follows that k = 0, i.e. y = y;, and the 
proof is finished. 


Theorem 8.2 Leta, 8, y € (0,7). Then a, B and y are the angles of a trian- 
gle if and only if 


sin” 5 +sin?£ 4 sin?® +2sin 5 sink «sin® = 1, 


Proof Let a, B, y be the angles of a triangle. Then we have 


de we a 1a 
2 2 2 2 
tee oe ae 
2: 2 2 2 
a+ p a+ Bp _a . B 
= cos cos +2sin — - sin — 
2, 2 2 2 
a+fp a+fp a—B a+ 6B 
= COS cos + cos cos 
2 2 2 2 
_ 1 
= 00s 2 FF 9s $F =X (cose +008 6) 
1 —2sin? ¢ +1-sin? 4 
= Z 2 =] eres ae. 
2 2 2 


B 


2a ; 
sin? + sin? 
2 2 


2 a , B .y 
2sin — -sin—-sin==1. 
+ sin 5) + a 5 aS 


Conversely, let a, 6, y € (0, 7) be such that 


+sin? 2% 42sin sin sin¥ 1, (8.7) 


2a 28 
sin Zo 5) 


We’ll show thata ++ 6+y=7. 
Since 0 <a+ 6 < 27 it follows that there exists y; € (—7r, 7) such thata + 6B + 


Yi=T7. 
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Then clearly 
sin? & 4 sin? £ + sin? +2sin sin. sin 4 = 1, (8.8) 
By subtracting (8.7) and (8.8) we obtain 
(sin 5 sin * ) (sin 5 + sin * + 2sin 5 - sin ) =0. (8.9) 
But 
sin} + sin + 2sin 5 -sin =sin +sin 5 +003 °F cos FF 
te he et a — _ Vi 
ar og es 5 oe 
“oy a—p 
= sin — + cos ¥ 
2 2 


Since 5 € (0, 2/2) and a8 € (—2/2, 1/2) it follows that 


a—B 


sin 7 + cos >0, Le. sin’ + sin” +2sin$ sin > 0. 


From the last inequality and (8.9) we have 


sin & =sin 4 le y=y 
) a? ec, ds 


Thus a + 8 + y =7, as required. 


Now, based on these two theorems we will give basic cases, how a given algebraic 
inequality can be transformed by trigonometric substitutions. These substitutions, 
with the inequalities of Propositions 8.3 and 8.4 will be a powerful apparatus for 
proving algebraic inequalities. 


8.1 The Most Usual Forms of Trigonometric Substitutions 


Case 1. Let a, 6 and y be the angles of an arbitrary triangle. 
Let A= 75%, B= 758 and C= 3". 
Then A + B+ C=7; moreover 0 < A, B,C < 7/2, i.e. this substitution allows 
us to transfer angles of an arbitrary triangle to angles of an acute triangle. (This is 
especially important when we use Jensen’s inequality, since “Jensen” could not be 
used for the function cos x on the interval (0, 77), but only on the interval (0, 7/2).) 
Observe that we have: 


. a . B ran 
sin — =cosA, sin — =cos B, sin — =cosC. 
2 2 2 


Note: There are similar identities for the functions cos x, tanx and cotx. 
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Case 2. Let x, y and z be positive real numbers. Then there exist triangle with 
length-sidesa=x+y,b=y+z,c=z+x. 
Clearly (x, y, z) = (s —b,s —c,s —a), where s = arbre =xtytz. 

Case 3. Let a, b, c be positive real numbers such that ab + bce + ca=1. 


Since tanx € (0,00) for x € (0, 2/2), and due to Theorem 8.1 we can use the 
substitutions 


a=tan—, pau. p=, 
2 2 2 


where a, and y are the angles of a triangle, i.e. a,6,y € (0,7) and 
a+B+y=n. 


Case 4. Let a, b,c be positive real numbers such that ab + be+ ca=1. 
Then according to Case 3 and Case I we can use the following substitutions 


a=cota, b=cotB, c=coty, 


where a, 6 and y are the angles of an acute triangle, i.e. a, B, y € (0, 7/2) and 
a+B+y=nz. 


Case 5. Let a, b and c be positive real numbers such that 


1 1 1 
a+b+c=abc, ite. —+—+—=1. 
be ca ab 
Then according to Case 3 we can take 
1 1 
=tan—, ene, ae 
2 b 2 Cc 2 
1.e. a=cot—, b=cot—, eae, 
2 2 2 


where a, 6 and y are the angles of an arbitrary triangle. 


Case 6. Let a, b,c be positive real numbers such that a +b+c=abc. 
Then according to Case 5 and Case I we can use the following substitutions 


a= tana, b=tanB, c=tany, 


where a, 6 and y are the angles of an acute triangle, i.e. a, 6B, y € (0, 7/2) and 
a+B+y=nr. 


Case 7. Let a, b,c be positive real numbers such that 
a? +b? +c? +2abc=1. 


Note that since the numbers a, b, c are positive we must have a, b,c < 1. Therefore 
due to Theorem 8.2 we can use the substitutions 


. at _ Bb . 
a=sin—, b=sin-—, c=sin~, 
2 2 
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where a, 6 and y are the angles of an arbitrary triangle, i.e. a, 6, y € (0, 7/2) and 


a+Bt+y=na. 
Case 8. Let a, b, c be positive real numbers such that 


a> +b? +c? +2abe = 1. 
Then according to Case 7 and Case J we can make the following substitutions 
a=cosa, b=cos f, c=cosy, 


where a, 6 and y are the angles of an acute triangle. 


Case 9. Let x, y, z be positive real numbers. 
Then the expressions: 


, yz / ZX : xy 
(xt y\(x+z) V vtdy4+x) V @+x)(Z+y) 


with the substitutions from Case 2 become 


= ome oa 
bc : ca : ab ; 


where a, b, c are the length-sides of a triangle. 
But let us notice that 


a (s — b)(s —c) . Bb (s —c)(s —a) 
in : sin~ =,/ : 
2 bc 2 ca 
a /(s —a)(s —b) 
sin — = . 
2 ab 


Therefore for the given expressions we can simply make the substitutions: 


sin 5, sin B, sin y (respectively), where a, 6 and y are the angles of a triangle. 


Case 10. Similarly as in Case 9, for the expressions: 


x(x +y+2z) y(x+y+z) z(x+y+z) 
t+y\(x+z) ¥ otD04+%) ¥ @+0G+y)' 


we can make the substitutions cos on cos a cos y (respectively), where a, 6 and y 
are the angles of a triangle. 


Now we will give practical applications of this material, through exercises that 
will demonstrate how it works, and how useful is this apparatus, which is based on 
the aforementioned substitutions in certain cases. 
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8.2 Characteristic Examples Using Trigonometric Substitutions 


Exercise 8.1 Let x, y, z > 0 be real numbers. Prove the inequality 


(x+y)(y+z)(Z+x) 
X+y+zZ 


JOT + IEF + Yau 2 2 


Solution The given inequality is equivalent to 


x(x + y +2) r yaxatyt+z) it z(x+y+z) a 
(x + y)(x +z) (y+z)(y +x) (Z+x)(Z+y) ~ 


According to Case 10, it suffices to show that 


oe B 
cos — +cos—+cos= > 2, 


2 2 


where a, 6 and y are the angles of a triangle, i.e.a, B, y € (0,7) anda+B+y=mT7. 
Due to Case J, it remains to prove that 


¥ 
2 


sina+sinf+siny > 2, 


where a, 8 and y are the angles of an acute triangle, i.e. a, 8, y € (0, 7/2) and 
a+P+y=z. 

Since a € (0, 2/2] it follows that 0 < sina < 1, ie. sina > sin 
occurs if and only if a = 7/2. 

Similarly for B, y € (0, 7/2] we conclude that 


 w, and equality 


sinB > sin? and sin y= sin? y. 
Thus we have 
sina + sinB + siny 
> sin? a + sin® B + sin? 7 


__ 1—cos2a fe 1 —cos26 
= 2 2 


1 
+ sin? y=l1- 5 cos20 +cos26) + sin’ y 


1 
=l1- 52 C0s(oe + B)cos(a — B)+1—- cos” y 


= 2 —cos(z — y) cos(a — B) — cos* y =2+ cosy cos(a — B) — cos” y 
=2+cosy(cos(a — B) — cosy) =2+ cos y[cos(a — B) — cos(z — (a + B))] 
=2-+cosy(cos(a — 8B) + cos(a + B)) =2+2cosycosacos Bp > 2. 
Exercise 8.2 Let a, b and c be positive real numbers such that a+ b+ c = 1. Prove 
the inequality 
a+b? +c? +2V3abe < 1. 
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Solution After taking a= xy, b= yz,c = zx, inequality becomes 
x? y? + y22? + 27x? 4+ W3xyz <1, (8.10) 
where x, y, z are positive real numbers such that 
xy+tyztzx=1. (8.11) 
Inequality (8.10) is equivalent to 
(xy + yz + 2x)? +27 3xyz < 14+ 2xyz(x +y +z) 
or 
J3<xty+z. (8.12) 
By (8.11) and according to Case 3, we can take 
x stan, gaa z=tan—, 


where a, 6, y € (0,7) anda+6+y=n7Z. 
Then inequality (8.12) is equivalent to tan 5 + tan f + tan 4 > V3, which is N43. 


Exercise 8.3 Let a, b,c € (0, 1) be positive real numbers such that ab + bc + ca = 
1. Prove the inequality 


a,b  ¢ 3(i-@ i i So 
l-a2? 1-b% 1-c2~4 a b c ; 
Solution Since ab + bc + ca = | and by Case 3, we use the following substitutions 


a=tan—, petal. c=, 
2 2 2 
where a, 6 and y are the angles of a triangle. 
Since a, b,c € (0, 1), it follows that tan on tan tan y € (0, 1), i.e. it follows that 
a, B and y are the angles of an acute triangle. 
Also we have 


a tan $ sin 5 - cos 5 sina tana 
l—a2 1—tan?$ cosa 2cosa 2 
Similarly 
b tan B c tany 
= and = : 
1-—b2 2: 1—c? 2 


Therefore the given inequality becomes 


meee = 3 2 2 2 ) 
2 =A 


tana tanf  tany 
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or 


1 1 1 
tana tan +tany > 3( + + : (8.13) 
tana tanf  tany 


By J¢ we have that tana + tanf + tany = tana -tanf -tany. Thus it suffices to 
show that 


(tana + tan 6 + tan yy > 3(tana tan 6 + tan 6 tany + tan y tana) 
1 
oS 5 {tana _ tan B)* + (tan 6 — tan yy? + (tany — tana)?) > 0. 
We are done. 


Exercise 8.4 Let x, y, z be positive real numbers. Prove the inequality 
z 


‘ y 
1 
Jes 52020 sn oe ee 


Solution Rewrite the given inequality as follows 


1 1 1 
+ + < (8.14) 
(2.7) eae 1+./ rete) ie ee 
Since this is homogenous we may take xy + yz+ zx =1. 
Therefore by Case 3, we can take 
a Lim —, pea. exci, 
2 2 2 
where a, 6 and y are the angles of a triangle. 
We have 
(+ y)@+z) _ (tan + tan £)(tan & + tan 4) 1 
x? tan? 7 sin2 a . 
Similarly 
Q¥tzy+x) 1 oad (Z+x)Zt+ty) 1 
y2 sin2 . 2 sin” y 
Thus inequality (8.14) becomes 
sin $ sin f sin 5 24 
1+sin$ 1+sin § 1+sing~ ° 
i.e. 
1 1 1 
(8.15) 


: a ae ; = 
1+sin$ 1+sin 4 1+ sin} 
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Since AM > HM we obtain 


1 1 1 9 
eek ;+ > . (8.16) 
1+sin$ 1+ sin 8 1+ sin ns 3+sin% + sin4 +sin¥ 


According to N3, we have that sin i + sin 4 + sin < 3. 


Finally, by the previous inequality and (8.16) we obtain 


1 1 1 9 


ae ies =e 
1+ sin 5 1+sin 4 1+sinZ = 343 


as required. 


Exercise 8.5 Let a, b,c (a, b,c € 1) be non-negative real numbers such that ab + 
bc + ca = 1. Prove the inequality 


a " b 4 Cc . 3v3 
l-a? 1-B 1-c2?7~ 27 


Solution Since ab + bc + ca = 1 (Case 3) we take: 
ota. pt” and ta, 
2 2 2. 


where a, 6, y € (0,7) ete eee tae 

Using the well-known identity ia a z = tana, we get that the given inequality 
is equivalent to tana + tan + tany > a which is N46. 

Equality occurs if and only if a=b=c =1/¥V3. 
Exercise 8.6 Let a, b, c be positive real numbers. Prove the inequality 


(a* + 2)(b? + 2)(c? +2) > 9(ab + be +.ac). 


Solution Let a = V2tana, b = /2tanB,c = V2tany where a, f, y € (0,7/2). 
Then using the well-known identity 1 + tan? x = te iven i i 


8 2 2 2 
=9 + + ; 
cos? a - cos? B - cos? y tanatanB tanBtany  tany tana 


cosa cos B cos y(cosa@ sin 6 siny + sina cos B siny + sin@ sin B cosy) < > 
(8.17) 
Also since 
cos(a + 6B + y)=cosacos bcos y — cosa sin 6 siny — sinacos B siny 


— sina sin B cos y 
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inequality (8.17) is equivalent to 


A 
cosacos B cosy (cosacos B cosy — cos(a+ 6h+y))< 5 (8.18) 
_ atp+ 
Since cosa, cos B, cos y > 0, and since the function cos x is concave on (0, 2/2) 
by the inequality AM > GM and Jensen’s inequality, we obtain 


i} 
cos cos cos 
oa “ft r) <cos* 6. 


cosacos Bcosy < ( 
Therefore according to (8.18) we need to prove that 
.) 3 4 
cos” 6(cos> 6 — cos 30) < a (8.19) 


Using the trigonometric identity 
cos 30 = 4cos* 6 — 3cos@, Le. cos? 6 — cos 30 = 3cos@ — 3cos°@ 


inequality (8.19) becomes 


4 
4 2 
6d — ay<=, 
cos’ 0( cos JER 


which follows by the inequality AM > GM: 


cos?@ cos?é 
2 2. 


1 (s 6 cos?@ 


3 
° 1 
1 20)) < 1 29) )=-. 
( cos ) S35 5 + 5 +( cos )) 3 


Equality occurs iff tana = tan 6 = tany = wo Le. iffa=b=c=1. 
Exercise 8.7 Let a, b,c be positive real numbers such that a ++ b+ c = 1. Prove the 
inequality 

a b abc 3/3 


<1 
Pale Been eae + 4 


Solution Sincea+b+c= 1 weuse the following substitutions a = xy, b= yz,c= 
zx, where x, y, z > 0 and the given inequality becomes 


xy yz XYZ 3/3 
+ + <1+—_, 
xy +(yz)(zx) yz + (zx)(xy) zx + (xy)(yz) 4 


1 1 y 3/3 
<1 8.20 
a2 ie + (8.20) 


1+y2 7 4 
where xy + yz+zx=1. 
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ae xy+yz+zx = | according to Case 3 we may set x = tan 5, y = tan 5, a 
tan 5 where a, 6, y € (0,7), anda+B+y=z7. 
Then inequality (8.20) becomes 


1 = 1 m tan 8 aiid: 3/3 
1+tan?> 1+ tan? $ 1+tan2 § ~ 4° 
i.e. 
a¥ 7a sing a 3/3 
1+ —., 
EOS ag nee a or 5 <1i+ mn 
Using the trigonometric identity cos x = 2 cos” ¥ — | the last inequality becomes 
1 1 i 3/3 
cosy + cosa@ + Bhs v3 
2 2 2 4 
ie. 
3V3 
cosy +cosa+sinB < = (8.21) 
We have 


cosa+cosy +sinB =cosa+cosy + sin(z — (a+ y)) 


= V3 pe 
“Avo oe 


1 
+ —(v3sinacosy +V3cosasiny) 
RE ° 


< : P sgue Sere 

a3. a4 
1 

+ ——(3sin? a + cos* y + cos? a + 3 sin’ y) 
2/3 ‘ 
/3 J3 


=F + Stes? a + sin’ 2a) + (cos? y +sin’ y) 


_ 3v3 
=>. 


Chapter 9 
Holder’s Inequality, Minkowski’s Inequality 
and Their Variants 


In this chapter we’ll introduce two very useful inequalities with broad practical us- 
age: Hélder’s inequality and Minkowski’s inequality. We'll also present few variants 
of these inequalities. For that purpose we will firstly introduce the following theo- 
rem. 


Theorem 9.1 (Young’s inequality) Let a,b >Oand p,q > 1 be real numbers 
such that 1/p+1/q =1. Then ab < = 4P a Equality occurs if and only if 
Guede 


Proof For f(x) = e* we have f’(x) = f" (x) =e* > 0, for any x ER. 
Thus f(x) is convex on (0, 00). 
If we put x = pina and y = gq Inb then due to Jensen’s inequality we obtain 


x oy 1 1 
f(=42) <2 70+ 270) 
q p q 


pina ef Inb 


+ 
Pp q 
Ina? Inb? 
& elnab < é x € 
P q 
aP pf 
& ab<—+—. 
q 
Equality occurs iff x = y, i.e. iff a? = b?. 
Z. Cvetkovski, Inequalities, 95 
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Theorem 9.2 (Hélder’s inequality) Let a), a2,..., dn; bj, b2,..., bn be pos- 
itive real numbers and p,q > | be such that 1/p+1/q=1. 


Then 
a L 
iP jf 18 q 
Len (2e) (sz). 
i=l j=l 
ab 
Equality occurs if and only if St = =7 Soccc . 
1 n 
Proof 1 By Young’s inequality for 
a tT? i= —_— {3 P= 1, 2. svgt, 
1 al 
(jG)? (1 bf) 
we obtain 
a,b; i «ae 42 bf 


< : (9.1) 
(a?) (ba pYwaP qe 1 bi 


Adding the inequalities (9.1), fori = 1, 2,...,n, we obtain 


i= att atl 1% ae 1 bj il Hj 
1 — ? 


< ae 
aie oye PL aS pa 


one ) 


Obviously equality occurs if and only ift=2 =... 
1 


Proof 2 The function f :R* > R, f(x) =x? for p > 1 and p < 0 is strictly con- 
vex, and for 0 < p <1, f is strictly concave (Example 7.2). 
Let p > 1, then by Jensen’s inequality we obtain 


’ 


Dp 
mix, + m2x2 +++ + MnXn Pmt + m2XxF +++ + myXxp 
my +m2+-::+mMy my +m2+-::+My 


n P n p-1 n 
So mixi < Simi : So mixp 3 
i=1 i=1 i=1 


1.e. 
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1.e. 
Pp 


-l 1 
n n D n Pp 
i=1 


i=l i=l 


: 1 1 - p-l 
Since — + = = 1 we obtain —— 
Pp = q Dp 


= ; and the last inequality becomes 
1 1 

n n q n Pp 

Soma <(Som) (Somat) 

i=l i=1 i=1 


By taking m; = bf and x; = ao 4, fori =1,2,...,n we obtain 


n n 7 n 
Se aibi < (3350) . (ser) : 
i=1 


i=1 i=) 


Remark For p = q = 2 by Holder’s inequality we get the Cauchy—Schwarz inequal- 


ity. 
We’ll introduce, without proof, two generalizations of Hélder’s inequality. 


Theorem 9.3 (Weighted Hoélder’s inequality) Let aj, a2,...,an; bi, b2,..., 


bn3m1,M2,..., My be three sequences of positive real numbers and p,q > 1 
be such that 1/p+1/q=1. 
Then 


1 


n n : n q 
So ajbim; < Sian, So btm; ‘ 
i=1 I, — 


Theorem 9.4 (Generalized Hélder’s inequality) Let ajj,i=1,2,...,m; j= 


1,2,...,n, be positive real numbers, and a1, d2, ..., An be positive real num- 
bers such that a, +a2+-:-+a,=1. 
Then 


A very useful and frequently used form of Hélder’s inequality is given in the next 
corollary. 
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Corollary 9.1 Let a,, a2, a3; bj, b2, b3; c1, C2, c3 be positive real numbers. 
Then we have 


(a} + a3 + a3)(b} +b} + b3)(c} +. 3 +3) = (ict + aabre2 + a3b303)°. 


Theorem 9.5 (First Minkowski’s inequality) Let aj, a2,...,dn3b1,b2,..., bn 
be positive real numbers and p > 1. Then 


Soom) -() (9) 


Equality occurs if and only if Er = 5 a 


Proof For p > 1, we choose g > 1 such that ; + 7 =lieg= rae 


By Holder’s inequality we have 


Di +b)? = DIG + bia + bi)? 


i=l i= 


n n 
= So ailai + b))P 1+ So bilai + bj)?! 
ei = 
1 


< (ser) (Se +oyr-bs) 


i=1 


IH 


= 
~ 
eas, 
Ss 
+ 
> 
Rae) 
‘ 
. 
& 
Weer 
| 
ee 
OP ae 
Ul 
Q 
“Sy 
—————* 
Ble 
+ 
ei tas 
nels 
> 
—sS 
“—————* 
Skee 
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i.e. we obtain 


p-l 


n n D n ; n a 
i=l i=1 i=1 i=l 
1-22! 1 


n D n Dp n ; 
e (a+b)? <(dia?) +( doe 
i=l i=1 i=1 
1 1 1 
n Dp n Dp n 7) 
me (Sy +00") = ) +(doaf] 
i=1 i=1 i=1 


Equality occurs if and only if hr = Z = +++ = ft. (Why?) 
Theorem 9.6 (Second Minkowski’s inequality) Let aj, a2,...,4n;b1,b2,...,Dn 


be positive real numbers and p > |. Then 


n iD n ip - n 
((X:«) +(S) ] <> a? +P)? 
ZI i=l Sil 


Equality occurs if and only if - = = oe 


n 


Proof The function f : Rt > R*, fx) =(+ x")a a #0 for a > 1 is a strictly 
convex and for a < | is a strictly concave (Example 7.4). 
By Jensen’s inequality for p > 1 we obtain 


y 4 (mente + trata)" 
m, +m2+-::+My 


mi + xp) /? + mal + xg)? +o mtn xn)? 


my +mz+-+*+Mn 


n P n P\ \/p n 
(So) + (Som < Sm? + (mjxj)?)!/?. 


i=l 


If we take m; = a; and x; = bi fori =1,2,...,n, by the last inequality we obtain 


n P n P 3 n 
(E+) +(25) ) <kereont 
i=l i=l 


i=1 
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Theorem 9.7 (Third Minkowski’s inequality) Let a,,a2,...,ay, and bj, bo, 
..., Dy be positive real numbers. Then 


Yayay- Gy + 1b, by ++ By < Y(ay + 1) (@2 + 2) --- (Gn + Op). 


a Qn 


Equality occurs if and only if b= b SS pt. 


Proof The proof is a direct consequence of Jensen’s inequality for the convex func- 
tion f(x) = In(1 + e*) (Example 7.3), with x; = In 2, i=1,2,...,n. 


Theorem 9.8 (Weighted Minkowski’s inequality) Let a1, a2,..., dn; b1, b2, 
...,Dn3 ™1,M2,...,Mpy be three sequences of positive real numbers and 
let p > 1. Then 


1 1 1 


(d + bytm) ’ = (S>rm : or (Srrm)” 
cr cl c— 


Equality occurs if and only Ose = Z SoS, 


Remark If 0 < p <1 then in Theorem 9.5, Theorem 9.6 and Theorem 9.8 the in- 
equality is reversed. 


Exercise 9.1 Let a, b, c be positive real numbers. Prove the inequality 
3@ +R 40> @ 4+? +0). 
Solution By Corollary 9.1 (or simply Hélder’s inequality) we obtain 
@+tP+A@G+P+A)l+l+YN>e@+h? +e), 


3@ +R 40> @ 4+? +0’). 
Exercise 9.2 Let a, b,c, x,y,z € R®. Prove the inequality 


ae bP a (a+b+c) 
x yz 3(x+y+z) 


Solution By the generalized Hoélder’s inequality (or simply Holder’s inequality) we 
have 


eb CX 1 1 
ee Te (U+1+D3@+y+z2)3 a+b, 


and the conclusion follows. 
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Exercise 9.3 Let a, b, c be positive real numbers such that a + b+ c = 1. Prove the 
inequality 


4b + e97@ +h 4° 4h 42 a+". 


Solution By Hélder’s inequality we obtain 


+b+ a+b+c a+b+c 
+c 3°. 


(a? +b + c%)3 (a> +b? 4.0%) 3 a5 + bo 40)3 >a 4S 
Since a + b+ c= 1, the conclusion follows. 
Exercise 9.4 Let a, b,c be positive real numbers. Prove the inequality 
3(a*b + b*c + c7a)(ab* + be? + ca”) > (ab + be +ca)’. 
Solution By Hélder’s inequality for the triples: 
(a1,42,43)= (11,1), (bi, b2,b3) = (a2, Vee, Vea), 
(cj, ¢2,¢€3) = (Vea, Vc2b, vec) ; 
we obtain the given inequality. 


Exercise 9.5 Let a,b,c € R™. Prove the inequality 


abc Z 1 
(l+a)(a+b)(b+c)(c +16) ~ 81° 


Solution By Hélder’s inequality we have 


(l+a)(atb)(b+c)(c+ 16) >(VW1-a-b-c+Va-b-c- 16)4 
= 3Vabc)* = 81abe. 


Equality occurs if and only if i = f= 8 = 7g ie.a=2,b=4,c=8. 
Exercise 9.6 Let x, y, z be positive real numbers such that xy + yz+zx+xyz=4. 
Prove the inequality 


Vx $24 J/yt24 7242 >3V3. 


Solution Let us denote x + 2=a,y+2=b and z+ 2=c. Then the condition 
xy+yz+zx +xyz=4 becomes 


abc =ab+bc+ca, 
1 1 1 


—+-—+-=1. 
a boc 
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By Holder’s inequality we have 


(a+ vb+ for(A 4542) 29 
a b ce 


: ee gn ed nee 
and since - + 5; + =1 we get 


(/a+a/b+sfey = 3, 


Jat+vVb4+ Je >= 3Vv3, 


as required. 
Exercise 9.7 Let a, b,c be positive real numbers such that abc = 1. Prove the in- 
equality 


b 
a is 4 Cc 4 
V7+b+ce JV7T+ce+a JS7+a+b 


Solution Let us denote 
a b 63 
A= + + 
JTtb+e SPPeta JTHO+b 


and 
B=a(7+b+c)+b7+c+a)+c(7+a+b). 
By Holder’s inequality we obtain 
A?B>(atb+c)’. 
It remains to prove that 
(atb+c)>B=Tatb+c)+2(ab + be +ca). 
Since AM > GM we deduce that 
atb+c>3Vabe =3, 


so it follows that 


7 2 
(atb+eP>3@tbtey=satbtcy + zatb+o 


7 
Sg eR Or a hehe) 


=7T(a+b+c)+2(ab+bc+ca). 
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Exercise 9.8 Let a, b, c be positive real numbers such that a+ b+ c = 1. Prove the 
inequality 


a b Cc 


+ + >1. 
Jat+2b S/b+2e Veo+2a 


Solution Let us denote 


a b Cc 


= + + 
Ja+2b Sb+2c Ye+2a 


and 
B=a(a+2b)+b(b + 2c) + c(e + 2a) = (at+b4+c)?=1. 
By Holder’s inequality we have 
APB>(a+b+o)t, ie. A> (atb+c)=1, 
from which it follows that A > 1. 


Equality occurs iffa =b=c=1/3. 


Exercise 9.9 Let p > | be an arbitrary real number. Prove that for any positive 
integer n we have 


1\? 
ee e 


Solution If p = | then the given inequality is true, i.e. it becomes equality. 
So let p> 1. 
We take xj = 1, x2 =2,...,x, =n and yj =n, yg=n—1,...,y, = 1. 
By Minkowski’s inequality we have 


1 1 
(l+tn)?+U+n)?+---++n)?)? <2? +2? +---+nP?P)?, 


n(l+n)? <2?(1? +2? 4+..-4+n?) 


or 


1\? 
P42 boven > (AS ) ; 


as required. 
Equality occurs iff n = 1. (Why?) 
Exercise 9.10 Let x, y, z be positive real numbers. Prove the inequality 


z 


x y 
+ a ad 
x+J/a+y@+2) ytVOtDO+x) z+JVG+y)G+x) 
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Solution By Hélder’s inequality for n = 2 and p = q = 2, we obtain 


Jet e Fa = (WP + (V9)! (Va? + WE?) 
> JE J+ VF VE= VET VD, 


1 1 1 
Ja FY) +z) = Vet Jiy. Vx(/y t+ V0) 


So it follows that 


x x = AVR 
JEVEEVGED EVR Vad) JEtP tae 


Similarly 


y < vy and 
ytVOFDO +x) Vxt/yt+V/z 
z Jz 


zt+JV@+y)Z+x) ~ < Vet yt ve 


Adding the last three inequalities yields 


x y Zz 
x+JVG4+HGTD  yt+VOFOOTH | 24VGFNETH 
NEVI t VE 
< Vet /ytle 


as required. Equality occurs iff x = y = z. 
Exercise 9.11 Let x, y, z > 0 be real numbers. Prove the inequality 
(etaytyrt tot 2tve4¢xt2 
> 3./xy + yz + zx. 
Solution By Hélder’s inequality we have 
xy tye tex = YP OP) + WY PODIPG)V? 


a (22) 3 (zx) 3 x2) 3 


SP tay ty VCO + yzt ZV? + ex tx’, 


(xy + yz+ zx)? < (x? t+xy+ y*)(y? +yz+ 2)(z7 +2x +x7). 


(9.2) 
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Since AM > GM and by (9.2) we obtain 


\ 3 
(Si/sr+ay tert fra yete eve rer+)) 


3 


> fx? txy ty? V/y2+ yet eve + cx +22 > (ay t yz +22), 


i.e. we have 


(ettxytytyy+yct24v2 422 $22 = Vay FFE, 


as required. Equality occurs iff x = y = z. 


Chapter 10 

Generalizations of the Cauchy—Schwarz 
Inequality, Chebishev’s Inequality and the Mean 
Inequalities 


In Chap. 4 we presented the Cauchy—Schwarz inequality, Chebishev’s inequality and 
the mean inequalities. In this section we will give their generalizations. The proof of 
first theorem is left to the reader, since it is similar to the proof of Cauchy—Schwarz 
inequality. 


Theorem 10.1 (Weighted Cauchy—Schwarz inequality) Let aj, bj € R,i = 
1,2,...,n, be real numbers and let m; € R+,i =1,2,...,n. Then we have 


the inequality 
n 2 n n 
(Yam) < ( sim) (sss). 
i=l I pil 


i pe, a ee 
Equality occurs iff = Be 


Theorem 10.2 Let aj, a2,...,d, and by, bz, ..., by be two sequences of non- 
negative real numbers and c; > 0,i = 1,2,...,n, such that A > m Se > 


a by bo b dj bj . 
S and ee Zz (the sequences ee and @) have the same orien- 


tation). Then 


n 
ye Dieta Lin bi (10.1) 
a ot LNG 
1.e. 
a\b; | arb Eee anby a (a) + a2 +---+an)(b) + bo +---+bn) 
c C2 cn = cr toot-:-+en ; 
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DOI 10.1007/978-3-642-23792-8_10, © Springer-Verlag Berlin Heidelberg 2012 


108 10 Generalizations of the Cauchy—Schwarz Inequality, Chebishev’s Inequality 


Proof In the proof we shall use the following lemma which can be easily proved 
using the principle of mathematical induction. 


Lemma 10.1 Let a), a2,...,an be non-negative real numbers, and c; > 0, 
i=1,2,...,n, such that 2 >2>...>%. Then 
fal io) cn 


C2 Ben 
@l ap @QaPeeosr Ge Ga 


, foranyk=1,2,...,n 


We shall prove inequality (10.1) by mathematical induction. 
For n = 1, we have equality in (10.1). 
For n = 2 we need to prove that 
a,b, # anb2 : (a1 + a2)(b1 + b2) 
Cl c2 ci +c2 


’ 


which is equivalent to (a}c2 — a2c1)(b1.c2 — b2c1) = 0. 


The last inequality holds since we have a > ® and 42> 2. 

C2 cl c2 
Let us assume that for non-negative i numbers aj, d2,...,a%3b1, b2,..., bx 
and c; > 0,i = 1,2,...,k, such that 2 > @>...> % and 2 by 28 Sa 
cl C2 Ck C2 Ck 


inequality (10.1) holds for n = k, i.e. 


a,b anb arb ai tagt+---+aa)(bh t+ba+---+b 
vt Gaba Ok i 2 K) (bi + b2 i) (10.2) 
Cl c2 Ck Cy Pegs ck 


For n =k + 1, for non-negative real numbers a1, a2, ..., ax413 1, bo, ..., be41 and 
ci > 0,i=1,2,...,k +1 such that 


a a a b b 
i a ae and ee ee 
cy C2 Ck+I cl C2 Ck+1 
we have 
ajby — agb2 agbe Aki DK+1 
+ a 
cl C2 Ck Ck+I 
(102) (ay Far tes abi thot tbe), akribit 
~ es a A aa Ck+1 


Cha Juae bag + agyi)(b1 + bo +-- FB) 
Cy + cz ++++ + C41 


where the last inequality is true according to the case n = 2 and Lemma 10.1. 


Remark 10.1 Tf the sequences @ ) and (2 = have opposite orientation then in The- 


cbs < Diet aj: me 15 


orem 10.1 we have the reverse ae 1.e., we have ae < * = 
i=l“ 
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Remark 10.2 Fora, > da. >--->a,>0,b, > bog >--->b, >Oand0 <cy <a < 
-++<c, the required condition from Theorem 10.2 is satisfied, so we also have that 


n n n 
> aj bj i pe qj - yi bj 
Ci -_ i : 


If in Theorem 10.2 we put a; = c;x;, bj =c;y; and m; = ea" [= 
i=1 ‘I 
then clearly }~"_, m; = 1 and the following theorem is obtained: 


Theorem 10.3 (Weighted Chebishev’s inequality) Let ay < az <--: <a; 


by < bz <--- < by be real numbers and let m,, m2, ..., my be non-negative 
real numbers such thatm, +m2+---+m,=1. 
Then 


(Sam: (>: nm) < DL eee, 
i=1 —T i=1 


Equality occurs iff a, = a2 =--: =a, orb} =by =--: =D. 


Note If in the above Theorem 10.1 (Theorem 10.3) we choose my = m2 =--- = 
My (My =M2 =---= My, = 1), we get the Cauchy—Schwarz inequality, and Chebi- 
shev’s inequality, respectively. 


Exercise 10.1 Let aj, a2, ..., a, be the lengths of the sides of a given n-gon (n > 3) 
and let s = a, +a2+.---+d,. Prove the inequality 
a) a2 an n 


7 > . 
oa son” | 620g yee 


Solution Without loss of generality we may assume that a; > a2 >--- > dy. Then 
clearly 0 <s — 2a, <s —2a2 <---<s —2ay. 
According to Theorem 10.2 we obtain 


at a2 an a,:l az-1 an- 1 


=) ae s—2a, s—2a cms 
(a1 +42 +--+ +an)n 
~ ns — 2(a, + d2 +--+ +an) 
ns n 
i—2) #=2 


Exercise 10.2 Let M be the centroid of the triangle A BC, and let k be its circum- 
scribed circle. Let MAN k= {A}, MBN k= {B,} and MC Nk = {Cj}. Prove the 
inequality 


MA+MB+MC <MA,+MB,+MC,. 
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Solution Denote BC =a, AC =b and AB =c. Let A’, B’ and C’ be the midpoints 
of the sides BC, AC and AB, respectively. 

Without loss of generality we may assume that a < b < c, and then we may easily 
conclude that MC < MB < MA. 

Also by the power of a point we have 3MA AA = za? from which it follows 
that 


Bees ae 1 1 a 
A'A, = —, ie. MA,;=-MA+A'A,;=-MA+ —. 
6MA 2 2 6MA 


Analogously we obtain 


a {___ b2 Te 2 
MB, = =MB+ — ——. 
2: 6MB 2 6MC 


So it suffices to prove the inequality 


az b2 C2 


>MA+MB+MC. 


+ + 
3MA 3MB 3MC 


According to Theorem 10.2 we have 


a? n b? ‘ eC el bl eel 3(a? + b* +c?) 
3MA 3MB 3MC 3MA 3MB. 3MC” 3(MA+MB+MC) 


—  @ +P 42 _ 3A" + MB’ + MC’) 
~ MA+MB+MC  MA+MB+4MC 
>MA+MB+MC, 


as required. 


Before introducing the power mean inequality we'll give following definition. 


Definition 10.1 Let a = (aj, a2, ..., ay) be a sequence of positive real num- 
bers and r 4 0 be real number. Then the power mean M,(a), of order r, is 


defined as follows: M,(a) = (tee ttn 


For r = 1,r = 2,r = —1 we get M,(a), Mo(a), M_\(a), which represent the 
arithmetic, quadratic and harmonic means of the numbers a), a2,..., Gn, respec- 
tively. 

If r tends to 0 then it may be shown that M,.(a) tends to the geometric mean of 
the numbers a1, 42,..., dn, 1.e. Mo(a) = 2/ajaz- ++ an. 

Also if r — —oo then M,(a) > min{a),a2,...,a,}, and if r > oo then 
M,(a) > max{aj, a2,..., dy}. 
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Theorem 10.4 (Power mean inequality) Let a = (aj,a2,...,dn) be a se- 
quence of positive real numbers and r 4 0) be real number. Then M,(a) < 
Ms; (a), for any real numbers r <s. 
Exercise 10.3 Let a, b, c be positive real numbers. Prove the inequality 
they <3 +P fey. 
Solution By the power mean inequality we have that 


M2(a, b,c) < M3(a, b,c) 


jee i pees 
3 = 3 


BGR LEY 23Gb Ley: 


Definition 10.2 Let m = (m,,mz2,...,my) be a sequence of non-negative 
real numbers such that m; + m2 +---+m, = 1. Then the weighted power 
mean M?" (a), of order r (r #0), for the sequence a = (a1, 2,..., ay) is 


defined as M!" (a) = (ajm, +a3m2+---+ alm)". 


Example 10.1 If mj =mz=--+ =m, = + then M!"(x) = M,(x). 


,13= é> then 


wie 


Example 10.2 Ifn =3,r =4; my = 4,m2 = 


1 1 1 q 
Mpc ya= (Sate oot ct) ‘ 


Theorem 10.5 (Weighted power mean inequality) Let a = (a1, a2,..., dn) 
be a sequence of positive real numbers, and let m = (m1, m2,..., Mn) also be 
a sequence of positive real numbers such that m, +m2+---+my;,=1. 
Then for each r < s we have 


M;" (a) < Mj" (a), 
1.é. 


i il 
(mya, +ma,+---+mpa,)? < (may +m2a,+---+myay)s. 
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Proof We shall use the fact that the power function f(x) = x% is convex for a > 1 
or a < 0, and it is concave for 0 <a < 1. 

First we prove the inequality in the case r < s where both s and r are different 
from 0. 

Three sub-cases may to be considered: 1° O<r<s,2°r<O<s and3°r< 
s <0. 

1°0 <r <s. Since = > 1 we conclude that f(x) = x? is convex, so according 
to Jensen’s inequality: 


f (myx, +imgx2 + +++ + mnXxn) < m4 f (x1) + m2 f (x2) +++ + mn f (Xn), 


where m, +m2-+-:-+m,y=1 we have 


(my xy + mgxy ++ bmn xn)” <myxt!” + myxs!” 4+ myx!” 


For x; = a, i=1,2,...,n, from the last inequality we obtain 
(may + mga; + +--+ myary’!” <myay + mas +-+-+mpas, 


1.e. 


l/r 


(myai + mas +++-+mnal)'!” < (maj + mas +--+» +mnaty'’, 


so inequality holds in this case. 

2° r <0 <-s. Then since : < 0 we have that f(x) = x? is a convex function. 
The rest of the proof in this case is the same as in case 1°. 

3°r <s <0. Then since 0 < _ < 1 we have that f(x) = x7 is aconcave function 
and according to Jensen’s inequality for concave functions we obtain 


s/ 


r S/T 
(my x1 + mox2 +--+ + Mpaxn)’!” > myxy” + mx)! 


Sa ee 


For x; = a, i=1,2,...,n, from the last inequality we obtain 
(mat +moas +--+ +mpa’y)’/" > mya, + ma, +---+mna), 
and since r < s < 0 we obtain 


l/r 


(mai +mza5 +--+ +mpaly!/" < (mal + mas +++» +mnasy's, 


The cases when some values of s and r equal 0 are covered by the fact that the 
function t > M/”"(a) is a continuous function. 


Exercise 10.4 Let a,b,c € R*. Prove the inequality 


(a + 2b + 3c)” 
a? +.2b274+3¢c2 — 
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AlN 


Solution For m, = é: m2 =7,m3= 2, n = 3 by the inequality 
Mj" (a, b,c) < M3'(a, b,c), 


which is true due to the weighted power mean inequality, we obtain 


a+2b+ 3c a2=+2b2+43c2 (a + 2b + 3c)? 
< , Le. ———~——~ <6. 
6 6 a2 + 2b? + 3c? 


Exercise 10.5 Let a,b,c be positive real numbers such that a + b+ c= 6. Prove 
the inequality 


Jab + be + JSbe+ca+JSca + ab <6. 


Solution By the power mean inequality we have 


Jab + be + W/be + ca + /ca + ab 2 ee 
3 . 3 ; 


Jab +be + JSbe + ca + JS ca + ab < V/18(ab + be + ca). (10.3) 


Since ab + bce + ca < aebee? = 12 by (10.3) we obtain 


Jab +be+JSbe +cat </ca + ab < J18-12=6. 
Equality occurs if and only ifa =b=c=2. 


Exercise 10.6 Let a, b, c be positive real numbers such that a* +b? +c? = 3. Prove 
the inequality 


Vatbet+ Vb +cat Ve +ab <3V2. 


Solution By the power mean inequality and the well-known inequality ab + bc + 
ca <a? +b? +c? we have 


Vaz +be+Vb2+ca4+Ve2+ab <J/9(a24+b2 +02 +ab+be+ca) 
< /18(a2 + b2 +2) = V18-3 = 32. 
Equality occurs if and only ifa=b=c=1. 


Exercise 10.7 Let a, b, c be positive real numbers such that a* +b? +c? =3. Prove 
the inequality 


V5a2 + 4(b +0) +34 V5b2 + 4(c +a) +34 V5c2 +4(a +b) +3 <6. 
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Solution By the power mean inequality we have 


W5a2 + 4(b +0) +3 + V5b? + 4(c +4) +34 V5c2 +4(a +b) +3 


< 27 (5(a2 +b? +02) + 8a +b +0) +9). 


Since a* + b? +c? =3 we havea+b+c < /3(a2 + b2 +c) =3 and therefore 


V5a2 + 4(b +0) +3 + V5b? + 4(c +4) +34 V5c2 +4(a +b) +3 


< V27(5-3+8-3+9) =6. 
Equality occurs if and only ifa=b=c=1. 
Exercise 10.8 Let x, y, z be non-negative real numbers. Prove the inequality 
8003 + yy +27)? > O(n? + yey? + xz)(z? + xy). 


Solution If one of the numbers x, y, z is zero, let us say z = 0, then the above 
inequality is equivalent to 


8(x> + y2)? > 9x3 y? or 8(x°+ y®) + 7x7 y? = 0, 
which clearly holds. 


Equality occurs iff x = y =0. 
So let us assume that x, y, z > 0. 


Then 
29> 52 2 2, ,2 
+z 2x +y° +z 
xt yz x4 ze = z : 

2 2 

Similarly 
Qy2 24 52 272 2 2 
Pig ee and Ptxys 

Hence 


O(x? + yz)(y? + xz)(2* + xy) 


9 
< ger + y? + 27) (2y? gee 27) (227 +x2%4 i) 


2 (Ste ter ete ee : 
=8 3 
9/4072 +y? $2))? _ 9- B(x? ty?+2\7 
8 3 ~ 3 3 


(10.4) 
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By the power mean inequality we have 


ease yeas 
3 -_ 3 ; 


-) 2 2\ 3 3 3 3\ 2 
(: a7 <(° ty ). (10.5) 


Finally, by (10.4) and (10.5) it follows that 


aes) 


(x? + yz)(y? + xz)(z? +. xy) < ; 3 


ees 
< 


2 
gat eee, 
Sa: 3 ) (x7 +y? +27) 


Exercise 10.9 Let a, b, c be positive real numbers. Prove the inequality 


b 
a’ bec a (eee “ 


Solution By the weighted power mean inequality we have 


ba+cb+ac 2 (a+b+c) 
a+b+c ~— 3(a+b+c) 


bed 1 b c a 
(a°b°c*) atbte = qathte . hatbte . cathte < 


_at+b+e 
= 3 . 


Exercise 10.10 Let a,b,c be the lengths of the sides of a triangle. Prove the in- 
equality 


(a+tb—c)*(b+c—a)’(c+a—b) <atb’c. 


Solution By the weighted power mean inequality we have 


Hdl (Oeb =O (bbe aay’ (ceo=H by" 
a b c 


1 at+tb—-c b+c-a cta-—b 
a: +b. +c: = 1, 


< 
~atb+c a b Cc 


(a+b—c)*(b+c—a)’(cta—b) <atb’c. 


Equality occurs iff a= b=c. 
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Exercise 10.11 Let a,b ¢ Rt andn €N. Prove the inequality 
(a +b)" (a” +b") < (ao Aap), 


Solution By the power mean inequality, for any x, y € Rt ,n € N, we have 


x+y "ety" 
2 ~ D * 


Therefore 
b n 
(a+ orca" +6") = 20S") (a” +b") 


n n n ny2 
<2(° = Jor ton-2 Se ee 


2(a2" ae b2") 


< on 
= 2 


=_ OO wal + b"). 


Exercise 10.12 Let a,b,c € R™,n €N. Prove the inequality 


n n n 
at eorect> (2%) +(*) +(S*). 


Solution By the power mean inequality for any a,b,c € Rt andn €N, we have 


a" +b" +c" 2 eee 
3 7 3 . 


So it follows that 


a’ +b" +p" (ey (ee) 
3 os 3 ~ : 


Similarly we obtain 


b?+c"+c" b+2c\" c" +a" +a" c+2a\" 
> and = : 
3 © 3 3 ~ 3 


After adding these we get the required inequality. 


Chapter 11 
Newton’s Inequality, Maclaurin’s Inequality 


Let a}, a2, ...,@, be arbitrary real numbers. 
Consider the polynomial 


P(x) = (x +.a1)(x +47) +++ (« tan) = cox” +epx" | ee + enix + ch. 


Then the coefficients co, ci, ..., C, can be expressed as functions of a1, d2,..., Gn, 
i.e. we have 
co= 1, 
Cy =a, +ar.+---+ay, 
C2 = a2 + 41d3 + +++ + An-1dp, 
C3 = a1 a2a3 + a\a2a4 + +++ + An—24n—-14n, 
Cn = A{A2--+ An. 
For eachk = 1,2,...,n we define py = @) = BOD oy. 
] 
Theorem 11.1 (Newton’s inequality) Let aj, a2, ..., dy, > 0 be arbitrary real 
numbers. Then for each k = 1,2,...,n — 1, we have 
2 
Pk-1Pk+1 & Px: 
Equality occurs if and only if a, = az =-+-: =p. 
Proof By induction. 
Z. Cvetkovski, Inequalities, 117 
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Example 11.1 For n = 3 we have 


C1 C3 cs C1C3 roe 
P1P3 < P3 OOo. SP ge Sly 
& 3c103< e, 
i.e. 
3abc(a +b +c) < (ab+ac+hbc)’. 
Equality occurs iffa =b=c. 
Theorem 11.2 (Maclaurin’s inequality) Let a,,a2,..., a, > 0. Then 


Equality occurs if and only if a, = az =--+- = 4p. 


Proof By Newton’s inequality. 


Exercise 11.1 Let a,b,c,d > 0 be real numbers. Let u = ab+ac+ad+bce+ 
bd + cd and v = abc + abd + acd + bcd. Prove the inequality 


2u3 > 27v?. 


Solution We have p2 = = 4 and p3= 4 = 2 


iG) OF 


By Maclaurin’s inequality we have 


1 1 ra v\2 
Bap BS pepe 3S (Z) > (5) & Ww>270v’. 
Equality occurs iffa =b=c=d. 


Exercise 11.2 Let a, b, c,d > 0 be real numbers. Prove the inequality 


Beg Al g g Mg Hag Eo Maoh dg aN 
ab ac ad be bd cd})~8\a b c dj) 
Solution If we multiply both sides by (abcd)* the above inequality becomes 


3 
abcd(cd + bd + bc +ad+ac+ab) < gee +acd+abd+ abc)” 
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ae 2g (tet tacdsabd sabe’ 


& abcd 
en ( 6 4 
&  papr < D3. 


The last inequality is true, due to Newton’s inequality. 
Equality occurs iffa=b=c=d. 


Chapter 12 
Schur’s Inequality, Muirhead’s Inequality 
and Karamata’s Inequality 


In this chapter we will present three very important theorems, which have broad 
usage in solving symmetric inequalities. In that way we’ll start with following defi- 


nition. 
Definition 12.1 Let x1, x2, ..., x, be a sequence of positive real numbers and 
let @1,@2,...,@, be arbitrary real numbers. 
Wevusidencte Mii vist, — 4, =%, a, pandlOy t laivon onl 
we'll denote the sum of all possible products F (x1, x2,...,%Xn), over all per- 
mutations of a1, @2,..., Qy. 


Example 12.1 


T[1,0,...,0]=(n—1)!- (ay 4x2 +--- +x), 
T[1,2]=x°y+xy’, 


[ 
Tla,a,...,a)=nlx{x5 +++ x0, 
T[1, 2, 1] =2x*yz+2y?xz+22’yx, — T[3,0,0])=2007 +? +27), 
T[2, 1, 0] = xy +x2z4+ yx + yz +22x+ zy. 


Theorem 12.1 (Schur’s inequality) Let a € R and B > 0. Then we have 
Tla + 2B, 0,0] + Ta, B, B] = 2T[a + B, B, 0}. 


Proof Let (x, y, z) be the sequence of variables. 
By Definition 12.1, and with elementary algebraic transformations we have 


ST [a +26,0,0]+ 57 [a,6.6]-T a+ 6.8.0] 


= x% (xP — yPy(rP — 2P) + y%(yB — xB ycyP — 2) + 2% (zP — xP) (28 — y). 


Z. Cvetkovski, Inequalities, 
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Thus the given inequality is equivalent to 
xP — yan? — 2P) + y%(yP — xP)? — cP) + 20a? — xP) (e? — y?) > 0. 


Without loss of generality we may assume that x > y > z. 
Then clearly only the second term can be negative. 
If w > O then we have 


a (xP — yF (xP — ZF) > 2% (xP = y? (yy? = 28) 
> y%(xP — yFy(y? — zF) 
= —y%(yP — x8)(y — 2P), 


x (xP — yPy cP — 2P) + y@(yP — xP (yp? — 2?) > 0, 


and since z%(z? — x)(zb — yb ) => 0 we get the required result. 
Similarly we consider the case when a < 0. 


Let us notice that for 8 = 1 we get a special form of Schur’s inequality, which is 
very useful. Therefore we have the next theorem. 


Theorem 12.2 Let x, y, z => 0 be real numbers and let t € R. Then we have 


x(x — yx —z)+y'(y—x)(Qy — 2) $2 (Z—x)(zZ— y) = 0, 


with equality if and only if x = y = z or x = y,z =0 (up to permutation). 


Proof Without loss of generality let us assume that x > y > z. 
Suppose that f > 0. 
Then we have 


(z—x)\(z—y)=0, ie. 2(z—x)(z-—y) 20 (12.1) 
and 


w(x—z)—yi(y—z) = (X'*! — yt) + 20r' — yy) 20 


v(x-y@-ad+y¥-xyO-Dz0. (12.2) 
By (12.1) and (12.2) clearly we have 


C= Ne=2)4y7 Foy =e e=ye=yeu 
Let t < 0. Then we have 


(x-—y)\«%—z)>0 ie. x’(x-—y)(x—z)>0 (12.3) 
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and 


J(x—z)-y'@-y)ev@-y—-y@-y=@'-y)@-y)=0, 


¥y-xvyO-D+2@—x)G@—y) =O. (12.4) 
By adding (12.3) and (12.4) we get 


x (x-ya-z+yQ—x)y-Dt2(z—x)(z—y) =0. 


Equality occurs if and only if x = y = z or x = y, z= 0 (up to permutation). 


Corollary 12.1 Let x, y, z anda, b,c be positive real numbers such that a > 
b>cora<b<c. Then we have 


a(x—y)(x—z)+b(y—x)\y—-z+ez—-x)zZ—-y)=0. 


Proof Similar to the proof of Theorem 12.1. 


Example 12.2 If we take a = B = | in Schur’s inequality we get 


T[3, 0,0] + 7[1, 1, 1] > 27[2, 1, 0], 


2(x3 + y + z>) + 6xyz > 2(xy +7 z+ yx + yz 4g xt zy), 


Hy tt3xyzexytxeetyaxtyrztextez’y. 


Note that this inequality is a direct consequence of Surdnyi’s inequality for n = 3. 


Corollary 12.2 Let x,y,z > 0. Then 3xyz + x3 4+ y3+ 23 > (xy)3/? + 
G2 Gs) =) 
Proof By Schur’s inequality and AM > GM we obtain 


xi by? be? +3nye> yb yx) + +92) 4+ Or 4-27'2) 
> (xy)? + (yz)3/? + (zx)?”). 
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Corollary 12.3 Let k € (0, 3]. Then for any a, b,c € R*™ we have 


(@ = hyeEK@bo) 2a bo ee = (abe be ca 


Proof After setting x = a7/?, y = b?/>, z= c?/, the given inequality becomes 
(3 —k) + k(ayzy"l* +x? ty? +.2° > Bay)? + (92)? + x)"), 
and due to Corollary 12.1, it suffices to show that 
(3—k) + k(xyz)?/* > 3xyz. 
By the weighted power mean inequality we have 


3—k k 
Et gaya) ¥ = 1S PPR Gryzyl MiP = xyz, 


(3—k) +k(xyz)?/* > 3xyz, 


as required. 


Definition 12.2 We’ll say that the sequence (6;)?_, is majorized by (a;)/'_,, 
denoted (f;) < (a;), if we can rearrange the terms of the sequences (a; ) and 
(6;) in such a way as to satisfy the following conditions: 


(61-62 =--+- Bp =e FO 2 -- @, 
@) fi2=—r2-"2 Pp, anda] 2072-2 oO, 
(3) Bi+ Bo+---+ Bs <a +02+---+as for any 1<s <n. 


Without proofs we’ll give the following two very important theorems. 


Theorem 12.3 (Muirhead’s theorem) Let x1, x2,...,%, be a sequence of 
non-negative real numbers and let (a;) and (B;) be sequences of positive real 
numbers such that (B;) < (aj). Then 


T[Bi] < T[a;]. 


Equality occurs iff (aj) = (6;) or x1 =x2 =---=Xp. 
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Example 12.3 Let (x, y, z) be the sequence of variables. 
Consider the sequences (2, 2, 1), (3, 1, 1). Then clearly (2, 2, 1) ~ (3, 1, 1). 
So by Muirhead’s theorem we obtain 


T[2, 2,1] < TB, 1, Ul, 


1.€. 
2(x?y?z +x727y + y°z?x) < (xr yz + yrex t+ cy), 
ie. 
x*y?z =p zy ob ee s xyz a y?zx =F zyx, 
ie. 
xy tyztex<x?+y?42’, 
which clearly holds. 


Theorem 12.4 (Karamata’s inequality) Let f : 1 > R be a convex func- 
tion on the interval I C R and let (a;)i_,, (b))?_,, where a;,b) € Ti= 
1,2,...,n, are two sequences, such that (a;) > (b;). Then 


Fai) + f (a2) + +--+ f(Gn) = fbr) + f(b2) + +--+ fn). 


Remark If f : I — R is strictly convex on the interval J C R, and (a;) 4 (b;) are 
such that (a;) > (b;) then in Karamata’s inequality we have strict inequality, i.e. 


flair) + fla) + +--+ fan) > fbi) + f(b2) +--+ + fbn). 


Also if f : J > R is concave (strictly concave) in Karamata’s inequality we have 
the reverse inequalities. 


Exercise 12.1 Let a, b,c be the lengths of the sides of a triangle. Prove the inequal- 
ity 
a(s —a)t+ b>(s —b)+ ls —c) <abes. 


Solution The given inequality is equivalent to 
a’(a—b)(a—c) +b°(b—c)(b —a) +7 (c —a)(c —b) = 0, 
which clearly holds by Schur’s inequality. 


Exercise 12.2 Let a, b, c be positive real numbers. Prove the inequality 


a? b? c re eae | 
27+(2+ — }{(2+— ]( 24+ — ])=6(a+b4+oc)(-+-+4+-)]. 
bc ca ab a boc 
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Solution The given inequality is equivalent to 


2abc(a3 +b? +c? + 3abe a’b—ar’c—b’a—b’c—c?a c’b) 


+ (PP +b3 4+ 8a? +3a7b?c? — ab3c? — ab? — a*b'c3 — atb'c*) = 0, 


which is true due to Schur’s inequality, for variables a, b, c and ab, bc, ca. 


Exercise 12.3 Let a, b, c be positive real numbers. Prove the inequality 


a b c a? +be b? +ca c* +ab 
t ote = + ie ; 
b+c cta a+b” (a+b)(a+c) (b+a\(b+c) (c+al)(c+b) 


Solution The given inequality is equivalent to 


a° +b! + ¢° + 3abe — abla + b) — be(b +6) ~ calc +a) | 
(a+b)(b+c)(c+a) a 


’ 


a(a— b)(a—c)+ b(b—a)(b—c)+ c(c —a)(c —b) = 0, 
which is Schur’s inequality. 


Exercise 12.4 Let a, b, c be non-negative real numbers. Prove the inequality 


a b c 1 
+E + > . 
4b? + bce+4c2  4c2+ca+4a2  4a2+ab+4b2 ~a+bt+c 


Solution By the Cauchy—Schwarz inequality we have 


a b c 
+ + 
4b? ++ bco+4c2 4c2+ca+4a*  4a2 +ab+4b? 
(atb+c)* 


> ; 
~ 4a(b? + c?) + 4b(c? +. a”) + 4c(a2 + b?) + 3abc 


So we need to prove that 


(atb+c)* a 1 
4a(b2 + c?) + 4b(c2 + a2) + 4c(a? +b?) + 3abe ~ atb+ec’ 


which is equivalent to 


(a+b+c) > 4a(b? + c*) + 4b(c* +.a7) + 4c(a* + b”) + 3abe, 


a+bh+c 4+ 3abe > a(b? +c?) + b(c? +a”) + c(a* +b”), 


which is Schur’s inequality. 
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Exercise 12.5 Let a, b, c be positive real numbers. Prove the inequality 
a’ + b* +7 + 2abc +1 > 2(ab + be +ac). 


Solution By Schur’s inequality we deduce 


9ab 
(ab + be tac) — (a2 +b? 4.2) < 
a+b+c 
So it remains to prove that 


9abc 


——— <2abc+ 1. 
a+b+ec 


Since AM > GM we have 
Qabe +1 =abce + abe +1> 3 (abc). 


Therefore we only need to prove that 3 (abc)? > ape =» which is equivalent to 
a+b+c> 3/abc, and clearly holds. 


Exercise 12.6 Let a, b, c be positive real numbers. Prove the inequality 


athe b+ca c+ab _ 3 
(b+c)2 (c+a)? (a+b)? 72° 


Solution To begin we’ll show that 


a’tbe , bitca , chtab | a 4 b i. c 
(b+c)? (c+a)* (a+b)? ~ b+e cta atb 


(12.5) 


We have 
a’ +be a _(a—b)(a—c) 
(b+c)? b+te (bt+c) ’ 


similarly we get 


b* +a b _ &@-c)b—a) d ce +ab Cc _ (c—a)(e—b) 


(eta ec+a caae =O eee ee ee 


Let 
1 1 ; 1 
=; = —— an =< 
(b+cy2 v= te eae a wep? 


Then we can rewrite inequality (12.5) as follows 


x(a—b)(a—c)+ y(b—c)(b—a)+2z(c —a)(c —b) = 0. (12.6) 
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Without loss of generality we may assume that a > b > c from which it follows 


that x > y > z, and now inequality (12.6) i.e. inequality (12.5), will follow due to 
Corollary 12.1 from Schur’s inequality. Equality occurs iff a=b=c. 


Exercise 12.7 Let a, b,c € R™. Prove the inequality 
(a* +. 2)(b? + 2)(c? + 2) > 9(ab +.ac + be). 
Solution The given inequality is equivalent to 
8+ (abc)? + 2(a*b* + b*c* +.c2a7) + 4(a? +b? +c?) > Wab +ac+ be). (12.7) 
From the obvious inequality 
(ab — 1)? + (be — 1)* + (ca — 1)? = 0 
we deduce that 
6 + 2(a2b? + b*c* +. c2a’) > 4(ab +. ac + bc) (12.8) 
and clearly 
3(a* + b* +. c*) > 3(ab +.ac + be). (12.9) 
For k = 1 by Corollary 12.2, we obtain 
2+ (abc)? +a? + b* +c? > 2(ab +ac + be). (12.10) 
By adding (12.8), (12.9) and (12.10) we obtain inequality (12.7), as required. 
Exercise 12.8 Let a,b,c € R*. Prove the inequality 
at +b +4+ct+>abc(atbto). 
Solution We have 
ees >abc(a+b+c) 
& at+bt+ct > abe + b2ac + cab 


T[4,0,0] | 712.1, 1] 
2 ~ 2 ; 


T[4, 0,0] = T[2, 1, U, 


which is true according to Muirhead’s theorem. 
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Exercise 12.9 Let a, b, c be positive real numbers. Prove the inequality 


1 1 1 1 
3 3 7 3 3 Te 3 3 = ; 
at+b+abe be+ce+abc ce +a’+abc7~ abc 


Solution After multiplying both sides by 
abc(a? + b+ abc) (b> aoe abc)(c? A gre abc), 


above inequality becomes 


3 1 1 
gi: 4,1]4+27[5,2,2]+ gill, 1,1]+ 5! I: 3, 3] 


< 


1 3 1 


T[5, 2, 2] < T[6, 3, 0], 


which is true according to Muirhead’s theorem. 
Equality occurs iff a =b=c. 


Exercise 12.10 Let a, b, c be positive real numbers such that a+ b+ c= 1. Prove 
the inequality 


7 
0<ab+be+ca— 2abc < 7 


Solution The left-hand inequality follows from the identity 


ab+bce+ca—2abc = (a+b+c)(ab+be+ca) — 2abc 
=ab+ac+bhatbhb’c+cCatcb+abe 


1 
am T[2, 1, 0] P gill. 1, 1], 


since T[2, 1,0] + g7U, 1, > 0. 


We have 
NE t+y+ pee 1 713,0,0]-+37 (2, 1,014 71.1.1] 
ye i ae 8 ea a rte il). 


Therefore the given inequality is equivalent to 


1 7 (1 
T[2,1,0]+ gels l,ij< 7 (578.9. 0) + 37[2, 1,0] 4+ T[1, 1, ul) 


12T[2, 1,0] <77[3, 0,0] +5711, 1, 1]. (12.11) 
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Muirhead’s theorem we have 
2T (2, 1, 0] < 27[3, 0, 0], (12.12) 
and by Schur’s inequality for a = B = | (third degree) we get 
107 [2, 1,0] < 57[3,0,0]+ 57[1, 1, 1]. (12.13) 
Adding (12.12) and (12.13) gives us inequality (12.11), as required. 


Exercise 12.11 Let a,b,c €R* such that abc = 1. Prove the inequality 


1 1 1 3 
+ + —— 
a(b+c) b(cta) c3(a+b)~ 2 


Solution If we divide both sides by (abc)*/? = 1, and after clearing the denomina- 
tors, the given inequality will be equivalent to 


16 13 7 16 16 4 13 13 10 
2T T T T[5,4 T [4, 4, 4]. 
528.7) rf! 18.4] [98D arpa seria ts 


Now according to Muirhead’s inequality we have 


16 13 7 16 16 4 
oT Sas | eet DA), Ul eae | 27 eal 
3.3 3 3.3 3 
13 13 1 
ap Neas >T(4,4, 4]. 
3.3 3 


If we add the last three inequalities we obtain the required result. 
Equality occurs iffa=b=c=1. 


Exercise 12.12 (Schur’s inequality) Let a, b, c be positive real numbers. Prove the 
inequality 


a+b+c?+3abe > ab+aectbhathc+cCatc’b. 


Solution Since the given inequality is symmetric, without loss of generality we can 
assume thata > b> c. 
After taking x = Ina, y =1nb and z = Inc the given inequality becomes 


‘ ; 7 ryt Lyte ryt 
eF* 4 e8Y 4 oF 4 ttt 4 ottyte 4 ertytz 


> et 4 ett 4 p2yte 4 ptyte 4 pdete 4 pty 


The function f(x) = e* is convex on R, so by Karamata’s inequality it suffices to 
prove that the sequence a = (3x, 3y,3z,x +y+z,x+y+z,x+y+2Z) majorizes 
the sequence b = (2x + y, 2x +z, 2y+x,2y+z,2z+x,2z+ y). 
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Since a > b> c it follows that x > y > z and clearly 3x > x +y+z> 3z. 
If x + y +z > 3y (the case when 3y > x + y +z is analogous) then we obtain 
the following inequalities 


3x >x+y+z>3y > 3z, 
Qn yale ZS ly Pee 2a Soy he See yy, 


which means that a > b, and we are done. 


Exercise 12.13 Let aj, a2, ..., a, be positive real numbers. Prove the inequality 
3 3 3 
a a a 
1442 4...4 sap tayt-.-t+a;. 
a2 a3 at 


Solution Let x; = 1na;. Then the given inequality becomes 
eoxl—x2 at eoX2—¥3 Ht 4 ebtn—*1 = eorl 4 22 piveee 4 etn, 


Let us consider the sequences a : 3x, — x2,3x2 — x3,...,3%, — x1; and D: 
2K 2X55: 20s 

Since f(x) = e* is a convex function on R by Karamata’s inequality it suffices 
to prove that a (ordered in some way) majorizes the sequences b (ordered in some 
way). 

For that purpose, let us assume that 


3Xm, —Xmy41 2 3Xm —Xmotl 2S 3Xmp —Xmp+1 and 
QXp, > 2Xpy D+ > Xx, 
for some indexes m;, kj € {1,2,..., n}. 
Clearly 
3Xm, — Xmy+1 = 3Xky — X41 = 2Xky 


and 
(3xm, —Xm)+1) a (3X5 —Xm4+1) = (3XxK, =X 41) + (3Xk, = Xko+1) ma 2X ky + 2XK. 


Analogously the sum of the first s terms of (a) is not less than the sum of an arbitrary 

s terms of (a), hence it is not less than (3x,, — x,41) + (3% — X41) Fe + 

(3xx, — Xk,+1), which, on the other hand, is not less than 2x,, + 2x,, +:++++2xx,. 
So a > b, and we are done. 


Exercise 12.14 (Turkevicius inequality) Let a,b,c,d be positive real numbers. 
Prove the inequality 


re eed abd > CP Ae he EP CL a 47d". 
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Solution Because of symmetry without loss of generality we can assume a > b > 
c>d. 

Let x = Ina, y = Inb, z = Inc, t = Ind; then clearly x > y > z >t and given 
inequality becomes 


et 4 et 4 ot 4 ot 4 ertytett 1 ettytett 


> e2ety) + e2t2) + 2th) + eZ t2) + ety + eceth) | 


The function f(x) = e* is a convex on R, so according to Karamata’s inequality 
it suffices to prove that (4x, 4y,4z,44,x + y+z+t,x+y+2z+12) (ordered in 
some way) majorizes the sequences (2(x + y), 2(x +z), 2(4 +1), 2(y+z), 20 +5), 
2(z+ t)) (ordered in some way). 

Clearly 4x >4y>4zand4x>x+y+z+t>4. 

We need to consider four cases: 

If4z>x+y+z+t then we can easily show that 


2% + y) 22442) 2 2(y +2) 2241) 2 Ay +H 22 +2) 


and we can check that the sequence (4x, 4y,4z,x +y+z+t,x+y+z+1,4t) 
majorize the sequence (2(x + y),2(x + z),2(y+z),2@+1),2(y+1),2(<+1)). 

The cases when x + y+z+1>4z,4y>x+y4+zt+torx+y4+z+t>4y 
are analogous as the first case and therefore are left to the reader. 


Chapter 13 
Two Theorems from Differential Calculus, and 
Their Applications for Proving Inequalities 


In this section we’ll give two theorems (without proof), whose origins are part of 
differential calculus, and which are widely used in proving certain inequalities. We 
assume that the reader has basic knowledge of differential calculus. 


Definition 13.1 For the function f : (a,b) > R we'll say that it is a mono- 
tone increasing function on the interval (a, b) if for all x, y € (a, b) such that 
x => y we have f(x) => f(y). 

If we have strict inequalities, i.e. if for all x, y € (a, b) such that x > y we 
have f(x) > f(y) then we’ll say that f is strictly increasing on (a, b). 


Similarly we define a monotone decreasing function and a strictly decreasing 
function. Therefore we have the following definition. 


Definition 13.2 For the function f : (a,b) > R we'll say that it is a mono- 
tone decreasing function on the interval (a, b) if for all x, y € (a, b) such that 
x => y we have f(x) < f(y). 

If we have strict inequalities, i.e. if for all x, y € (a,b) such that x > y we 
have f(x) < f(y) then we’ll say that f is strictly increasing on (a, b). 


Theorem 13.1 (Characterization of monotonic functions) Let f : (a,b) > R 
be a differentiable function on (a, b). 

If, for all x € (a, b), f'(x) = 0, then f is a monotone increasing function on 
the interval (a, b). 
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Tf, for all x € (a,b), we have f’(x) <0, then f is a monotone decreasing 
function on the interval (a, b). 

If we have strict inequalities then f is a strictly increasing, respectively, 
strictly decreasing function on (a, b). 


Theorem 13.2 Let f : [a,b] > Rand g: [a, b] > R be functions such that: 


(i) f and g are continuous on [a,b] and f (a) = g(a); 
(ii) f and g are differentiable on (a, b); 
(iii) f’(x) > g(x), for all x € (a, b). 


Then, for all x € (a,b), we have f (x) > g(x). 


Exercise 13.1 Let x, y > 0 be real numbers such that x + y = 2. Prove the inequal- 
ity 
x°y*(x? $y?) <2. 


Solution We homogenize as follows 


6 
x2y2(x2 4 y2) < o(5*) & (ety) > 32x2y(x2 +2). (13.1) 


If xy = 0 then the given inequality clearly holds. 
Therefore let us assume that xy 4 0. 
Since (13.1) is homogenous, we may normalize with xy = 1. 
Soy= i. and inequality (13.1) becomes 


(+5) =2("+ 5) 
x+—) >32(x°+—). ee 
Xx Xx 


Lett = (x + iy, then clearly x24 4 =t—2. 
Therefore (13.2) is equivalent to 


P= S0—= 2), 


Clearly t= (x + 4)? > 2? =4. 

Let us consider the function f(t) = t? — 32(t — 2) on the interval [4, 00). 

Since f'(t) = 3t? — 32 we have that f’(t) > 0 for all t > ve > 4, ie. it follows 
that f is increasing on [4, 00), which implies that 


FOS TAa=0 


13. Two Theorems from Differential Calculus, and Their Applications 135 
& P= 32¢-D=0 
& pP>32(t—2), forallt €[4,00), 


as required. 


Exercise 13.2 Let x, y, z be non-negative real numbers such that x + y+z=1. 
Prove the inequality 


7 
O<xy+yz+zx —2xyz<—. 
27 
Solution Let f(x, y,z)=xy + yz+ zx — 2xyz. 
Without loss of generality we may assume thatO<x<y<z<l. 
Since x + y+ z= 1 we have 


3x<x+y+z=l1, ie x< (13.3) 


wl Re 


Furthermore we have 


dd) 
f (x, y,2) = (1 — 3x)yz+xy + 2x + xyz = 0, 
and we are done with the left inequality. 


It remains to prove the right inequality. 
Since AM > GM we obtain 


De) tae" 
ices OE ae mae Te 


Since | — 2x > 0 we get 


2; 
fx, y,2=x(Qy +2) + ye(1 — 2x) <x(1 n+() (1 — 2x) 


- 2x3 +4241 
= i ; 
We’ ll show that 
2x3 +27+1 = 7 
< 
4 Ht 


f@a= ; forall xe 0, Al 


We have 


—6x2 +2 1 1 
fi@= or == F/ x) >0, forattx <0, 5]. 
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Thus f is an increasing function on [0, 3], so it follows that 


1 7 1 
pons s(3)= 3. : jo.) 


Exercise 13.3 Let x > 0 be a real number. Prove that x — = <In(x +1). 


as required. 


Solution Let us consider the functions 


2 
f(@)=In@+1) and gv) =x- > on the interval [0,a@), where a € R. 


We have 


1 
f()=0=2(0) and PO= TG: g(x) =1—x. 


For x € (0, «) it follows that = > 1 —x, ie. 
fae > es for all x € (0, @). 


According to Theorem 13.2 we have f(x) > g(x), for all x € (0, @) ie. 


42 
IS Le x €(0,a@). 


Since @ is arbitrary we conclude that In(x + 1) > x — a for all x € (0, 00). 


Exercise 13.4 Prove that, for all 0 < x < 4, we have tanx > x. 


oe 


Solution Let f(x) = tanx, g(x) =x where x € (0, 5). 
We have 


1 
f()=0=g(0) and P= Sa >1l=e'(x), forallx (0,5). 
os? x 
According to Theorem 13.2, we have f(x) > g(x), i.e. tanx > x for all x € (0, a 
Exercise 13.5 Prove that, for all 0 < x < 5 we have tanx > x +a 


Solution Let f(x) =tanx, g(x) =x + ae € (0, 5). 
Then f (0) =0= g(0) and we have 


oo ae ee 2 20 lg 
f(a) = —,~ = 1+ tan x>1l+x°=g (x), forallx e{0,— )}. 
cos* x 2 


Thus, due to Theorem 13.2, we get f(x) > g(x), ie. tanx > x + * for all x € 
(0, 2). 


Chapter 14 
One Method of Proving Symmetric Inequalities 
with Three Variables 


In this section we'll give a wonderful method that will be used in proving sym- 
metrical inequalities with three variables. I must emphasize that this method is a 
powerful instrument which can be used for proving inequalities of varying difficulty 
which can’t be proved with previous methods and techniques. Also I must say that 
I respect this method so much, because it can be very valuable and workable for all 
symmetric inequalities. 

Let x, y,z€ Rt, and p=x+yt+z,g=xy+yz+7x,r =xyz. Clearly p,q, 
reR. 

Using these notations we can easily prove the following identities: 


Ki x? +y?+2 = p*—2¢q 

hi x+y +2 = p(p? —3q) +3r 

kL: x? y? + y2z? + 22x? = q* —2pr 

ly: x4 + y4 +24 = (p? — 29)? — 2(q? — 2pr) 

Is: (x+y)\(y+z2Z+x)=pq-r 

Iss &+VO+D+OFDCGH+H+E4NG4y =P? +9 

Re @+yVOt M+ ot yre+x? t+ tx + y)? = (p? +4) - 
4p(pq -1) 

Ig: xy(x+y)+yz(y +z) + 72x(z +x) = pq —3r 

Ig; A+x)d+yd+z)=1l+pt+qtr 

Qo: d+xd+y)+0d+yd+24+0+z0d4+x«)=3+2p+¢q 

In: (+2°+y)?+ 0+ yP0 +2)? + 042° +x)? = B+ 2p +9)? - 
23+p)i+pt+qtr) 

To: Pytoagtyv(ctx)+22(x+ y) = pq —3r 

Nj: By? + y323 + 3x3 = 93 — 3pgr — 3r? 

Tia: xy(x? + y*) + yz(y? + 27) + zx(2? + x”) = p*g — 2q? — pr 

hs: 04+ x) 0 +901 +2) =p? +.q? +7? = 2pr—2¢ +1 

Ke: d+x)0+y304 23) = pe +g +r —3pqr —3pq —3r? +3r +1. 

The proofs, as mentioned, are quite simple, and are therefore left to the reader. Also, 


we will give some inequalities which will be used later, and which should be well- 
known. 
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Some of them follow by the mean inequalities but some of them are direct con- 
sequences of Schur’s and Muirhead’s inequalities. 
We will prove some of them, and some are left to the reader. 


Theorem 14.1 Letx, y,z>Oand p=x+y+z,q¢g=xytyz+7x,r=xyz. 
Then we have: 


MN: p?—4pqt+9r=0, No: p+—5p*q +4q?+ 6pr = 0. 


Proof According to Schur’s inequality we have: For any real numbers x, y, 
z= 0,t €R we have x/(x — y)(«# -—2 +y¥(¥-DY-—x) +7 (@—x)Z—y) 20. 

For ¢ = 1 and t = 2, we obtain the required inequalities N; and N2, respec- 
tively. 


Theorem 14.2 Letx, y,z>0,and p=x+y4+z,qg =xytyz+7x,r=xyz. 
Then we have the following inequalities: 


N3: pq — 9r = 0, No: p*+3q?>4p7q, 
Na: De > 3q, Ni0: 2p? + 972 > Tpaqr, 
Ns: p> > 27r, Nu: p2q + 3pr > 4q?, 
No: q° > 27r?, Nig: g° + 9r? > Apar, 
Ny: g? > 3pr, N13: pq? > 2p*r + 3qr. 


Ng: 2p? + 9r = 7pq, 


Proof We have 


N3: pga (x ty tary tyzt 2x) > 3. xkyz- 34) x2 y2z? = Or 
= pq-—9r=0, 

Nag: p? > 3q co (x+y +z) > 3(xy + yz+zx) 
> xeoy+2>xy+yztzx, 

which clearly holds. 

Ns: p=xtytz>33/xyz=30/r S p> > 2T7r, 

Nor q=xy tyzt 2x > 3) x2y222 = 3V 7? & g>2Tr’, 

Ny: q? = (xy t yz + zx)? = x7 y* + 22? 4 27x? 4+ Qxyz(x ty tz) 


> (xy) (yz) + (yz) (zx) + (zx) (xy) + 2xyz(x + y + 2) 
= 3xyz(x + y+z) =3pr, 
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Ng: 2p? + 9r > Tpq 
& Wety+z + 9xyz> Tx + yt z(xy + yzt zx) 
& Wty +Hy>ax?yta2zt yet yx t 22x + zy 
= T([3,0,0] > 7[2, 1,0], 


which is true due to Muirhead’s theorem. 
Exercise 14.1 Let x, y, z > 0 such that x + y + z = 1. Prove the inequality 
1 1 1 
1+ 1+ 1+ > 64. 
x y z 


Solution Let p=x+y+z=l,q=xy+yz+7zx,r=xyz. 
Then the given inequality becomes 


(+x)d+y)U +z) > 64xyz. 
Using Ig: 14+ x)1+y)d4+z)=1+p+4q-+r we deduce 
(+x)d+y)d+z)=2+4@+r. 
So (14.1) is equivalent to 
2+qt+r>64r ie. 2+ ¢q > 63r. 
By Ns: p> > 27r we get 
1 
rs. 
= 27 
By N3: pg — 9r > 0 we get 
pq=9r, ie. g>9r. 


Now using (14.4) we deduce that 2+ g >2+ 9r. 
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(14.1) 


(14.2) 


(14.3) 


(14.4) 


So it suffices to show that 2 + 9r > 63r, which is 2 > 54r or < a which 


clearly holds, by (14.3). 
We have proved (14.2), and we are done. 


Exercise 14.2 Let x, y, z > 0 be real numbers. Prove the inequality 


1 1 1 9 
oy tyeten( 5 +o to) 2 F. 
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Solution The given inequality is equivalent to 


A(xy +yztzxy(ztxyt2* + etyr(zt+x + (e+ yy +2)% 
> Ox + y)*(y + z)2(2 +x). (14.5) 


Let us denote p=x+y+zZ,qg=xy+yz+7x,r=Xxyz. 
By Js and [7 we have 


(x+y +2 +x)? = (pq —ry’ 
and 
ty Ota? t+ t27@+x + G42 +9) = (Pp? +4) —4p(pq - 7). 
So we can rewrite inequality (14.5) as follows 
4q((p? + 4° — 4p(pq —r)) = pq — 1)? 
< 4p*g—11p?q? +493 + 34pqr — 9r? = 0 
<  3pq(p° —4pq + 9r) + q(p* — Sp?q + 4q° + 6pr) + r(pq — 9r) = 0. 


The last inequality follows from N;, N2 and N3, and the fact that p, g,r > 0. Equal- 
ity occurs if and only if x = y =z. 
Exercise 14.3 Let x, y,z € R™ such that x + y+ z= 1. Prove the inequality 


1 i 1 & 1 ed 
l-xy l-yz 1l-z7 8° 


Solution Let p=x+y+z=l,q=xy+yz+7zx,r=xyz. 
It can easily be shown that 


2 


d-xyd—-—yzd-zx)=l-q+pr-r 

and 

(1 —xy)0 — yz) +d — yz) — zx) + — zx) — xy) = 3 — 2q + pr. 
So the given inequality becomes 

8(3 — 2q + pr) <27(1—q+ pr—r’) 
~ 3-—11q+19pr—27r7 > 0. 
Since p = 1, we need to show that 
3—1lg + 19r —27r7 >0. 


By Ns: p? > 27r we have | > 27r, i.e. r > 27r?. 


14 One Method of Proving Symmetric Inequalities with Three Variables 141 
Therefore 
3 —11q +19r — 27r? > 3 — 11g + 19r —r =3 — 11g + 187. 


So it suffices to prove that 
3—11q+ 18r>0. 
We have 


3-—11lg+18r>0 
@~ 3-1l@yt+yz+zx)+ l8xyz>0 
= IW(arytyzt+zx) — 18xyz <3. 


Applying AM > GM we deduce 


lly + yz+zx) — 18xyz=xy( (11 — 18z)+ llz@+ y) 


2 
pacman 
~ s: d 

psy 
=! 2 (11 — 18z) + 1lz(1 —z) 
— d—z)(— z)(11 — 182) + 44z) 
7 4 
— 4¢ 4327 — 1827 + 
= F 


(11 — 18z) + llz(x+ y) 


So it remains to show that 
4z + 322 — 1823 +11 = 
4 < 
& 474377 - 1877 <1 


cs 1823 — 327 -4z+1>0 


~ (3z—1)7(2z7+1)=0, 
which is obvious. 


= 2. Prove the inequality 


| ie 
+ 


Exercise 14.4 Let a, b,c € R™ such that “I + “tt 
1 sh 1 Sis 1 4 
8ab+1 8bce+1 8ca+1 7 


(14.6) 


Solution Let p=a+b+c,q=ab+bc+ca,r=abce. 
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: 1 1 1 _ 
Since => + pa + a = 2 we have 


(atl(b+)+b+)(ct+t)+(c+ Dat) =2at+ b+ V(e+). (14.7) 


Using the identities Ig and Ig, identity (14.7) becomes 3+ 2p+q=2(1+ p+ 


q +r), from which it follows that 
qt+2r=1. 


It can easily be shown that 


(14.8) 


(8ab + 1)(8be + 1) + (8be + 1)(8ca + 1) + (8ca + 1)(8ab + 1) = 64pr + 16g +3 


and 


(8ab + 1)(8be + 1)(8ca + 1) =512r? + 64pr + 8g +1. 


We need to prove that 


64pr + 16g +3 >512r? + 64pr +8q +1, 


which is equivalent to 
8q +2>512r’. 
By q? > 27r? and since g = 1 — 2r we obtain 
(1 —2r)? > 27r? 
& 8r+15r°+6r—1<0 
& (8r—1)0?+2r+1) <0. 
Thus 


8r—-1<0, ie. r< 


Col 


Now since gq + 2r = 1, inequality (14.9) becomes 
8(1 — 2r) +2> 5127? 
& 512r?+ 16r —10<0 
= (8r — 1)(64r + 10) <0, 


which follows due to (14.10). 


(14.9) 


(14.10) 


Exercise 14.5 Let x, y, z be positive real numbers such that x + y + z = 1. Prove 


the inequality 


zZ—xy y—2Xx x— yz 


di 0 
x2txyty2  x2tuzt+z72  y2+yztz2 
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Solution Let p=x+y+z=l,q=xy+yz+7zx,r=xyz. 
We have 


499 SG 43) apa le) ap See ay 


=1l—z-zd—z)-xy=1—-z-za+y)-xy=1-7z-gq. 
Similarly we deduce that 
ue oe eae oe end ee ee, and ye ee ey, 


According to the previous identities, 73 and I;2, by using elementary algebraic trans- 
formations the given inequality becomes 


g? +9° —49¢ 4+ 3¢r +4r +120, 


27q3 + 27q? — 108q + 27r(3q + 4) +27 > 0. (14.11) 
By Ni: p> —4pq + 9r = 0, since p = 1 we get 
9r >4q —1. (14.12) 
According to inequality (14.12) we obtain 
27g? + 27q7 — 108q + 27r(3q + 4) +27 
> 27g? + 274? — 108¢ + 3(4g — 1)3q +4) +27 
= (3g — 1)(9q? + 24q — 15). (14.13) 


Since p = 1 due to Nj: p* > 3q it follows that 


(14.14) 


Wile 


qs 
Finally by (14.13) and (14.14) we obtain 
27q? + 27q7 — 108q + 27r(3q + 4) +27 = (Bq — 1)(9q? + 24q — 15) > 0, 
since 3g — 1 < O and 9q* + 24g — 15 <9.- 5 +24. 4 — 15 = —6, as required. 


Exercise 14.6 Let a,b,c be non-negative real numbers such that a +b+c=1. 
Prove the inequality 


T(ab + be +ca) <2+9abc. 


Solution Let p=a+b+c=1,q=ab+bc+ca,r=abce. 
Then according to Ng: 2p? + 9r > 7 pq we have 


2+9r>7q ie. 2+9abc > 7(ab+bce+ca), 


as required. 
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Exercise 14.7 Let x, y, z => 0 be real numbers such that x + y + z = 1. Prove the 
inequality 


12(x?y? + yz? Ler iG ty tee Xy+yz+ 2x. 


Solution Let p=x+y+z=l1,q=xy+yz+7zx,r=xyz. 
By J, and 1/3 we have 


wt+yi+2 = p(p* —3q) +3r=1-3q¢43r 
and 
xy? 4 y2z2 4 22x? = g? —2pr =? —2r. 


Clearly q < i. 
So the given inequality becomes 


12(1 — 3q + 3r)(q2 —2r) <q. (14.15) 


Suppose that g > i 
By Ns: pq — 9r = 0 it follows that r < , i.e. 


Osrs5. (14.16) 
Since g < 5 we have 
(1 —3q+3r)r=>0. (14.17) 
We'll prove that 
12(1-39+32)@? <4. (14.18) 


from which, together with (14.16) and (14.17), we'll have 


12(1 — 3q + 3r)(q? — 2r) < 12(1 — 3g +. 3r)q’ < i2(1 —3¢+ 3h) 4? <q. 


Hence 
q\ 2 
q= i2( —3q+ af )a 


& 1> 121-3 + £)q 
& 12129-3297. (14.19) 


Let f(q) = 12q — 32q?. Then f’(q) = 12 — 64g. 
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Since g > i we deduce that f’(q) = 12 —64q < 12— oe = —4 <0, so it follows 
that f decreases on the interval [1/4, 1/3], i.e. we have 


1 1 1 
< =12 32— =3-2=1, 
f@<sf ( i) ri 16 
and inequality (14.18) follows. 
Now let us suppose that 0 < g < i 
Let’s rewrite inequality (14.15) as follows 
q = 12q?(1 — 3q) + 12r(3q* + 6g — 2) — 72r?. (14.20) 


Since 


att o)y 


124(1 = 34) =4-34(1 = 39) = 4{ 5 =1, 


it follows that 
12q7(1 — 3q) <q. (14.21) 


SinceO <q < i we get 


1 1 
og" bg =) <3 4 6- — 8 20, (14.22) 
16° 4 
By (14.21) and (14.22) we obtain 
12q7(1 — 39) + 127 Gq* +6¢ — 2) — 72r" < 12971 — 39) <9, 


as required. 


Chapter 15 

Method for Proving Symmetric Inequalities 
with Three Variables Defined on the Set of Real 
Numbers 


This section will consider one method that is similar to the previous method of 
Chap. 14, for proving symmetrical inequalities with three variables that will be 
solvable only by elementary transformations and without major knowledge of in- 
equalities (in the sense that for some of them the student has no need to know the 
powerful Cauchy—Schwarz, Chebishev, Minkowski and Holder inequalities). 

We must note that this method is suitable for proving inequalities that are defined 
on the set of real numbers, not just on the set of positive real numbers. For this 
purpose we will first state (without proof) two theorems from differential calculus. 


Theorem Let f : 1 — R be a differentiable function on I. Then f is an 
increasing function on I if and only if f’(x) = 0 for all x € I, and f is a 
decreasing function on I if and only if f'(x) <0 forall x €T. 


Theorem Let f(x) be a continuous function and twice differentiable on some 
interval that contains the point xo. 
Suppose that f'(xo) = 0. Then: 


(1) If f” (xo) < 0, then f has a local maximum at xo. 
(2) If f” (xo) > 0, then f has a local minimum at xo. 


Let a, b, c be real numbers such thata +b+c= 1. 
According to the obvious inequality a” + b? +c? > ab+be+ca (equality occurs 
iff a = b =c) it follows that 


l=(a+b4+c) =a +b? +c? + 2(ab + be + ca) > 3(ab +. be + ca), 


ab+bce+ca< 


wile 
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Letab+bce+ca= ee (q = 0). We will find the maximum and minimum values 


of abc in terms of q. 
If g =O thenab+be+ca= piea=b=c= i 
Thus 


Petes. 
27 
If g £0 then 
— gq? “3 1 (a+b+cy 
3 3 3 
& (G=b 4 Oc" $e=ay =O; 


1 
ab+bce+ca= & @4+h+c>ab+be+ca 


i.e. at least two of the numbers a, b, c are different. 
Consider the function 


3 2 l-q@ 
f(x)=(% —a)(x —b)\(x —c) =x? — x + x —abe. 
3 
We have 
: 2 a ae l+q l-q 
x) = 3x° —2x , with zeros xj] =——— and x. = ——. 
ff ()=3 2x + 5 th 5 d ; 


Hence f’(x) <0 for x2 <x < x1, and f’(x) > 0 for x <x2 orx > x,. 
For f”(x) we have 


1 
f'"(@) =6x—2, ie. f'n) =6(S4) -2=64>0. 


so it follows that f(x) at x; has a local minimum. 
Similarly f” (x1) = 6(454) —2=—6q <0,i.e. f(x) at x2 has a local maximum. 
Furthermore f(x) has three zeros: a, b,c. 
Then it follows that 


*(#4) = (1+4)?(1 — 24) 


abc <0 and 


3 21 
l-q\_ (-4)°(1+29) 
s( 3 )- 7 abc => 0. 


Hence 
1 20-2 1—g)*(1+2 
(1+4q)*¢ Le ee qy d+ Q 
27 27 


Therefore we have the following theorem. 


15 
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Theorem 15.1 Let a, b,c be real numbers such that a+ b+c=1 and let 


ere 


1 
ab+bce+ca= (q = 0). 


Then we have the following inequalities 


(1+ 4)?(1 — 2q) (1 —4)?(1 + 2q) 
97S BE Se 


Theorem 15.2 (Generalized) Let a,b,c be real numbers such that a+b+ 
a—ipr 
2, 2 
Letab+bce+ca=2# = ,(q = 0) and abc=r. 
Then 


(p+9)(p-24) _ . (P- O"(P +29) 


Da ay 
Equality occurs if and only if (a — b)(b — c)(c — a) =0. 


Ifat+b+c= pandab+bce+ca= ee then we can easily show the following 


identities. 


1° 
2° 


24 p24 ,2 _ p?t2¢? 
at+be+ces Pet 
@+bh> +c = pq*+3r 
2 2 

ab(a +b) + be(b +c) + cae +a) = PPFD — 3y 

D(p’-4") 
(a+ b)(bt+cy(cta)= “7-4 

DF OND 
a?b? + b2c? + c2a? = PAY _ app ee 
ab(a2 + b*) + be(b? +c?) +. ca(c? +. a2) = BP POO) A =e pr 


_ yt 2,2 4 
at + bt 4 ct = PRET + Apr, 


Exercise 15.1 Let a, b, c be real numbers. Prove the inequality 


at +b+4+ct>abc(atb+c). 


Solution Since the given inequality is homogenous, we may assume that a + b + 
c= 1. 


Then it becomes 


—1+8q? +2q* 


; +4r>r & -148q?+2q44+27r>0. 
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According to Theorem 15.1, it follows that it suffices to show that 


(1+4)°1 ~24) . 


—1+ 89? +294 +27 = 


We have 


(1 +4)°(1 — 2) 
27 


= —14 897 +294 + (1+4)*(1 — 29) 


— 14897 +2q* +27 


=—14 8974+ 2974+ (1 +29 +97) —2q) 
= —1+8q? +244 + (1 — 3q? — 29°) 
= 2g* + 5q? — 24° = q?(2q* — 24 +5) 


a _ 42 
_ 4 ae) _ L $y 4 


as required. Equality occurs iffa=b=c. 


Exercise 15.2 Let a, b,c € R. Prove the inequality 
4 4 ba Tek peg ia 
(a+b) +(b+c)"+(c+a)" = qa +b* +c"). 


Solution Since 
(a+b)*+(b+c)*+(c+a)4 
=2(at+ b44c44+4(@b4+ bat+bet+cbt+catarc) 
+ 6(a7b* + b?c* + ca’), 
the given inequality becomes 
5(a* + b4 +4) 4 14(7b+ Bat bce+cb+c8a+arc) 
+21(a*b? + b*c? +c7a7) > 0. 


2 2 


After setting a+b+c=p,ab+be+ca=” — ,r =abc, due to 5°, 6° and 7° 


we deduce that the previous inequality is equivalent to 


4 22 4 2, 2 2 2 
=p 8 2 2 = 
s( p*+ va + 24 +4pr) +14(2 + Oe q°) pr) 


2 a2 
+3(Coe™ ae -2pr) 20, 
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Le. 
5(—p* + 8p°q? + 2q* + 36pr) + 14((p? + 2q)(p? — gq”) — 9pr) 
+21((p? — 4°)’ — 18pr) > 0. 


If p = 0 then 10g — 28q* + 21q* = 0, i.e. 3q* > 0, which is obvious. 
Let p £0. 
Without loss of generality we may assume that p = 1. 
So we need to prove that 


5(—1+ 8q7 +294 + 36r) + 14((1 + 2g7)(1 — q?) — 9r) +21((1 — gq)? — 187) = 0, 
i.e. 
3q* + 4q7 + 10 — 108r > 0. 


Using Theorem 15.1, we obtain 


2 
og — 4) (+ 29) 
27 


= 3gq* + 4q? + 10—4(1 — q)*(1 + 29) 


=4’(q —4)? +2q4+6>0, 


3q* +.4q7 + 10— 108r > 3g* + 4q7 + 10-1 


which clearly holds. 
Equality occurs if and only ifa=b=c=0. 


Exercise 15.3 Let a,b,c be real numbers such that a? + b? + c2 = 9. Prove the 
inequality 


2(a+b+c)—abc < 10. 


Solution Letta+b+c=p,ab+bc+ca= Lt abe =r. 
Then using identity 1°, the condition can be rewritten as 
2 2 
2 
9=04+P4C= so 
Le. 
p? + 2q? =27. (15.1) 


By Theorem 15.2 we deduce 
(p +4) (p — 24) 
27 


_ 54p — pi +3pq* +29? 
7 27 


2(a+b+c)—abc=2p—r<2p 
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_ 54p — p(p? + 247) + 5pq? + 2q° 


27 
(15.1) 54p — 27p + 5pq? + 2q° 
27 
_ 2Ipt+ 5pq* + 2q° — pQ7+ 5q*) + 2q3 
27 27 


So it remains to prove that 


p(27+ 5q7) +2q? 


a <10 or p(27+5q7) < 270—2q?. 


We have 
(270 — 243)? > (p(27+.5q*))” 
& 27(q —3)7(2q* + 124g? + 49q? + 146g + 219) > 0 


as required. 
Equality occurs if and only if (a, b, c) = (2, 2, —1) (up to permutation). 


Exercise 15.4 Let a, b, c be positive real numbers. Prove the inequality 
a? + b* +c* + 2abc +1 > 2(ab + be + ca). 


Solution The given inequality is equivalent to 


2 2 2 
2 1- 
Po twtiz2 = 


6r +34 4q? — p?>0. 


If 2q > p then we are done. 
Therefore suppose that p > 2q. 
By Theorem 15.2, it suffices to prove that 


2 
psp 222 (p — 2q) 


3+4q7— p*>0, 
7 +34 4q°— po= 


6r +3 +49? 


2(p + q)*(p — 24) 
9 


& (p—3)*(2p +3) = 2q7(2q +3p — 18). (15.2) 


+3+49? — p’=0 


If 2p < 9 it follows that 2g + 3p < 4p < 18, and we are done. 
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If 2p > 9 we have 
2q°(2q + 3p — 18) < 2q?(p + 3p — 18) = 4q7(2p — 9) 
< p’ (2p — 9) = (p — 3) (2p +3) — 27 < (p — 3)"(2p +3), 


so inequality (15.2) is true, as required. 
Equality occurs if and only ifa=b=c=1. 


Exercise 15.5 (Schur’s inequality) Prove that for any non-negative real numbers 
a,b,c we have 


a+b +c) 4+ 3abc > ab(a+b) + be(b +c) +ca(c +a). 


Solution Since the above inequality is homogenous, we may assume that a + b+ 
c=. 
Then clearly g € [0, 1] and the given inequality becomes 


27r +4q7-1>0. 


Ifg>= 5 then we are done. 
Ifq< 5 by Theorem 15.1, we have 


2¢q, — 
(+4)*C — 24) dg? 


rp Ag = 1S 27 a 


1=q*(1—2q) > 0, 


as required. 
Equality occurs iff (a,b,c) = (t,t, t) or (a,b,c) = (t, t,0), where t > 0 is an 
arbitrary real number (up to permutation). 


Chapter 16 
Abstract Concreteness Method (ABC Method) 


In this section we will present three theorems without proofs (the proofs can be 
found in [27]) which are the basis of a very useful method, the Abstract Concrete- 
ness Method (ABC method). 

For this purpose we’ll consider the function f (abc, ab +bc+ca,a+b+c), as 
a one-variable function with variable abc on R, i.e. on R™. 


16.1 ABC Theorem 


Theorem 16.1 /f the function f(abc,ab + bc + ca,a +b+c) is mono- 
tonic then f achieves it’s maximum and minimum values on R when 
(a — b)(b —c)(c — a) = 0, and on R* when (a — b)(b — c)(c — a) = 0 or 
abc = 0. 


Theorem 16.2 [f the function f(abc,ab + be + ca,a+b+c) is a con- 
vex function then it achieves it’s maximum and minimum values on R when 
(a — b)(b —c)(c — a) = 0, and on R* when (a — b)(b — c)(c — a) = 0 or 
abc = 0. 


Theorem 16.3 [f the function f(abc,ab + be + ca,a+b+c) is a con- 
cave function then it achieves it’s maximum and minimum values on RR when 
(a — b)(b —c)(c — a) =0, and on R* when (a — b)(b — c)(c — a) = 0 or 
abc = 0. 
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Consequence 16.1 Let f(abc,ab + be + ca,a+b+c) be a linear func- 
tion with variable abc. Then f achieves it’s maximum and minimum values 
on R if and only if (a — b)(b — c)(c — a) = 0, and on R® if and only if 
(a — b)(b—c)(c —a) =0 orabc =0. 


Consequence 16.2 Let f(abc,ab+bc+ca,a+b+c) be a quadratic tri- 
nomial with variable abc, then f achieves it’s maximum on R if and only if 
(a —b)(b—c)(c —a) =0, and on R* if and only if (a —b)(b —c)(c —a) =0 
or abc =0. 


Consequence 16.3 All symmetric three-variable polynomials of degree 
less than or equal to 5 achieves their maximum and minimum values on 
R if and only if (a — b)(b — c)(c — a) = 0, and on Rt if and only if 
(a — b)(b—c)(c —a) = 0 orabc =0. 


Consequence 16.4 All symmetric three-variables polynomials of degree less 
than or equal to 8 with non-negative coefficient of (abc)* in the represen- 
tation form f(abc,ab + bc + ca,a+b+c), achieves their maximum on 
R if and only if (a — b)(b — c)(c — a) = 0, and on R®* if and only if 
(a — b)(b—c)(c —a) = 0 orabc =0. 


Also we'll introduce some additional identities which will be very useful for the 
correct presentation of this method. 
For that purpose, leta=x+y+z,b=xy+yz+7zx,c=xyz. Then we have. 


Ky: x? +y?+2% =a” —2b 

bh: P+y+2=a —3ab+3c 

Ih: x4 +y*+24 =a4 —4a*b + 2b* + 4ac 

Ing P+y +2 =a —5a>b + 5ab* + 5a2c —5be 

Is: x® + y® + 2© = a® — 6a*b + 6a + 9a*b? — 12abe + 3c? — 2b° 

Ig: (xy)? + (yz)? + (zx)? = b* — 2ae 

lh: (xy) + (yz) + (zx)? = b3 — 3abe + 3c? 

Ig: (xy)* + (yz)* + (zx)4 = bt — 4ab?c + 2a2c? + 4bc* 

Ip: (xy)? + (yz)? + (zx)? = b* — Sab>c + 5a7bc? + 5b?c? — Sac? 

Tio: xy(x + y)+ yz(y +z) + 7zx(z2 + x) =ab— 3c 

Ty: xy(x? + y*) + yz(y? + 27) + 2x(2? + x”) = a*b — 2b* — ac 

Tig: xy(x3 + y>) + yz(y? +. 23) + zx(z3 + x3) = a3b — 3ab* — ac + 5b 
Tyg: x? y?(x + y) + y?z2(y +2) + 27x72 (2 +x) = ab* — 2a*c — be 

ha: VYVatyt+yV3Qn4+a4+2x3(¢ +x) = ab) — 3a2be + Sac? — b*c 
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Is: (x7 y + y?z + 27x) (xy? + ye? + 2x7) = 9c* + (a3 — 6ab)c + BF 
Tho: (x3y + y2z + ex)(xy? + yz? + zx3) = 7a2c? + (a? — 5a3b +. ab*)c + b*. 


Exercise 16.1 Let a, b, c > 0 be real numbers. Prove the inequality 


abc eo ee 
a+b4+c 37 a+bh>4+c?° 


Solution The given inequality is equivalent to the following one 
F =abc(a? +b? +c?) + (a tb +\(a* +57 +c’) 
_ (a3 +b? +03)(ab + be + ca) > 0. 
The polynomial F is of third degree so it will achieves it’s minimum when 
(a—b)(b—c)(c—a)=0 orabc=0. 


If (a — b)(b — c)(c — a) = 0, then without loss of generality we may assume that 
a=c and the given inequality becomes 


a*b 2_ a?+2ab 4 1 2a+b 
fe (a—b) = 
2a3 +b? 3.7 2a? + b? 2a2+b2 3(2a3 + b3) 


~ (a—b)*(a+b)=0, 
which is obvious. 


If abc = 0 then without loss of generality we may assume that c = 0 and the 
given inequality becomes 


ab 


Zap ® a +b +3(a—b) >0, 
a 


2 

= 

3= 
which is true. And we are done. 


Exercise 16.2 Let a, b, c > 0 be real numbers. Prove the inequality 


e+r+c LL a+b2+c2\? 
4abc 4~\ab+be+ca) ° 


Solution Observe that by applying the previous identities the given inequality can 
be rewritten as a seventh-degree symmetric polynomial with variables a, b,c, but 
it’s only a first-degree polynomial with variable abc. 

Therefore by Consequence 16.1, we need to consider only the following two 
cases. 
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First case: If (a — b)(b — c)(c — a) = 0, then without lose of generality we may 
assume that a = c and the given inequality becomes 


2a? +b? 1 2a? + b?\? 2a3 + BS a. 2a? + b?\? 
4a2b 4 ~ \a2+2ab 4a2b 47 \a2+2ab 
(a — b)?(2a +b) , @- b)* (3a? + b* + 2ab) 
4a2b = (a2 + 2ab)? 


& (a—b)*((2b—a)* +.a*) = 0, 


which is obvious. 
Second case: If abc = 0 then the given inequality is trivially correct. 


Exercise 16.3 Let a, b, c > 0 be real numbers. Prove the inequality 


1 1 1 9 
(ab + be + ca)( + + ) 


SS) 
(a+b)? (b+c)? (c+a)*J~ 4 
Solution We can rewrite the given inequality in the following form 


f(a+b+c,ab+bce+ca, abc) 
=99((a+b)(b+c)(e+a)) 
—4(ab + be + ca)((a +b)? (b +0)? + (b4+.0)° (c +a)? + (c +a)? (a + b)’) 


=k(abc)* + mabe +n, 


where k > 0 and k,m,n are quantities containing constants or a+ b+c,ab+ 
bc + ca, abc, which we also consider as constants, i.e. in the form as a sixth-degree 
symmetric polynomial with variables a,b, c and a second-degree polynomial with 
variable abc and positive coefficients. 

Let us explain this: 

The expression (a + b)(b+ c)(c +a) has the form kabc + m so it follows that 
9((a +b)(b +.c)(c +.a))” has the form k?(abc)? + mabe +n. 

Furthermore 


A(ab + bc +ca)((a + b)*(b +c)? + (b+)? (c +a)? + (c +a)? (a + b)*) =4kA, 


where k = ab+ bc + ca, and A is a fourth-degree polynomial and also has the form 
kabc+m. 

Therefore the expression of the left side of f(a +b+c,ab+bce+ ca, abc) has 
the form k(abc)* + mabe +n. 

Then the function achieves it’s minimum value when (a — b)(b—c)(c —a) =0 
or when abc = 0. 
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If (a — b)(b— c)(c — a) = 0, then without loss of generality we may assume that 
a =c, and the given inequality is equivalent to 


Roa 
4a2' (a+b) — 4 


is, Dal 2a+b 1 )z0 
2a(a+b)? (a+b)? ) — 


& b(a—b)>0, 


as required. 
If abc = 0, we may assume that c = 0 and the given inequality becomes 


ae ee ee i = ; >0 
a a 
(a+b) at b?)7— 4 ab 4(a+b)2) — 


<> (a—b)*(4a7 + 4b? + Tab) > 0, 


and the problem is solved. 


Exercise 16.4 Let a,b,c > 0 be real numbers such that a2 + b? +c? = 1. Prove the 
inequality 
a b Cc 


+ + > 3. 
a+tbe bb+ca ci+ab— 


Solution If we transform the given inequality as a symmetric polynomial we ob- 
tain a ninth-degree polynomial with variables a, b, c, and a third-degree polynomial 
with variable abc. But, as we know, this case is not in the previously mentioned 
consequences, so the problem cannot be solved with ABC (for now). 

Therefore we’ll make some algebraic transformations. 

If we take 


then clearly xy + yz+ zx =a? +b* +c* = 1, and the given inequality becomes 


1 1 1 
+ + = 3, (16.1) 
XY+Z YZTX Wty 


If we transform the inequality (16.1) we’ll get a second-degree polynomial with 
variable xyz, with a non-negative coefficient in front of (xyz). 


So we need to consider just the following cases: 
If x =z then inequality (16.1) becomes 


2 > 3. 
xytx x2? +y7 
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Since 2xy + x? = 1 it follows that y = Ls , and after using these, the previous 
inequality easily follows. 
If z = 0 then inequality (16.1) becomes 


1 1 1 . 
—+-4-2>3, withxy=1. 
xy x y 


We have a + t + 5 >1+ a = 3, as required. 
Exercise 16.5 Let a, b, c be positive real numbers such that ab+ be+ca+abc = 4. 
Prove the inequality 


1 1 1 
-~+7-+-2zat+b+tce. 
a b ce 


Solution Since ab + bc + ca + abc = 4 there exist real numbers x, y, z such that 


2x 2y _  2z 


= ’ al ’ c= ’ 
yz Z+Xx x+y 


a 


and the given inequality becomes 


x+ Z+x ag x Zz 
re ae =4( ieee ) (16.2) 
Z y x yr zZt+x x+y 


Inequality (16.2) is homogenous, so we may assume that x + y+z=l1,xy+yz+ 
ZX =U, xXYZ=v. 

After some algebraic transformations we find that inequality (16.2) can be rewrit- 
ten as follows 


9v7+4(1—u)v—v? >0. 


So, according to the ABC theorem, we need to consider just two cases: 

If z = 0 then inequality (16.2) is trivially correct. 

If y = z= 1 (we can do this because of the homogenous property) inequality 
(16.2) becomes 


Xx 


2 


2 2 
ee ape. >4( + ) ie DH SO: 
x x+1 


which is obvious. 


Chapter 17 
Sum of Squares (SOS Method) 


One of the basic procedures for proving inequalities is to rewrite them as a sum of 
squares (SOS) and then, according to the most elementary property that the square 
of a real number is non-negative, to prove a certain inequality. This property is the 
basis of the SOS method. 
The advantage of the method of squares is that it requires knowledge only of 
basic inequalities, which we met earlier, and basic skills in elementary operations. 
Let’s start with one well-known inequality. 


Example 17.1 Let a, b,c > 0. Prove the inequality 


ge ae vg > 3abc. 


Solution We have 


a+b+c 


5 ((a — b)*2 + (b—c)2 + (c—a)*) > 0, 


a+bh+c—3abe= 
which is obviously true. 


The whole idea is to rewrite the given inequality in the form 
Sa(b —c)? + S,(a—c)? + S-(a — b)’, 


where Sz, S,, Sc are functions of a, b,c. 

We must mention that this method works well for proving symmetrical inequali- 
ties where we can assume that a > b > c, while if we work with cyclic inequalities 
we need to consider the additional case c > b >a. 

We will discuss symmetrical inequalities with three variables, and for that pur- 
pose firstly we’ll give three properties that we will use for the proof of the main 
theorem. 


Proposition 17.1 Let a,b,c € R. Then (a —c)* < 2(a — b)? +2(b —c)?. 
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Proof We have 
(a—c)’ <2(a— by +2(b-c)? 
& a —2act+c <2(a* —2ab4+ b*) + 2(b* — 2be +c’) 
& a? +4b> +c? —4ab—4be + 2ac >0 


& (atc—2b)>0, 


which clearly holds. 
Proposition 17.2 Let a > b> c. Then (a—c)* > (a —b)* + (b—c). 


Proof We have 
(Gc Seb + O68)" 
& a’ —2ac+c? > (a? —2ab + b*) + (b? — 2be + c”) 
S b* +ac—ab—bc <0 
@ (b—aj(b-c) <0, 


which is true sincea > b>c. 


Proposition 17.3 Let a > b > c. Then F< > §. 


Proof We have 


& b(a-c)>a(b-—c) & ac>be S&S azb. 


a 
b-—c” b 


Theorem 17.1 (SOS method) Consider the expression S = Sqa(b — c)? + 
Sp(a — c)? + Sc(a — b)?, where Sq, Sp, Sc are functions of a, b,c. 


1° If Sa, Sp, Se = 0 then S > 0. 

2° Ifa=>b>cora<b<cand Sp, Sp + Sa, Sp + Sc = 0 then S$ = 0. 

3° Ifa>b>cora<b<cand Sq, Sc, Sa + 2Sp, Se + 2Sp = 0 then S => 0. 

4° Ifa>b>cand Sp, Sc, a*Sp +b? Sq > 0 then S > 0. 

5° If Sa + Sp = 0 or Sp + Se = 0 or Se + Sa = O (Sa + Sp + Se = 0) and 
Sa Sp + SpSe + ScSq = 0 then S > 0. 


Proof 1° If Sa, Sp, Sc = 0 then clearly S$ > 0. 
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2° Let us assume that a > b> c and Sp, Sp + Sg, Sp + So > 0. 
By Proposition 17.2, it follows that (a — c)? > (a — b)? + (b — cc)’, so we have 


S = Sa(b —c)? + Sy(a —c)* + S-(a — by? 
> Sa(b —c)* + S,((a — bY + (b—c)) + Sea — bY’ 
= (b—c)*(Sq + Sp) + (a — bY (Sp + Sc). 


Now since Sz, + Sq, Sp + Sc = 0 it follows that S > 0. 
3° Leta > b>c and Sq, Sc, Sa + 2Sp, Se + 2Sp = 0. 
Then if S, > O clearly S > 0. 
Suppose that S, < 0. 
By Proposition 17.1, we have that (a — c)? <2(a— b)? +2(b—c)*. 
Therefore 


S = S,(b —c)? + Sp(a—c)? + S,(a — b)* 
> Sa(b — c)” + Sp(2(a — b)* + 2(b — c)”) + Se(a — bY? 
= (b —c)? (Sq + 28p) + (a — b)? (Se + 255), 
and since Sz + 2Sp,, Sc + 25S, > 0 it follows that S$ > 0. 
4° Let a> b>c and suppose that Sp, Sc, a7 Sp +b7Sq > 0. 


a-~C a 


By Proposition 17.3, it follows that 7—- > 5 
Therefore 


S=S,(b—c)? + S,(a—c) + S-(a — b)* > Sy(b — cc)? + S,(a —c)” 


2 2 
= o-0F(5 +5,(2=*) ) > o-o7(s+5,(2) ) 
b-c b 


b*Sq +.a’Sp 
=(b o/ “a ) 


since a?S;, + b?S, > 0 we obtain S > 0. 
5° Assume that S, + S. > 0. 
We have 


S=S,—cy +Sle— 0) + Sxa— bY 
= Sy(b — c)* + Sp((c — b) + (b—a))’ + Sela — bY 
= (Sp + Sc)(a — b)* + 28,(c — b)(b — a) + (Sa + Sp)(b — c)” 


Sp 


me SaSp + SpSe + ScSa 
Sb oa Se 


2 
2 
(c ») + G4 Ss. (c—b) 


= (55+ 5.)(6 a 


> 0. 
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The main difficulty with using the S.O.S. method is the transformation of the 
given inequality into mentioned (S.O.S.) form. 

Every difference  oye%1 %q**+Xn" — Dorey Xp x2" where a1 + a + 
+++ +, = 6, + Bo +--- +B, can be written in S.O.S. form, so almost all sym- 
metrical or permutation homogeneous inequalities can be written in $.O.S. form. 
In fact there is a huge class of algebraic expressions which can be written in S.O.S 
form (the algorithm which helps to transform algebraic expressions into $.O.S. form 
is explicitly explained for example in [27]). 

Here we will introduce the reader to the simplest and most often used forms 
which are as follows: 


o 2 2 2 _ (a—b)?+(b—c)?+(c—a)? 
1° at +be+c* —ab—bce-—ca= im : ; 
2° a +B3 +3 —3abe = (a+b +c). (CO te ore a) 


o 2 2 2 2 2 2 _ (a—by>+(b—c)? +(c—a)? 
3° atb+bec+ cca —ab* — be* — ca* = i c ; ; 
o 3 3 3 2 2 2 (2a+b)(a—b)*+(2b+c)(b=c)*+(2c+a) (c—a) 
4° a t+bt+ec—ab—bc—ca= 3 eve" 


34 (e—h)3 _ 3 
5° @bt+b3c+ca—ab3 — be} — ca =(atb+c)(Serte mul a=) 
0 44 p44 4 2p? 22 22 (at b)* (ab)? + (b+)? (b=c)? + (eta)? (e~a)? 
6° at t+b° +c —atb* —b*c* — cae = 7) 


Exercise 17.1 Let x, y, z € R such that xyz > 1. Prove the inequality 


ee! y>— y? fa? 


> 0. 
Pyro Prete D4+x2+4 y? ~ 


Solution We'll homogenize as follows 


x — x? x° —x?-xyz x* — x? yz 


> = 
wot yt +22 ~ x8 4+xyz(y2 +27) x44 yz(y? +27) 


9429) 
x4 — x2(2 ae ) _ 9¢° — Py? 42°) 


> = : 
ead 4 4 (B42 Nee ny 2) 2x4 + (y? + 22)2 


Similarly we get 


x -_ y? . 2y4 = y?(z7 + x?) bad a _ 2 re 274 _ 22 (x? a y?) 
ae 2yret ay 2+x24+ y2 ~ 2244+ (2 4+ y?)? | 


So it suffices to show that 


ae ee). Bere axe) 2 =. e+e) ut 


0. 17.1 
2x4 + (y? + 22)2 2y4 + (z2 + x7) 224 + (x2 + y2)2 = ( ) 
Let x* =a, y* =b, z* =c. Then inequality (17.1) becomes 
2a*—a(b+c) 2b%—b(c+a)  2c*—c(a+b) = (17.2) 


2a7+(b+c)?  2b?+(c+a)? 9 2c? +(a +b)? ~ 
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After some algebraic operations we can rewrite inequality (17.2) as follows 
2 a*+a(b+c)+b* —be+c? 
(2b? + (c +.a)*)(2c? + (a + b)*) 
b? + b(a+c) +c? —ca+a? 
(2a? + (b +.c)*)(2c? + (a+ b)*) 
e+clatb)+a*—ab4+b? me 
(2a? + (b+ c)?)(2b? + (c+.a)*) ~ 


(b—c) 


+ (c¢—a)* 


+(a—b)* 


which is true due to the obvious inequality: if x, y € R then x? —xy + y? >0. 


Exercise 17.2 Let a, b, c be positive real numbers. Prove the inequality 


at+h+c 8abc ae 
ab+be+ca (a+b)(b+c)\(c+a)~ — 


(17.3) 


Solution Observe that 


1 
a+b? +c? —(ab+be+ca) = 5((a@—b) + 6-0) + ©-a)’) 
and 


(a+b)(b+c)(c +a) — 8abc = a(b — c)* + b(c — a)? +c(a — by’. 
Inequality (17.3) becomes 
at+h+c? . 8abc 
ab+bc+ca ~ (a+b)(b+c)(c +a) 
a2 +b? +c? — (ab + be +ca) 7 (a+ b)(b+c)(c +a) — 8abc 
ab+bc+ca “= (a+b)(b+c)(c+a) 
(a —b)? + (b—c)? + (c—a)* _, 2alb- c)? + 2b(c — a)? + 2c(a — b)? 
ab+bc+ca i (a+b)(b+c)(c+a) 


2(a+tbbtco\cta) 
7 o/ ab+bc+ca 24) 


a7 op (Capen? 2») 
ab+bc+ca 


oo pp (Capers 2c) 20. 
ab+bce+ca 


Let 


= (a+b)(b+c)(c+a) a ee 


Ss. ; 
. ab+bce+ca ab+bc+ca 
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b)(b b 
ae es )(b + c)(c +a) are ae abc 
ab+bc+ca ab+bc+ca 
(a+b)(b+c)(c+a) abc 
. ab+bc+ca eae ab+bc+ca 


Since inequality (17.3) is symmetric, we may assume that a > b> c. 
Then clearly 


Sp, Se 20, ie. Sp+S.>0. 


According to 2° from Theorem 17.1, it suffices to show that Sp + Sq > 0. 
We have 


b 2c? b 
Gee itp OE ag 
ab+bec+ca ab+bc+ca 


as required. 
Exercise 17.3 Let a, b, c be positive real numbers such that ab+ bc+ ac = 1. Prove 
the inequality 


1+a7b? 1+ b2c? lp 1+c?a? 3 
(a+b)? (b+c)? (c+a*?7~ 2 


Solution The given inequality is equivalent to 


3 (ab + be +ac)? +a*b* 
(a +b)? 


5 
> 5 (ab + be + ac) 


cyc 


2ab(ab + b b 7 
25 = Gm oe OO Ship eis 


cyc 


& depageecd( ea 
aor OE" ON a+b | (b+02 (+a? 


+2(a? +b? + c*) > 5(ab + be +.ac) 


4ab Mn 4bc i 4ca ) 
(a+b)? (b+)? (c+a)? 


cs (ab + be-+ ea( 


+2(a? +b* +c? —ab—bce—ca)>0 


(a—b)? (b-c) (c- *-) 
(a+b)? (b+c)? (c+a)* 


+ ((a—b)? + (b—c)? + (c—a)*) =0 


> ~(ab-+ be +ca)( 
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& (: we octet) Q=H7% (1 we ee “Nip 
+ (: oe Nic a) >0. 
Let 
eee “ — ee es Bee 
S.=1- “ a 


cy 
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Without loss of generality we may assume that a > b > c, and then clearly S, < 


Sp < Se. 
We have 
ab+be+ca a*+(a+b)(b—c) 


ee = 0, 
‘ (a+ by G@tbe 


and it follows that S, > S,. > 0. 
Also we have 


a’ Sp + b°Sq - Z a) (1 2 a) 


(c+a)? (b+c)? 
De + (c+a)(a—b) po tbotob-a) 
(c +a)? (b+ c)? 


3 ae b? ‘ az b? 
= Gir” Glee 7 ) cta bt+e 


2 2 
_ 2 a b , ab+be+ca 
. ( ) +e Lae 


(c +a)? ~ (b+)? 


and according to 4° from Theorem 17.1 we are done. 
Equality occurs iffa=b=c= wc 


) 


Chapter 18 
Strong Mixing Variables Method 
(SMV Theorem) 


This method is very useful in proving symmetric inequalities with more than two 
variables. The SMV method (strong mixing variables method) is a simple and con- 
cise method that “works” in proving inequalities that have either a too complicated 
or a too long proof. In order to better describe the given method, first we will give 
a lemma (without proof) and then we will introduce the reader to the SMV theorem 
and its applications through exercises. We should point out that this theorem is part 
of a more comprehensive method, the Mixing Variable method (MV method), which 
can be found in [27]. 


Lemma 18.1 Let (x1, x2,...,Xn) be an arbitrary real sequence. 
1° Choose i,j € {1,2,...,n}, such that x; = min{x1,x2,...,Xn},xj = 
max{x],X2,...,Xn}. 


2° Replace x; and x; by it’s average andl (their orders don’t change). 
After infinitely many of the above transformations, each number x;,i = 
1,2,...,n, tends to the same limit x = ahaa tn 


Theorem 18.1 (SMV theorem) Let F : J C R” > R be a symmetric, con- 
tinuous, function satisfying F(a,,a2,...,dn) = F (bi, b2,...,bn), where 
the sequence (bj, b2,...,b,) is a sequence obtained from the sequence 
(a, a2,...,a,) by some predefined transformation (a A-transformation). 


Then we have F(x, x2,...,Xn) > F(x, x,...,x), withx = ahaa tn 


Lets us note that the transformation A can be different, i.e. A can be defined ac- 


24 p2 
cording to the current problem; for example it can be defined as ate ab, ce , 
etc. 
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Exercise 18.1 Let a, b, c > 0 be real numbers. Prove the inequality 


a 4. b En ¢ 3 
b+ce cta a+b” 2 


b € 


Solution Let f(a,b,c)= 55 + ag + ae: 
We have 
a+b a+b 
,b, , , 
f(a, b,c) sf 5 5 ) 
_ a di b 4 Cc a+b A a+b a Cc 
phe ela a+b a+b+2c a+tb+2c a+b 
_ a b 2(a+b) — a?+ca?+cb* +b? — 2abe — ab” — a*b 
~b+e cta atb+2c_ (b+c)(a+c)\(a+b+4 2c) 
(18.1) 


Since AM > GM we obtain 
3 3 
+ ca? +cb* > a*b + ab? +2abc. (18.2) 


at+ca*t+ch?+p= 


From (18.1) and (18.2) it follows that 


b b 
Ca) (5 _ 1c) 20, 
i.e. 
b b 
flabo> t(S _ vc). 


Therefore by the SMV theorem it suffices to prove that f(t, t,c) > 3. 
We have 
t t c_ 3 0) 


3 
t,t,c)>x > 2(t — 
EEO ES St Fae fag yng AKO 


which is obviously true. 
Equality occurs if and only ifa=b=c. 


Exercise 18.2 (Turkevicius inequality) Let a, b, c,d be non-negative real numbers. 
Prove the inequality 


a+ bt4+cttd*42abed> a2? 4+ BC+ C8 4+ 0a +07? +b’. 


Solution Without loss of generality we may assume that a > b>c>d. 
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Let us denote 
f(a,b,c,d) =a +04 4+.c4 4 d* + 2abed — a?b* — bc? — cd? 
abe =e Cs bea 
=at+b+4+ct++d* + 2abced — a*c* — bd? — (a* +.c*)(b? +d’). 
We have 
f (a,b, c,d) — f (Jac, b, Sac, d) 
=at+bt4+c44d* 4 2abed — a’? — bd? — (a? +.) (b? +d’) 
—(c + bt +407? +.d* + abcd — a*c* — bd? — 2ac(b* + d?)) 
Stet 097 EV ee a) 
=@-c)-@+a@)(a-c)? =(@-o' (atc - & +4’) =0. 
Thus 
f(a, b,c, d) = f(Jac, b, Jac, d). 


By the SMV theorem we only need to prove that f (a, b,c, d) => 0, in the case when 
az b = C= t > d. 
We have 


f(t.t,t.d)>0 & 3t44d44+2Pd>3tt4+3rd? = d*+2rd> 317d’, 


which immediately follows from AM > GM. 
Equality occurs iff a =b=c=d ora=b=c,d =O (up to permutation). 


Exercise 18.3 Let a,b, c,d be non-negative real numbers such that a+b+c+ 
d= 4. Prove the inequality 


(14+ 3a) 4+3b)(1 + 3c) + 3d) < 1254 13labcd. 
Solution Let us denote 
f(a, b,c,d) = (1+ 3a) + 3b) + 3c). + 3d) — 131abed. 


Without loss of generality we may assume thata >b>c>d. 


We have 
f(a,b, c,d) (Feo, Sa) 
2 2 
=9(1 + 36)(1 +30) (ae — re ) = 13t0a(ac- a ) 
(a—c)* 


er (131bd — 9(14+ 3b)(1 + 3d)). (18.3) 
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Note that 


1 
b+d< satb+et+d)=2, 
and clearly 


2 
pg < OTM _ 


therefore 


131bd — 9(1 + 3b)(1 + 3d) 


= 131bd —9—27(b+ d) — 81bd 


A 
= 50bd — 27(b +d) —9 = 50bd — 27(b + d) —9 


G 
=" 50bd — 54 bd 
(18.4) 
< 50bd — 54bd = —4bd <0. 


By (18.3) and the last inequality we deduce that 


2 2 


f(a,b,c,d) (Fo, ea) <0, 


fla,b,e,d) < f(42£,o, * a). 
2 2 
According to the SMV theorem it follows that it’s enough to prove that 
f(a, b,c, d) < 125, 


whena=b=c=t>d,i.e. 


f@,t,t,d)<125, when3t+d=4. 
Clearly 3t < 4. 


We have 


FG hha) = 125 


& (143114 34 — 3t)) — 13117 (4 — 30) < 125 
&  150r4 — 41613 + 2701? + 1084 — 112 <0 
& (t—1)?t—4)(50r + 28) <0, which is true. 


Equality occurs iffa =b=c=d=1ora=b=c= 3 d =0 (up to permutation). 
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Exercise 18.4 Let a,b,c,d be non-negative real numbers such that a+b+c+ 
d =4. Prove the inequality 


16+ 2abcd > 3(ab+ac+ad+bc+bd+cd). 


Solution Without loss of generality we may assume thata > b>c>d. 
Let us denote 


f(a, b,c,d) =3(ab+ac+ad+bc+bd-+ cd) —2abcd. 


We have 
(So Sa) f@,b.ed) 


at+c at+c a+c at+c at+c 
=3(( V4 (S ) +( )a+( \5+ ba +( *),) 
a) 
2bd 5 (3(ab +ac+ad+bc+bd-+cd) —2abcd) 
2 2 
=3((“5*) ac) 2na( (“S*) -ac) 
a-e\- 
-(5 ) @-26a (18.5) 


Also 2V/ bd <b+d< 5(a +b-+c+d)=2, from which it follows that bd < 1. 
By (18.5) and the last conclusion we get 


2 
(Feo, <a) f(a,b,c,d)= (=) (3 — 2bd) 


2 2 
a—c\? 
> ( 5 ) @-a20, 


i.e. it follows that 


it ay een a) > f(a,b, c,d). 
2 2 
By the SMV theorem it follows that we only need to prove the inequality 
f(a, b,c, d) < 16, in the case when a = b=c =t > d, i.e. we need to prove that 
f(t, t,t, d) < 16, when 3t +d =4. 
Clearly 3t < 4. 
Thus we have 


f(t,t,t,d) < 16 
& 9(t7 + dt) — 20d -—16<0 
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& 917+ 91(4 — 3t) — 27°(4— 3t) — 16 <0 


& 2(3f—4)(t—1)?(t+2) <0, which is true. 


Equality occurs if and only ifa=b=c=d=1 ora=b=c=4/3,d=0 (up to 
permutation). 


Exercise 18.5 Let a,b,c,d be non-negative real numbers such that a +b+c+ 
d = 1. Prove the inequality 


1 176 
bc + bcd + cd dab < — + — : 
abe + bed + caa + dab = 5 + —_-abed 


Solution Without loss of generality we may assume that a <b<c<d. 
Let f (a,b, c,d) = abe + bed + cda + dab — 4Pabcd ic. 


176 
f(a, b,c, d) =ac(b+d) +bd(ate- ae): 
Since a <b <c<d we have 


1 1 
a+c< Bere era) >; 


from which it follows that 


>8> : (18.6) 


We have 


Feat cody f(a, 7% “s*) 


iC, 
2 2 
2 
b+d\* 176 
—ac(b+d)— (=) (a+e- se) 
176 \ (ng (244 ; 
a+c— Ties oe (eee 


176 \ (b—d)* (18.6) 
< i 
(« +c 4 ac) Z < 0 


176 
= ac(b-+d) + bd( a +c- spac) 


Therefore 


Flared) = f(a? “*"). 


iC, 
2 2 
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By the SMV theorem we have 


b+c+d 


f(a,b,c,d) < f(a,t,t,t), whent= 3 


Now we need to prove only the inequality 
tT pees itha+3r=1 
a,t,l, = Ae wi a =1. 
27 


Let us note that 3t <a+3t=1. 
The inequality f(a,t,t,t) < 4 is equivalent to 
1 176 
2 43 3 
ti +t? <—+——at. 18.7 
oa eS oa ge (18.7) 
After putting a = 1 — 3t by (18.7) we get (1 — 37) (4t — 1)2(11t + 1) > 0, which is 
obviously true (since 3t < 1), and the problem is solved. 
Equality occurs if and only ifa=b=c=d=1/40ra=b=c=1/3,d=0 
(up to permutation). 


Chapter 19 
Method of Lagrange Multipliers 


This method is intended for conditional inequalities. It requires elementary skills 
of differential calculus but it is very easy to apply. We’ll give the main theorem, 
without proof, and we’ll introduce some exercises to see how this method works. 


Theorem 19.1 (Lagrange multipliers theorem) Let f (x1, x2,...,%m) be a 
continuous and differentiable function on I CR", and let gj(x1,x2,..-,Xm) 
=0,1=1,2,...,k, where (k < m) are the conditions that must be satisfied. 
Then the maximum or minimum values of f with the conditions gj(x1,x2,..-, 
Xm) = 0,i = 1,2,...,k, occur at the bounds of the interval I or occur 
at the points at which the partial derivatives (according to the variables 
X1,%X2,...,Xm) of the function L= f — ee Ai gi, are all zero. 


Exercise 19.1 Let x), x2, ...,X, be positive real numbers such that x; + .x2-+-+--+ 
Xy, = a. Find the maximal value of the expression A = 2/%1x2---Xp. 


Solution Let g =x, +x2+---+X, —a. Then Lagrange’s function is 


F=A—)g = 2x1 x2-++ Xn — A(X] Hx +++ +X — 2). 
For the first partial derivatives we have 


n 
py _ YX1XI Xn 
oe ea 


x] 


po YX1XI Xn 
Es — i, 


x2 


of XD Ry 
ee _y 
n 


Xn x 
from which easily we deduce that we must have xj = x2 =--- =X, = ae 
Hence max A = 4, i.e. 2/X]X2---Xy < 2+ which is the well-known in- 
equality AM > GM. 
Z. Cvetkovski, Inequalities, 177 


DOI 10.1007/978-3-642-23792-8_19, © Springer-Verlag Berlin Heidelberg 2012 


178 19 Method of Lagrange Multipliers 
Exercise 19.2 Let a,b,c € R* such that a+ b +c = 1. Prove the inequality 

T(ab + bc + ca) < Yabc +2. 
Solution Let 


f(a, b,c) =7(ab + be + ca) — Yabec — 2, g(a,b,c)=a+b+c-l 


and 
L= f —ig=T(ab + be + ca) — 9abe —2—X(a+b+c-—1). 
We have 
OL 
ag ne => ‘A=7(b+c) —9Y9bc, 
a 
OL 
te eal => t=7(c+a)—9a, 
OL 
ae ee => A=T7(a+b) —Y9ab. 
Cc 
So 


7(b+c)—-9bec=K=T(c+a)—9ca | (b—a)\(7—9c) =0. (19.1) 
In the same way we obtain 
(c — b)(7 — 9a) = 0 (19.2) 
and 


(a —c)(7 — 9b) = 0. (19.3) 


Let us consider the identity (19.1). 
Ifa =b thenif b=c we geta=b=c=1/3, and then 
21 9 


f(a, b,c) =7(ab + be + ca) — Yabc = 7 2=0. 


If a =b and b £c then by (19.2) we must have a = 3 =b and thena+b= > 1, 
a contradiction, sincea+b<a+b+c=1l. 

If 7 — 9c = 0 then we can’t have 7 — 9a = 0 or 7 — 9b = 0 for the same reasons 
as before, so according to (19.2) and (19.3) we must have b =c and a =c, ie. 
a=b=c=7/9, which is impossible. 

Therefore min L = 0, i.e. 7(ab + bce + ca) < Yabc + 2. 


Exercise 19.3 Let a, b,c € R such that a2 + b? + c? + abc = 4. Find the minimal 
value of the expressiona+b+c. 
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Solution Let 


f(a,b,c)=atb+tc, g(a,b,c) =a’? +b? +c? +abe—4 


and 
L=f-ag=atbt+c-A@4tbh? +c? +abe—4). 

We have 

oP xr Aboe=O0 |S AZ= : 

da . = ~ Qa+be’ 

a Ab-—rac=0 > Az= 

ab oe ~ Ob ae’ 

a 1-2 Aab=0 => ik 

eee, ee = a . 

dc 2 2c + ab 
So 

1 1 
S (a-—b)\2-c)=0. (19.4) 


2a+be 2b+ac 


In the same way we obtain 

(b—c)(2—a)=0 (19.5) 
and 

(c —a)(2—b)=0. (19.6) 


If a = b = 2 then since a2 + b* +c? + abc =4 we get c = —2, and therefore 
a+b+c=2. 
Ifa =b=c #2 then from the given condition we deduce that 


3a +a=4 8S (a—-l1)(at+2)’=0, 


and thereforea = b=c=lora=b=c=~—?,1e.a+b+c=3ora+b+c=-—6. 
Thus minfa+b+c}=-—6. 


Exercise 19.4 Let a, b,c,d € R™ such thata +b+c+d=1. Prove the inequality 


1 176 
bce+b b< —+ —abcd. 
abc+bcd+cda+da Sata cd 


Solution Let f =abc + bed + cda + dab — abcd. 
We'll prove that 


180 
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Define g =a+b+c-+d-—1 and 


176 
Ei migh PRR alos BOG ACA stone os ued iden DRO hy 


For the first partial derivatives we have 


Therefore 


176 17 
fe De Od a0", ved ae ed da 


=ab+bd+d ne bd =bc+ac+ab ne b 
=a a— 7, abd =be+ac+a ay abe: 


Since 


be+cd+db aS d=ac+cd+d ae d 
Cc C 77 ca =ac Ci a 97 7° > 


we deduce that 


Similarly we get 


By solving these equations we must have a = b =c=d,andsincea+b+c+d=1 


pita ipe p90 
ta yee are 


OL 176 
— =ac+cd+da— —acd—i=0, 


27 


LE ey ee mee ae er 
je ee Sa = 


=be+ Cdyn Oy A=0 
ry mae ac+a By ae =0. 


(b—a) 


aS 


+d ie =0 
Cc 77 =U. 


176 
(a-a(ero- 2 b)=0, 
(c-a(a+0~ ab) =0 
27 


it follows thata =b=c=d=1/4. 
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Then 
fC/4, 1/4, 1/4, 1/4) = 1/27, 
and we are done. 
Exercise 19.5 Let a,b,c € R be real numbers such that a+ b+ c > 0. Prove the 


inequality 


Gib he =< (a* a ee roa lad + 3abc. 
Solution If we define 


a b Cc 


Vat 9 aeRO Va 
then the given inequality becomes 

P+y47 < (x2 + y? +77)? 43xyz, withx*t+y?+2=1. 
So it suffices to prove that 

at+h+e<@ +b? +c?) +3abc, with condition a? +b? +c? =1, 
Le. 
a+b+c<1+3abe, witha? +b? +c?=1. 

Let us define 


f=a+b?+c —3abe, g=a+h?+c-1 


and 
L=f-idg=a+b?+c -3abe—Xa@? +b? +c? - 1). 
We obtain 
ip 
g = 3a* — 3bc — 2a =0, 
da 
aL 
ap = oe 3ac — 24b =0, 
aL 
= 3c? — 3ab — 2ac =0 
dc 
1.e. 
, — 3a = be) _ 3(b* — ac) _ 3(c* — ab) 
Dig ay) I 
Thus 


3(a?— be) _ 3(b* —ac) 
ee: 


& (a—b)(ab+bc+ca) =0. 
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Similarly we deduce 
(b—c)(ab+be+ca)=0 and (c—a)(ab+bc+ca)=0. 


By solving these equations we deduce that we must have a= b=c orab+bce+ 
ca=0. 

Ifa=b=c then f(a,a,a)=0< 1. 

If ab + be + ca =0 then 


(atb+cyY =a +b? +c +2(ab+be+ca) =1, 


and sincea +b+c>0weobtaina+b+c=1. 
Therefore 


flabc =a +b +0 —3abe = (atb+c)(a* +b? +c? —ab— be —ca) = 1, 


and the problem is solved. 


Chapter 20 
Problems 


1 Let n be a positive integer. Prove that 
1 1 : 
1 + 5a a + 35 32 a cae +z <2. 
2 Let ay =1t5tytet 1. Prove that for any n € N we have 


1 1 1 1 
7a as Pa) aa =) te+-+— <2. 
ay 2a 343 naz 

3 Let x, y, z be real numbers. Prove the inequality 


xt yt +24 > 4xyz—1. 


4 Prove that for any real number x, the following inequality holds 


2002 = 1999 +4 1996 _ 1995 +1>0. 


5 Let x, y be real numbers. Prove the inequality 
3 4+ 197 +15 3x9, 
6 Let a, b, c be positive real numbers such that a + b+ c > abc. Prove that at least 
two of the following inequalities 
2 3 6 2 3 6 2 3 6 
-~-+-=+-=26, -~+-+-=26, co +—-=6 
a boc bc oa b 
are true. 


7 Leta,b,c,x,y,z> 0. Prove the inequality 


ax by CZ (a+b+c)(x+y+z) 
+ =F = : 
a+x b+y c+z~ at+tb+c+x+ytz 


Z. Cvetkovski, Inequalities, 183 
DOI 10.1007/978-3-642-23792-8_20, © Springer-Verlag Berlin Heidelberg 2012 
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8 Let a,b,c € R™. Prove the inequality 


28S gg AO oh, OE Seal. ne 
at+tbe b?+ac c2+ab7~ be ac ab 


9 Let a,b,c,x, y,z<€R* such thata+x=b+y=c+z=1. Prove the inequal- 
ity 


1 1 1 
(abc + wa(S+ —+ x) > 3. 
ay bz cx 
10 Let a), a2,...,a, be positive real numbers and let bj, b2,..., by, be their per- 
mutation. Prove the inequality 
a a a 
Be pre +P eatat “+a. 
11 Let x € R™. Find the minimum value of the expression a 
12 Let a,b,c €R* such that abc = 1. Prove the inequality 
a b c 3 


+ is 2 
(a+)O64+) (64+)D(e+) (+Da+)° 4 
13 Let x, y > 0 be real numbers such that y(y + 1) < (x + 1). Prove the inequal- 
ity 
yy sx’. 
14 Let x, y € R™ such that x7 + y? < x — y. Prove that 
xe y? <1. 
15 Let a, b,x, y € R such that ay — bx = 1. Prove that 


a+b +x? + y? +ax+ by > V3. 


16 Let a,b,c,d be non-negative real numbers such that ae+bh4+c4+d2=1. 
Prove the inequality 


(-—a)—b)0 —c)U —d) = abcd. 


17 Let x, y be non-negative real numbers. Prove the inequality 


A(x? + y?) > (x2 + y*)Q03 + y3yQx* + y’). 
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18 Let x,y,z €R* such that xyz = 1 and + + 5 + i >x-+y-+z. Prove that for 
any natural number n the inequality 


1 1 1 Fs - " 


is true. 


19 Let x, y,z be real numbers different from 1, such that xyz = 1. Prove the in- 


equality 
ae a 3=y\7 3-z\7 
—— 7. 
Ge) i) cee, if 


20 Let x, y, z < 1 be real numbers such that x + y + z = 1. Prove the inequality 


1 A 1 : 127 
l+x2 1+y?) 14227 10° 


21 Let a,b,c € R™. Prove the inequality 


1 1 1 3 
+ a5 es . 
ail+b) b+c) cUl+a)7~ 1+ abc 


22 Let x, y, z be positive real numbers. Prove the inequality 
9at+b)(b+c)(c +a) > 8(at+b+c)(ab+bc+ca). 
23 Let a,b,c be real numbers. Prove the inequality 
(a2 +b? +02)? > 3(a3b +b3c4+ ca). 


24 Let a,b,c be positive real numbers such that a? + b* +c? =3. Prove the in- 
equality 


a(b+c)+ b(c+tat+c(atb) <6. 


25 Let a, b,c be positive real numbers. Prove the inequality 


a rn b i Cc 5 
/ > 2: 
b+c cta a+b 


26 Let a,b,c be positive real numbers such that a* + b? +c? =3. Prove the in- 
equality 


a és b 4: Cc 24 
b+2 ct+t2 a+27 
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27 Let x, y, z be distinct nonnegative real numbers. Prove the inequality 


1 i 1 se 1 s 4 
(x—y)? (y—z)®) (g— x)? ~ xy tyz+zx" 


28 Let a, b,c be non-negative real numbers. Prove the inequality 
3(a* —a + 1)(b* —b + I(c? —c +1) > 1 + abc + (abc). 
29 Leta, be R,a 0. Prove the inequality 
@+Pta42>vi. 
a a 
30 Let a,b,c € R®. Prove the inequality 


a+1 B41 cet+1 “ 
b+ec cta a+b” 


31 Let x, y, z be positive real numbers such that xy + yz + zx = 5. Prove the in- 
equality 


3x7 + 3y? +27 > 10. 


32 Let a, b,c be positive real numbers such that ab + be + ca >a+b-+c. Prove 
the inequality 


at+b+c>3. 
33 Let a, b be real numbers such that 9a? + 8ab + 7b < 6. Prove that 
Ta+5b+12ab <9. 
34 Let x,y,z € R*, such that xyz > xy + yz + zx. Prove the inequality 
xyz>3(x+y+z). 


35 Let a,b,c € Rt with a* + b? +c? =3. Prove the inequality 


36 Let a,b,c be positive real numbers such that a+b+cz= <Jabc. Prove the 
inequality 


ab+bce+ca>9%(a+b+c). 
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37 Let a, b,c be positive real numbers such that abc > 1. Prove the inequality 


et Vi 2 Pee 
a —, © 
Pes FELEY Seely 8 


38 Let a,b,c,d €R* such that a2 + b? +c? +d? = 4. Prove the inequality 


a+b+c+d>ab+bc+cd+da. 


39 Let a, b,c € (—3, 3) such that 
Prove the inequality 


1 1 ie oa 1 1 
bail Gap ate — goa tga aes 


3 


a 


1 1 1 
+ + >1 
34+a 34+b° 3+e> 


40 Let a,b,c € Rt such that a? + b* +c? =3. Prove the inequality 


1 1 1 


+ + >. 
a+bc+abc b+ca+bca c+ab+cab 


41 Let a,b,c € R® such that a + b +c =3. Prove the inequality 


C’bt+e2a+h bet+bt+e cear+ct+a? s 9 
ab+1 be +1 ca+1 = OY 


42 Let a,b,c,d be positive real numbers such that a* + b* +c*2 +d? =4. Prove 
the inequality 

CLP AD Beas od? 3) dae +3 : 

a+b b+e ct+d d+a ~— 


10. 


43 Let a, b,c be positive real numbers. Prove the inequality 


1 1 1 9 
+ + > 
ab(a+b) be(b+c)  ca(c+a)~ 2(a7 +53 +3) 


44 Let a,b,c € R® such that aVbc + b./ca + cab = 1. Prove the inequality 
a+b+c> V3. 


45 Let a,b,c be positive real numbers such that abc = 1. Prove the inequality 


b+e cta a+b 


+ + > Ja+vVb+ Je+3. 
Va vb ve 
46 Let x, y, z be positive real numbers such that x + y + z = 4. Prove the inequality 
1 1 1 1 


+ + iy 
Q2xy+txz+tyz xXy+2@xz+yz  xy+xz+2yz 7 xyz 
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47 Let a,b,c €R°. Prove the inequality 


48 


49 


50 


51 


52 


53 


54 


55 


56 


abc >(a+b—c)(b+c—a)(c+a-—b). 


Let a, b, c be positive real numbers such that a + b+ c = 3. Prove the inequality 


12 


b —— >5 
. Oo ah beeae = 


Let a, b, c be positive real numbers such that abc = |. Prove that 


(-r)lo-nst(ened) an 


Let a, b, c be positive real numbers such that abc = |. Prove the inequality 


1 1 1 1 1 1 


+ + < + + . 
l+ta+b 1+b+c l+ceta™~ 2+a 2+b 24+¢€ 


Let a, b,c > 0. Prove the inequality 


100abc 


+ by? ‘ubia Agye SoS 
(a+b) + (a oe a hace 


Let a, b,c > 0 such that abc = 1. Prove the inequality 


l+ab 1+bc pees 
l+a 1+b lta 


Let a, b, c be real numbers such that ab + bc + ca = 1. Prove the inequality 


ie \e 1\2 
(+5) +(o+2) +(c+2) > 16. 
b Cc a 


Let a, b, c be positive real numbers such that abc > 1. Prove the inequality 


ju iok lta 1+b I+e 
a Cc : 
~1+b 1+c tI+a 


Let a, b € R™. Prove the inequality 


3 3 1 1 
2 a 2 ae St 
(ot4542)(P 4042) 2 (2042) (a4) 


Let a,b,c € R™ such that abc = 1. Prove the inequality 


a Fe b i Cc #4 
az4+2 b242 C2427 
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57 Let x, y, z > 0 be real numbers such that x + y + z = xyz. Prove the inequality 
(x — DQ — DE- 1) <6v3- 10. 

58 Let a,b,c € (1, 2) be real numbers. Prove the inequality 


bJa i cVb ip afc a 
AbJce—cJa 4cfa—aJVb 4aVvb—bYe 


59 Let a,b,c € R®™ such that a + b +c =3. Prove the inequality 


Va(b+c)+Vb(c +a) + Vcla +b) = 3V2abc. 


60 Let a, b, c be positive real numbers such that a+ b+ c = 1. Prove the inequality 


Va+tbe+Vb+catvc+ab <2. 
61 Let a, b,c be positive real numbers such that a+ b+c+ 1=4abc. Prove that 


bitch chtat abt! 


>2(ab+be+ca). 
a b 


62 Let a,b,c € (—1, 1) be real numbers such that ab + bc + ac = 1. Prove the 
inequality 


6y (1 —a?)(1— b*)(1—c?) <1 + @+bte). 


63 Let a, b,c,d be positive real numbers such that a + b* + c*2 +d? =1. Prove 
the inequality 


a Vat al La a Le ad la tal Exo ald. 


64 Let x, y, z be positive real numbers such that xyz = 1. Prove the inequality 


1 1 1 1 
+ + Ss 
CG Pana GER Deed “er Psp ees 2 


65 Let a,b,c € R®. Prove the inequality 


a a a 
+ af ca 
a+(b+c) a+(b+c) a+(b+c) 


66 Let x, y,z € R®. Prove the inequality 


(xt y+z)* (xy + yzt zx)? <3? + ay t+ yy? +yzt 2°\(2* +.2x +x). 
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67 Let a,b,c be real numbers such that a + b+ c = 3. Prove the inequality 
OO ak aes a rae al gh el S| ge ge 


68 Let a,b, c,d be positive real numbers. Prove the inequality 


a—b b-c cd d O26 
b+c ctd d+ta a+b 


69 Let a,b,c € R® such that a +b +c =1. Prove the inequality 


a at b Fe c eae 
(b+c)? (c+a* (atb)27~ 4 


70 Let a,b,c € R® such that abc = 1. Prove the inequality 


ac bia cb 3 
+ ole Zs 
(b+c)(cta) (cta)(at+b) (at+b)(b+c)~ 4 


71 Let a,b,c > 0 be real numbers such that abc = 1. Prove that 
(a+ by\b+c)(c+a)>4atb+c—I). 
72 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


4 3 m 6 
at+t+b+c” ab+bc+ca 


73 Let x,y,z be positive real numbers such that x* + y* + 27 = xyz. Prove the 
following inequalities: 


I° xyz > 27 2° xy+yz+7x > 27 
B°xtytz>9 4 xy+yz+zx>Ax+y4+z4+9. 
74 Let a,b,c be real numbers such that a? + b? + c? — 3abc = 1. Prove the in- 
equality 
a+b? 4+? >1. 


1 
ct 


1 


_qi = |. Prove that 


ay 1 1 
75 Leta,b,c,deR such that [aa + gpa tj +5 
abcd > 3. 


76 Let a, b,c be non-negative real numbers. Prove the inequality 


A ee ey Cae) 
3 = 8 ; 
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77 Let a,b,c, d be positive real numbers such that a+ b+c-+d=1. Prove that 
16(abc + bcd + cda + dab) < 1. 


78 Let a, b,c, d, e be positive real numbers such thata +b+c+d+e=5. Prove 
the inequality 


abc + bed + cde+dea+eab <5. 


79 Let a,b,c > 0 be real numbers. Prove the inequality 


ab c.eatb = b+e 
ase SS 
bc a b+ec cta 


80 Let a,b,c > 0 be real numbers such that abc = 1. Prove the inequality 


a b Cc 
(1+ )(+ )(u+ )220+a+b+0, 
b Cc a 


81 Let a, b,c be positive real numbers such that a+b+c> 4 + ; + i. Prove the 
inequality 


2 
b 2 
eas a+b+c_ abc 
82 Let a, b,c, d be positive real numbers such that abcd = 1. Prove the inequality 


l+ab see ee l+da _ 
l+a 1+b l+c l+d7— 


83 Let a,b,c € R™. Prove the inequality 


1 1 1 27 
+ ab = . 
b(a+b) c(b+c) a(eta)~ 2(at+b+c) 


84 Let a, b, c be positive real numbers such that a + b+ c = 3. Prove the inequality 


a b? c2 3 
5 + + Pes 
b2—-2b+3 c?-2c+3 a2?-—2a+37 2 


85 Let a,b,c be positive real numbers such that ab + bc + ca = 3. Prove the in- 
equality 


1 1 1 1 
< ; 
1+a2(b+c) 3 1+b2(c+a) e 1+c?(a+b)~ abc 


86 Let a, b,c be positive real numbers such that a+ b+ c = 1. Prove the inequality 


avV/1+b—c+bV/14+c—atav1+a—b<l. 
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87 Let a,b,c € R® such that a + b +c =1. Prove the inequality 


1-—2ab 1-—2bc 1-—2ca 
+ + >7. 
Cc a b 


88 Let a, b,c be non negative real numbers such that a* + b* +c? = 1. Prove the 
inequality 


1—ab 1—ab POR el 
7-—3ac 7-3ac 7-—3ac7 3° 


89 Let x, y,z €R™ such that x + y +z=1. Prove the inequality 


x ZX z 1 
— + ee 
fi+2 jity fi+2 


90 Let a, b, c be positive real numbers such that a + b+ c = 1. Prove the inequality 


GEE BOE BCS e 3 
at+tbce b+ca ctab™~ 2 


91 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


AE +b {2 +c {és +a 
ae oT a3. 
a+l1 c+1 a+l1 
92 Let x, y, z > 0 be real numbers such that xy + yz+ zx = 1. Prove the inequality 


x y Z 3/3 
+ oF < : 
l+x2 I+y?) 1422 4 


93 Let a, b,c be non-negative real numbers such that ab + bc + ca = 1. Prove the 
inequality 


1 1 1 3/3 
+ > 
lta 14+b l+e7 341 


94 Let a, b,c be non-negative real numbers such that ab + bc + ca = 1. Prove the 
inequality 
az b? c V3 
+ + pa : 
lta 14+b l+e7 341 


95 Let a,b,c €R™ such that (a+ b)(b+c)(c +a) = 8. Prove the inequality 


at+bte yf a> +b? +3 
3 — \ 3 , 
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7 7 4 2 
96 Find the maximum value of aa , where x ER, x > 1. 


x 
x42 


97 Let a, b,c be positive real numbers. Prove the inequality 


as a+b a+b+c 
ge a a: + _,, 
3 a 2 3 


98 Let a,b,c be positive real numbers such that abc(a + b+ c) = 3. Prove the 
inequality 


(a+b)(b+c)(c +a) > 8. 


99 Let a, b, c be positive real numbers. Prove the inequality 


_— = / 2c 
+ + <3. 
b+ec cta a+b 


100 Let a,b,c € R* such that ab + bc + ca = 1. Prove the inequality 


1 He 1 de 1 < 9 
a(at+b) b(b+c) c(e+a)7~ 2 


101 Let 0 <a<b<c <1 be real numbers. Prove that 


108 
2 2 2 

b +b b)+c"d < ‘ 
a“(b—c) (c-—b)+ce°U-cj< 59 


102 Let a,b,c € R™ such that a+b +c =1. Prove the inequality 


256 
S=atb+btc+cla< 3105" 


103 Let a, b,c > 0 be real numbers. Prove the inequality 


104 Prove that for all positive real numbers a, b, c we have 


3 b 3 


a c 
+ | 2a +b. 
a 


b2 2 


105 Prove that for all positive real numbers a, b, c we have 
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106 Prove that for all positive real numbers a, b, c we have 


a Db 3 
—+—+—>ab+bce+ca. 
b c a 


107 Prove that for all positive real numbers a, b, c we have 


5 b° 5 


a c 
+—at+5204+b +e. 
c a 


3 
108 Let a,b,c €R* such that a + b +c =3. Prove the inequality 
aa b3 3 
+ F zl 
b2c+a) cQa+b) a(2b+c) 


109 Let a,b,c € Rt and a2 + b? +c? S3. Prove the inequality 


a b foo 


> 1. 
bide “e40a oe Ob = 


110 Let a,b,c be positive real numbers such that a’? +b? + c* = 3. Prove the 
inequality 
1 1 1 


+ Sak 
aj+2 B+2)2d2— 


111 Let a,b,c € R® such that a+ b+ c= 1. Prove the inequality 


a a b3 a3 (oa aod 
a+b? b24+c2 c2+a27~ 2° 


112 Leta, b, c be positive real numbers such that a+ b+ c = 3. Prove the inequality 


1 1 1 
>1 
[eon T+ 2b20 * 1+2c?a ~ 


113 Let a,b,c, d be positive real numbers such that a +b+c+d=4. Prove the 
inequality 
a te b i Cc i d 5 
1+b2c 14+c%d 14d?a 14+a*b7 


114 Let a, b,c, d be positive real numbers. Prove the inequality 


a? a b3 i 3 i d?  atbtetd 
athe b?4+c 0 +d2 d®#+a?2 7 9; ; 
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115 Leta, b, c be positive real numbers such that a+ b+ c = 3. Prove the inequality 


a a b? 2 C2 4 
a+2b2 b+2c2  c+2a27~ ~ 


116 Leta, b,c be positive real numbers such that a+ b+c = 3. Prove the inequality 


a b? C2 


>1 
a+2b3 Dp oe Oat _ 


117 Let a, b,c be positive real numbers such that a? +b? +c? =3. Find the mini- 
mum value of the expression 


16 


at+b+c+——_. 
a+b+c 


118 Let a,b,c > 0 be real numbers such that a” + b* + c* = 1. Find the minimal 
value of the expression 


1 
A=a+b+c+—. 
abc 


119 Leta, b, c be positive real numbers such that a+ b+ c = 6. Prove the inequality 


9 
Vab +be + Vhe+ca+ Sea +ab +) (a? +b +0?) <9. 


120 Let a,b,c € R®™ such that a + 2b + 3c > 20. Prove the inequality 


BeOS woth 
Ssatb+c+—+ 7 +213. 


121 Let a,b,c € R™. Prove the inequality 


Pe a a 
S = 30a + 3b* + + 36 +—+ > 84. 
9 ab bc ca 


122 Let a,b,c € R®™ such that ac > 12 and bc > 8. Prove the inequality 


8 121 
> 
be” 12 


1 1 1 
S=atb+c+2 +—+ + 
ab be ca a 


123 Let a,b,c,d > 0 be real numbers. Determine the minimal value of the expres- 


sion 
2a 2b 2c 2d 
A=({1 1 1 1 
( +=)( +2)( +=)( +=). 
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124 Let a,b,c > 0 be real numbers such that a2 + b* + c* = 12. Determine the 
maximal value of the expression 


A=avb? +02 +bVc2 +a2 + cV a? +b. 
125 Let a,b,c > 0 such that a+ b+ c= 3. Prove the inequality 
(a* — ab + b”)(b? — be +c’) (c? — ca +a”) < 12. 
126 Let a, b,c be positive real numbers. Prove the inequality 
(a> —a* +. 3)(B — b? +3)(° —c? +3) > (atb4+c)’. 


127 Let x, y,z € R® such that x + y + z= 1. Prove the inequality 


xy ZX yZ 1 
+ + = . 
VI42 JS/l+y? Vi+x?2~ 10 


128 Let a,b,c € R™. Prove the inequality 
(a+b+c)® > 27(a? +b? +c?)(ab + be + ca). 
129 Let a, b,c € [1, 2] be real numbers. Prove the inequality 
ae+b+c < 5abce. 


130 Let a,b,c be positive real numbers such that ab + bc + ca = 3. Prove the 
inequality 


(al =a + 3b b+ Bye" 6 £3) 27, 
131 Let a, b,c € [1, 2] be real numbers. Prove the inequality 
1 1 1 
(a+b+c){-+—+-]<10. 
a boc 
132 Let a,b,c €R™ such that a+ b +c =1. Prove the inequality 
10a +b +c)-9a +b>+0)>1. 


133 Let n EN and x1, x2,..., x, € (0, 7). Find the maximum value of the expres- 
sion 


sin x, COS x2 + SiINX7 COS x3 +--+ + SIN X, COS X1. 


134 Let a; € [5 >t, fori =1,2,...,n. Prove the inequality 


1\2 
(sine + sina? +---+sina, + ) > (cosa, + cosa2 +---+cosay). 
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135 Let a), a2,...,4n3 Ant) = 41, 4n42 = a2 be positive real numbers. Prove the 
inequality 
n 
aj — aj+2 
fay Gitl + 42 
136 Letn >2,n €N and x1, x2,..., xX, be positive real numbers such that 


1 1 1 1 
x; + 1998 ‘ x2 + 1998 a Xn +1998 1998 


Prove the inequality 
AVX 1X2 +++ Xn = 1998(n — 1). 


137 Let a), a2,..., dy € R™. Prove the inequality 
n n 
n 
Yea = (3) + Dat 
k=1 k=1 


138 Let a), a2,..., dy be positive real numbers such that aj + a2 +--- +a, =n. 
Prove that for every natural number k the following inequality holds 


k-1 


kok k k-1 
ay +a +++ +a, = ay 


k-1 
+ ay i 


i i wa 


139 Let a, b,c, d be positive real numbers. Prove the inequality 


I) ae (SZ aa (a ar 
at+b b+c ctd d+a) ~8 
140 Let x1, x2,...,x, be positive real numbers not greater then 1. Prove the in- 
equality 


oh. tL mle 
(Lb xg)? + 9) 73 (1 eg) 7 27, 


141 Let x), x2,..., x, be non-negative real numbers such that x; + x2 +---+2%)%< 
5: Prove the inequality 


1 
ee Sayed san) e ee 


142 Let a,b,c € R™ such that abc = 1. Prove the inequality 


1 1 1 
<1 
pie at paca Eee — 
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143 Let 0 <a,b,c < 1. Prove the inequality 


C me b a a sat! 
74024b 74840 7463437 3° 


144 Let a,b,c €R™ such that abc = 1. Prove the inequality 


ab bc ca 
; =f oe srk 
a+ab+bP b+be+0 O+ca+a5 


145 Let a,b,c € R® such that a + b +c =3. Prove the inequality 


a Me b? 4: 3 oer 
atab+bh? b*+be+c2 c*+cata27~ ~ 


146 Let a, b,c be positive real numbers such that a? + b* +c? = 3abc. Prove the 
inequality 
a de b is Cc 9 
b2c2 2a? a2? ~ a+b+ec 


147 Leta, b,c, x, y, z be positive real number, and let a+ b = 3. Prove the inequal- 
ity 


x y z 
+ >1. 
ay+bz az+bx ax+by 


148 Let x, y, z > 0 be real numbers. Prove the inequality 


x y Zz 1 
+ + a 
x+2y+3z yt2z+3x z@+2x+3y~ 2 


149 Let a, b,c,d €R°. Prove the inequality 


Cc di d is a 4 b xs 
a+3b b+3c ct+3d d+3a7~ 


150 Let a, b,c, d, e be positive real numbers. Prove the inequality 


a b c d e 5 
+ + iene 
b+e ctd dte eta a+b” 2 


151 Prove that for all positive real numbers a, b, c the following inequality holds 


ae b3 roa a> +b* +c? 
+ + Ed : 
a+tab+b2 b?+be+c2 c*+ca+a? atb+c 
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152 Let a,b,c be positive real numbers such that ab + bc + ca = 1. Prove the 
inequality 
1 1 1 3 
+ oF Eatietc 
4a*—be+1 4b2-ca+1 4c2-—ab+17 2 


153 Let a, b,c be positive real numbers such that 


1 1 1 
>1 
epee pee ee = 


Prove the inequality 

ab+bc+ca <3. 
154 Let a,b,c be positive real numbers such that ab + bc + ca = 1/3. Prove the 
inequality 


a as b if Cc " 1 
a—be+1 b?=-cat+1 9 c-—ab4+17 atb+c 


155 Let a, b,c be positive real numbers. Prove the inequality 


a? b3 (oa 


+ i >I 
e+he+abe bb +eG+abe 8+a3+abe~ 


156 Let a,b,c be positive real numbers such that a’? +b? + c* = 3. Prove the 
inequality 
a i b Fe Cc 1 
az7+2b4+3 b6242¢4+3 c?4+2a+37 2° 


157 Let a,b, c,d > 1 be real numbers. Prove the inequality 


Ja—14+Vb-14+Vce—14+Vd—-1< J(ab+ (cd +1). 
158 Let a}, a2,...,d) € R™ such that aja2 --- a, = 1. Prove the inequality 
Jai + fa2 +--+ +4/an S41 +42 +--+ + an. 


159 Let a, b,c be positive real numbers such that a+b+c = 1. Prove the inequality 


avb + bJe+cJ/a < = 


160 Let a,b,c € (0, 1) be real numbers. Prove the inequality 


Vabe+ J/(1—a) —b)—o) <1. 
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161 Leta, b,c be positive real numbers such that a+ b+c = 3. Prove the inequality 


a+2 b+2 +2. 
b+2 c+2 a+27— 


162 Let a,b,c be positive real numbers such that a2 + b* +c? = 3. Prove the 
inequality 


163 Let a, b, c be positive real numbers such that abc = 8. Prove the inequality 


a-—-2 b-2 c-—2 
<0. 
a+1 b+1 c+l7™ 


164 Let a,b,c € R* such that a* + b? +c? = 1. Prove the inequality 
a+tb+c—2abe < V2. 
165 Let x, y,z € R* such that x? + y* +z? =2. Prove the inequality 
x+y+z<24+xyz. 
166 Let x, y, z > —1 be real numbers. Prove the inequality 


(ex I+ y? 1427 a 
Itytz 14+z4+x? 0 1l4+x4+y*7~ 


167 Let a,b, c,d be positive real numbers such that abcd = 1. Prove the inequality 
(+a7)1+b) +c?) +d’) > (atb+c+dy. 


168 Let a,b,c,d €R* such that 1 + i + t + i = 4. Prove the inequality 


3 b3 3| b3 3 3 a 3| d3 3 
2 +f — ae +f = <2(a+b+c+d)—4. 


169 Let x, y, z €[—1, 1] be real numbers such that x + y+ z+ xyz =0. Prove the 
inequality 


Vxt1t+J/ytl+vz4+183. 


170 Let a,b,c > 0 be positive real numbers such that a + b+ c = abc. Prove the 
inequality 


ab+be+ca>34+Va24+14Vb2414Ve241. 
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171 Leta, b,c, x, y, z be positive real numbers such that ax + by +cz = xyz. Prove 
the inequality 


Jatb+vVb+c+Veta<xtytz. 


172 Let a, b,c be non-negative real numbers such that a? + b* +c? =1. Prove the 
inequality 


a b c 3 7) 
Pal 2a ee = Zlava + bvb + eve) : 


173 Let a, b, c be positive real numbers. Prove the inequality 


a b Cc 9 
+ + > 
(b+c)2 (cta)? (a+b)? ~ 4a+b+4+c) 


174 Let x > y >z>0 be real numbers. Prove the inequality 


2 2 Z. 
ZX 

+47 sx? ty? +2’, 
y 


175 Let a, b, c be positive real numbers such that abc = 1. Prove the inequality 


1 1 1 
< 
ia DED De 


176 Let a, b, c be positive real numbers such that abc > 1. Prove the inequality 


1 1 


<i. 
ip pee ogee = 


177 Let a, b,c, d be positive real numbers such that abcd = 1. Prove the inequality 


1 1 1 1 
>2 
Ji. bee) eed) ae 


178 Let a,b,c be non-negative real numbers such that a + b +c = 1. Prove the 
inequality 
ab de bc 4 ca 7 1 
ctl atl b+174 


179 Let a, b, c be positive real numbers such that abc = 1. Prove the inequality 


1 ” 1 i 1 <3 
(a+1)2(b+c) (b+)D2(c+a) (c+ )2(a+b)7~ 8 


180 Let x, y, z be positive real numbers. Prove the inequality 


xy(x+y—zt+yziyt+z—x)+zx@+x-—y)= 30393 epg zea): 
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181 Let a, b, c be positive real numbers. Prove the inequality 


ab(ae +b?) be(b?+c3)  ca(c? +3) 
a2 + b? b2 + ¢2 c2 + a2 


> /3abc(a3 + 3 +03). 


182 Let a, b,c be positive real numbers. Prove the inequality. 


b b 
ApS wig Es aah Bao 


b+e cta a+b” 


183 Let a,b,c and x, y, z be positive real numbers. Prove the inequality 


a(y +z) +b(z+x) +cat y) = 2/ (xy + yz + 2x) (ab + be + ca). 
184 Let a, b, c be positive real numbers such that abc > 1. Prove the inequality 
ep ke >ab+be+ca. 


185 Let a,b,c > 0 be real numbers such that a2/3 + 2/3 + c?/3 = 3. Prove the 
inequality 


Peete See Lee. 


186 Leta, b,c be positive real numbers such that a+b-+c = 3. Prove the inequality 


1 1 1 
++ + 
C+atb az+tb+c be? +c+a7 


187 Let a,b,c € R®. Prove the inequality 


2a? 2b? 2? 
+ + Satbte. 
b+ce cta atb 


188 Let a, b, c be positive real numbers such that abc = 2. Prove the inequality 


et+b+e>aV/b+c+bVeo+at+cVatb. 


189 Let a1, a2, ..., a, be positive real numbers. Prove the inequality 
1 1 J 
I I I I I Pee 
Ra tiat tha atat ta ” 


190 Let a,b,c,d €R such that ab + bc + cd + da = 1. Prove the inequality 


a b3 (oo a 
+ + + ae 
b+ec+d at+ctd b+d+a b+c+a™ 3 
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191 Let a, x, y, z be positive real numbers such that xyz = 1 and a > 1. Prove the 
inequality 
a Qa a 


x y ee Nee 


+ >... 
ytz zt+x x+y 2 


192 Let x1, x2,...,X, be positive real numbers such that 
1 1 1 
+ tree =1. 
1+x] 1l+x2 1+x, 
Prove the inequality 
JX, + /xX2 +e + A/X 1 1 1 
a hae “> + 4 + =. 
n—-1 JX /x2 “IX 
193 Let x1,x2,...,Xn > 0 be real numbers. Prove the inequality 
Xp +x9+--+%n 
pgs ws “xan = (x1 x2° : oh ae ee 


194 Let a, b,c > 0 be real numbers such that a + b+ c = 1. Prove the inequality 


a+b b+e cet+a 
b+c cta atb ~ 


195 Let a,b,c > 1 be positive real numbers such that = 


Prove the inequality 


By as Me 
atl b+1c+1— 


1. 


196 Let a,b,c, d be positive real numbers such that a* +b? +c? +d? =4. Prove 
the inequality 


197 Let a,b,c,d €R such that 
inequality 


1 1 1 1 1 
dia tab + ae Peg t+ ope = | Prove-the 


EON as EEN s Yea SO Oa LL Re 
4+a* 4462 44+c2? 44d? 4462 ~~ 


198 Let a, b,c be real numbers different from 1, such that a+ b+ c= 1. Prove the 
inequality 

Lae ae l+e 15 

l-a@ 1-Bb2  1-c?2~ 4° 
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199 Let x, y, z > 0, such that xyz = 1. Prove the inequality 


x3 y3 2 3 


(d+y)+2z) = (d+zd4+x) - (l+x)(1+y) aa 


200 Let a, b, c,d > 0 be real numbers. Prove the inequality 


a b c d 2 
+ + + aan 
b+2c+3d ct+2d+3a d+2a+3b a+2b+3c” 3 


201 Let a, b,c be positive real numbers. Prove the inequality 


a*+be b*+ca_ c*+ab 


>Satbte. 
b+c c+ta a+b =e 


202 Let a,b >0,n EN. Prove the inequality 


a\" b\" 
(1+¢) +(1+2) Sok 
b a 


203 Let a, b,c > 0 be real numbers such that a + b + c = 1. Prove the inequality 


Ly" iy" 1\?_ 100 
a+—) +{b+—) +{(c+-]) =—. 
a b Cc 3 


204 Let x, y, z > 0 be real numbers. Prove the inequality 


x y Zz ae 


a <-. 
2x+ty+z xX+2y+z x+y+2z7 4 


205 Let a,b,c,d > 0 be real numbers such that a < la+b<5,a+b+c< 
14,a+b+c+d < 30. Prove that 


Ja+Vb+Je+vVd < 10. 


206 Let a,b, c,d be positive real numbers such that a+ b+c-+d=4. Prove the 
inequality 


a i b a Cc i d . 8 
be+b e+e d*+d atta (at+c\(b+d) 


207 Let x1, x2,...,X%, > Oandn € N,n > 1, such that x} +.x2+---+x, = 1. Prove 
the inequality 


Xx) va x2 Sh tet Xn - [X, + ./xX2 +--+ + Xn 
Vl=-x, JSl—x2 1—x, Jn— 1 : 
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208 Let n € N,n > 2. Determine the minimal value of 


5 5 5 
xj} x5 Xn 


+ ae state ; 
XQ XZ Xp XP A AZ + Xp XY XQ +++ + Xn-1 


where x1, .x2,...,X, € Rt such that x? +x3 +--+ +32 =1. 


209 Let P,L,R denote the area, perimeter and circumradius of AABC, respec- 


tively. Determine the maximum value of the expression a. 


210 Let a,b,c €R* such that a+ b +c = abc. Prove the inequality 


1 1 1 3 
ns + ae, 
Vita2 V1+h2 V14+c?27 2 


211 Let a,b,c € R such that abc + a +c = b. Prove the inequality 


2 o) 3 10 
++ <—, 
az+1 b2741 c4+17 3 


212 Let x, y,z > 1 be real numbers such that + + t + 1 = 2. Prove the inequality 


Vx —1+J/y-l4+vz-1s J/xt+y¥z. 
213 Leta, b, c be positive real numbers such that a+b-+c = 1. Prove the inequality 


He iy Pas ie ee 12 1>6 
a b b Cc c a aos 


214 Let a, b,c be positive real numbers such that a + b+ c+ 1 = 4abc. Prove the 
inequalities 


Bt ones ats 1 % 1 rr 1 
ab ie aah: afbe  Afea- 


215 Let a, b,c be non-negative real numbers such that ab + bc + ca = 1. Prove the 
inequality 


a ie b 7 c _ 3v3 
l+a2 146? 14+c?2?7 4° 


216 Leta, b, c be positive real numbers such that a+b+c = 1. Prove the inequality 


(— Bo eae ey 
c+ab at+be b+ca7~ 2° 
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217 Let a,b,c > 0 be real numbers such that (a + b)(b +c)(c + a) = 1. Prove the 
inequality 


ab+bc+ca< 


Blow 


218 Let a,b,c > 0 be real numbers such that a? + b? + c* + abc = 4. Prove the 
inequality 


0<ab+bce+ca—abc <2. 
219 Let a, b,c be positive real numbers. Prove the inequality 
a+b? +c? 4+2abc+3> (lta +bd\(1+c). 


220 Let a, b,c be real numbers. Prove the inequality 


JP EO - OP + VFO OP + VEE ae x M2, 


221 Let aj,a2,...,dn € R* such that )*"_, a3 =3 and )\7_, a? = 5. Prove the 
inequality 


n 


3 
Yea oS 
; 2 

i=l 
222 Let a,b,c be positive real numbers such that ab + bc + ca = 3. Prove the 
inequality 
(l+a°)1+b*)(+c7) > 8. 

223 Let a,b,c be positive real numbers such that ab + bc + ca = 1. Prove the 
inequality 


(a? +ab+ b*)(b? +be+c7)\(c? +ca+a’)> 1. 


224 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


b 
a as i c >] 
V74R? +2 V7I4+C 4a V74+a2+b? 


225 Let aj, a2,...,d, be positive real numbers such that aj + a2 +--+: +a, =1. 
Prove the inequality 


a\ 4 a2 sie Ee an = / on 
J1l—ay Jl—a Vl—ay, n—-1 
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226 Let a, b,c be positive real numbers. Prove the inequality 


a e b 2 Cc a 
V2b? +202? — a2 202? +.2a2 —b2 22 +257 — 2 — 


227 Let a,b,c be positive real numbers such that ab + bc + ca > 3. Prove the 
inequality 


a b Cc 3 
+ + >. 
Jatb JSb+e JScta’ VJ2 


228 Let a,b,c > 1 be real numbers such that a+b+c = 2abc. Prove the inequality 
V(atb+c)? > Vab—1+ Vbe—14+ Vca—1. 


229 Let tg, ty, tc be the lengths of the medians, and a, b, c be the lengths of the sides 
of a given triangle. Prove the inequality 


5 
tatyp + tote + tela < gab +bce+ca). 


230 Let a,b,c and tg, ty, te be the lengths of the sides and lengths of the medians 
of an arbitrary triangle, respectively. Prove the inequality 


3 
ata + btp + Cte < Big? fp é); 


231 Let a, b,c be the lengths of the sides of a triangle. Prove the inequality 
Jatb—c+Jefa—b+VJb+e—a<Jf/at+ Vb4+ Ve. 


232 Let P be the area of the triangle with side lengths a, b and c, and T be the area 
of the triangle with side lengths a + b,b+ c and c+ a. Prove that T > 4P. 


233 Let a,b,c be the lengths of the sides of a triangle, such thata ++b+c=3. 
Prove the inequality 
2 


a+b? t+er+ 


4abe 13 
ae 
3 7 3 


234 Let a, b,c be the lengths of the sides of a triangle. Prove that 


3, a? + b? + c3 + 3abc 
> max{a, b,c}. 


2 


235 Let a, b,c be the lengths of the sides of a triangle. Prove the inequality 


3 
abc < a’(s —a)+ b*(s —a)+ c7(s -—a)< Bae. 
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236 Let a, b,c be the lengths of the sides of a triangle. Prove that 


1 ae 1 4 1 , ¥a+vb+ Vo) 
Jat+vb-Je Vb+Je-Ja Je+Ja-Vvb=  atbte 


237 Let a, b,c be the lengths of the sides of a triangle with area P. Prove that 
a+b? +c? > 4V/3P. 


238 (Hadwinger-—Finsler) Let a, b, c be the lengths of the sides of a triangle. Prove 
the inequality 


a+b? +c >4V/3P + (a—b)* + (b-c)? + (c—a)’. 


239 Let a, b,c be the lengths of the sides of a triangle. Prove that 


1 1 1 1 
# ; 
8abe + (a+b—c)3 e 8abce + (b+c—a)3 zs 8abe + (c +a—b)3 ~ 3abc 


240 In the triangle ABC, AC’ is the arithmetic mean of BC and AB. Prove that 


cot” B>cota-coty. 


241 Let d,,d2 and d3 be the distances from an arbitrary point to the sides 
BC, CA, AB, respectively, of the triangle ABC. Prove the inequality 


9 PAS 
7(di-+ d+) > (4) | 


242 Let a,b,c be the side lengths, and hg, hp, he be the lengths of the altitudes 
(respectively) of a given triangle. Prove the inequality 


ha thy th. v3 
atb+c 7 2° 


243 Let O be an arbitrary point in the interior of AABC. Let x, y and z be the dis- 
tances from O to the sides BC, CA, AB, respectively, and let R be the circumradius 
of the triangle AA BC. Prove the inequality 


i+ ys+ iiss]. 


244 Let D, E and F be the feet of the altitudes of the triangle ABC dropped from 
the vertices A, B and C, respectively. Prove the inequality 


() (BY (2h 
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245 Let a,b,c be the side-lengths, hy, hp, he be the lengths of the respective alti- 
tudes, and s be the semi-perimeter of a given triangle. Prove the inequality 


246 Let a,b,c be the side lengths, hg, hp, he be the altitudes, respectively, of a 
triangle. Prove the inequality 
a a b? 2 ro as 
noth? h2+h2 2452 


247 Let a, b,c be the side lengths, ha, hp, h; be the altitudes, respectively, and r be 
the inradius of a triangle. Prove the inequality 


1 of 1 §. 1 g8 
hNg—2r  hp—2r he-2r 7 rr 


248 Let a,b,c; la,lg,l, be the lengths of the sides and the bisectors of respective 
angles. Let s be the semi-perimeter and 7 denote the inradius of a given triangle. 
Prove the inequality 


249 Let a, b,c; ly, lp,l, be the lengths of the sides and of the bisectors of respec- 
tive angles. Let R and r be the circumradius and inradius, respectively, of a given 
triangle. Prove the inequality 


1877-73 < alg + blp +cly <9R?. 
250 Let a, b,c be the lengths of the sides of a triangle, with circumradius r = 1/2. 
Prove the inequality 
4 bt 4 


c 
> 9/3. 
(icon ea ee 


a 


251 Let a,b,c be the side-lengths of a triangle. Prove the inequality 


a os b as Cc = 
3a—b+c 3b-ct+ta 3c-a+b7— 


252 Let hy, hp and h, be the lengths of the altitudes, and R and r be the circumra- 
dius and inradius, respectively, of a given triangle. Prove the inequality 


ha thp the <2R+4+5r. 
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253 Let a,b,c be the side-lengths, and a, 6 and y be the angles of a given triangle, 
respectively. Prove the inequality 


1 1 1 1 1 1 a boc 
a{—~+—)+b{(—+—)+c{—+—)=>2(-+—4+-]). 
poy y @ a fp a p y 
254 Let a,b,c be the lengths of the sides of a given triangle, and a, 6, y be the 
respective angles (in radians). Prove the inequalities 


o I 1 1 9 
1 Phar eae e 
o b+c—a cta—b a+tb—c 6s — atb+c 
2; : + ais y aS a 
° tce-a c+a a Cc 
3 aa + bp + cy ae 


255 Let X be an arbitrary interior point of a given regular n-gon with side-length a. 
Let hj, h2,..., hy be the distances from X to the sides of the n-gon. Prove that 


256 Prove that among the lengths of the sides of an arbitrary n-gon (n > 3), there 
always exist two of them (let’s denote them by b and c) such that | < b <2. 


257 Let a1, a2, a3, a4 be the lengths of the sides, and s be the semi-perimeter of 
arbitrary quadrilateral. Prove that 


ae ey 1 
Yes oS 
mista 9 l<i<j<4 (s — ai)(s — aj) 
258 Let n €N, and a, f, y be the angles of a given triangle. Prove the inequality 


a B 
cot” cot” 
2 ® 2 


n+2 


ae 
32, 
+ co z= 


259 Let a, B, y be the angles of an arbitrary acute triangle. Prove that 
2(sina + sinB + siny) > 3(cosa+cos6+ cosy). 
260 Let a, f, y be the angles of a triangle. Prove the inequality 
sina + sin6 + siny > sin2a + sin26 + sin2y. 
261 Let a, f, y be the angles of a triangle. Prove the inequality 


cosa@ + J/2(cos B +cosy) <2. 
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262 Let a, 6, y be the angles of a triangle and let ¢ be a real number. Prove the 
inequality 


2 
t 
cosa+t(cosB+cosy) <1+ >" 


263 Let 0 <a, B, y < 90° such that sina + sin 8 + siny = 1. Prove the inequality 
tan’ a + tan” 6 + tan” y= - 
264 Leta, b, c be positive real numbers such that a+ b+ c = 3. Prove the inequality 
(tata) +b+b*)(l+c+c’) > 9(ab + be + ca). 
265 Let a,b,c > 0 such that a+b+c=1. Prove the inequality 
6 Eb? FOV 1 SE 5 See): 

266 Let x,y,z €R™ such that x + y+ z= 1. Prove the inequality 

GS eazy ed =e Seat ydee): 


267 Let x, y, z be non-negative real numbers such that x* + y* + z* = 1. Prove the 
inequality 


(1 —xy)C — yz). — zx) > 


1 1 1 ; 2 
268 Let a,b,c € R®™ such that aa hea ea = 2. Prove the inequalities: 


° 1 1 1 
! 8a241 F, t zi 8c2741 
pa 


>1 
3 
=F: 


1 1 1 
4ab it thet F aeeet 


269 Let a,b,c > 0 be real numbers such that ab+ bc+ ca = 1. Prove the inequality 


1 1 1 1 
> 
aah Pe a atb+c7— 


270 Let a, b,c > 0 be real numbers. Prove the inequality 


ab+4bce+ca bce+4ca+ab ca+4ab+be _ 


6. 
a2 +be b2 +ca c2 +ab e* 


271 Let a, b,c be positive real numbers such that a + b+c+1= 4abc. Prove the 
inequality 


1 1 1 3 
< ‘1 
ope pipet: aes eRe 
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272 Let x, y, z > 0 be real numbers such that x + y + z = 1. Prove the inequality 
OTe BOS FD oe DDD 1 
FVM FOIE +H) S Ze. 
273 Let x, y,z€R such that x + y+ z= 1. Prove the inequalities: 


y GP 


1l< + : 
= ia9e* ie l1-xy~ 8 


274 Let x,y,z €R™ , such that xyz = 1. Prove the inequality 


1 1 1 2 
1 
(14+ .x) + (i+ y)? * (1+2z) a (d+x)d+y)1+2z) = 


275 Let a,b,c > 0 such that a+b-+c= 1. Prove the inequalities: 


1° ab+be+ca<a?4+b3+c3 + 6abc 
2°? B+b+c3 + babe <a? +b? +c? 
3° ath 4+c? <2(a +53 +3) + 3abce. 


276 Let x, y, z > 0 be real numbers such that xy + yz + zx + xyz = 4. Prove the 
inequality 


3(x? + y? +27) +.xyz > 10. 


277 Let a,b,c € R®. Prove the inequality 


1 
yt atyetntcaty)< ric +yt+z). 


278 Let a,b,c €R* such that a+b+c=1. Prove the inequality 


1 1 1 
—-+—+-—+448(ab+ be + ca) > 25. 
a bc 


279 Let a,b,c be non-negative real numbers such that a + b+ c = 2. Prove the 
inequality 


a+bt+ct+abera+bh+c°. 
280 Let a, b,c be non-negative real numbers. Prove the inequality 


2(a* + b* +c?) +abce+8>5(atbt+c). 
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281 Let a, b,c be non-negative real numbers. Prove the inequality 
a+b+4+0e4+4a+b+c) + 9abc > 8(ab + be + ca). 


282 Let a, b,c be non-negative real numbers. Prove the inequality 


a b3 ° 
+ + zatbt+e. 
b*—be+c* c2—-cat+a* a*—ab+b?— 


283 Let a,b,c be non-negative real numbers such that a + b+ c = 2. Prove the 
inequality 


15ab 
B+ +34 a2. 


284 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


a*+bce b? +ca c? +ab 
>ab+bce+ca. 
a(b+ce) b(cta) c2(a+b) 


285 Let a,b,c be positive real numbers such that a2 + b* +c? = 3. Prove the 
inequality 
a+abe b+abe G+abe 3 
+ + 2h 
(b+c)? (c+a)* (a+b)? ~2 


286 Let a,b,c be positive real numbers such that a’ + b+ + c+ = 3. Prove the 
inequality 
1 1 1 


<1. 
4=@b kobe 4=co 


287 Let a,b,c be positive real numbers such that ab + bc + ca = 3. Prove the 
inequality 


@ Seth HP +5) eo £5) D5; 


288 Let x, y, z be positive real numbers. Prove the inequality 


1 1 1 9 
+ + > , 
x hays yy? yee eo ee ea eye)? 


289 Let x, y, z be positive real numbers such that xyz = x + y+z+2. Prove the 
inequalities 


1° xy+yztzx >2(x+y4+z) 


3 3,/X9z 
2 Ne ON aca eee 
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290 Let x, y, z be positive real numbers. Prove the inequality 
802 +y4+3)>t+yPt+Qto%4+(4+x)?. 
291 Let a, b,c be non-negative real numbers. Prove the inequality 
a+b+c+abe> watb+e)’ 
292 Leta, b, c be positive real numbers such that a+ b+ c = 1. Prove the inequality 


4 
a’ +b* +c* + 3abe > 9° 


293 Let a}, a2,..., dy be positive real numbers. Prove the inequality 
a\/. @ a? 
(l+a,)(+a2)---d+a,)<{1+—)]{(1+—]---[14+— ]. 
a2 a3 ay, 


294 Let a, b,c, d be positive real numbers such that abcd = 1. Prove the inequality 


1 1 1 1 
> 
daa” Gin Gee" (1+d)? — 


1. 


295 Let a,b,c,d > 0 be real numbers such that a+ b+c+dz=4. Prove the 
inequality 


abc + bcd + cda + dab + (abc)* + (bed)? + (cda)? + (dab)* <8. 


296 Let a,b, c,d >0 such thata+b+c+d=1. Prove the inequality 
148 1 
4 4: ie c2A 4 
b d — abcd > —. 
fe Sb ae eth , ggeanee = oy 
297 Let a,b,c be positive real numbers such that a* + b* +c? = 3. Prove the 
inequality 
a?b? + b?c* +. c?a? <at+b+e. 
298 Let a,b,c,d > 0 be real numbers such that a +b+c+dz=4. Prove the 
inequality 


d+a@)1+b2)(1+c7)(1+d7)>U+a1+b)\d+o(14+d). 


299 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


eee ae 6 * 
ab oc atb+c7— 
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300 Let a, b,c be positive real numbers such that a+ b+ c = 3. Prove the inequality 


1 1 1 3 3. 3 
12(| -+-+-]>4(a°+b?4+c’)421. 
a boc 


301 Let a,b,c,d be non-negative real numbers such thata+b+c+d+e=5S. 
Prove the inequality 


A(a? +b? +c? + d* +e?) + 5abcd > 25. 


302 Leta, b,c be positive real numbers such that a+ b+c = 3. Prove the inequality 


1 1 1 3 
+ + 25. 
2 arb? 2 be es Dae ge 


303 Let a,b,c be positive real numbers such that a* + b? + c* = 3. Prove the 
inequality 


ab+bce+ca<abc+2. 


304 Let a, b,c be positive real numbers. Prove the inequality 


a bc. atb b+e ate 
+-+-2 : 
b c a b+ce cta a+b 


305 Let a, b,c be positive real numbers. Prove the inequality 


Ey We Se Oe Oi tn ghee 
be+c2 c2+a2, a®+b?~b+ce cta atb 


306 Let a, b, c be positive real numbers such that a > b > c. Prove the inequality 
2 2 2 
a-b(a—b)+ b*c(b—c)+ c’a(c — a) > 0. 
307 Let a, b,c be the lengths of the sides of a triangle. Prove the inequality 


(b+c)?  (c+a)? @+b)’ 
az +be b2 +a C+ab ~~ 


308 Let a, b,c be positive real numbers. Prove the inequality 


a+b b+c cta ab+bc+ca 
b+ce cta atb (a+tb+c)2 — 
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309 Let a, b,c be real numbers. Prove the inequality 
3(@ —ab+ b*)(b* —be + 7)(? —cata)>a0b +b +ca°. 


310 Let a,b,c,d€R* such thata + b+c+d-+abcd =5. Prove the inequality 


Chapter 21 
Solutions 


1 Let n be a positive integer. Prove that 


i. fl 1 
ites ag Pt ee 


Solution For each k > 2 we have 


i :  ~t.. 4 
eke ko 


2 Let an =1+4+4+---+ 4. Prove that for any n € N we have 


i. 4 1 1 
+++ —5 <2. 
n 


72) 572 ' 22 
ay 2a 33 az 


Solution Note that for any k > 2 we have 


1 1 ak — Ap—| 1 1 
= — > 5 
ak-1 ee Kagag- ka 
Adding these inequalities for k = 2,3,...,n we get 


1 1 1 1 1 1 
— 3 
2a5 
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and since a; = 1, we obtain 


1 1 1 1 2 
a tag tao tot <—= 
ay 2a5 343 na, 


3 Let x, y, z be real numbers. Prove the inequality 
xt yi +24>4xyz— IL. 
Solution We have 


xi ty +24 —4xyz+1 
= (xt — 2x? + 1) + (y* = 2y22? + 24) + (2y?2? — 4xyz + 2x7) 
= (x? - 1)? + (y? — 2’)? +20z- 2x) 20, 
so it follows that 
gy te Saye 1. 


When does equality occur? | 


4 Prove that for any real number x, the following inequality holds 


2002 _ 1999 1 1996 _ 1995 1 7, 


Solution Denote 
2002 — 1999 ne x 1996 _ 1995 +1>0. (1) 
We will consider five cases: 


1° If x <0, then all summands on the left side of the inequality (1) are positive, so 
the inequality is true. 

2° If x =0, inequality (1) is equivalent to 1 > 0, which is obviously true. 

3° If0 <x <1, then (1) is 


2002 + PO — x?) 4+ el = noe) >0. 
Since 


l= ==) +44+27)50 and 
1-w =(1—x)1tx4tx7 423 42x40, 


we deduce that the required inequality is true. 
4° If x = 1, then (1) is equivalent to | > 0, which is clearly true. 
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5° Ifx > 1, rewrite (1) in following way 
gl Gf = 1 ee Ga So 


Since x > 1 we have x? > 1. 
So x 1999 (x3 — 1) + x19 (x — 1) +1 > 0, and we are done. | 


5 Let x, y be real numbers. Prove the inequality 


3(x+y41)?+1>3xy. 


Solution Observe that for any real numbers a and b we have 


b\* 3b? 
atab+b?=(a+-— +—>0, 
2 4 
with equality if and only ifa=b=0. 
Let x, y be real numbers. Then according to the above inequality we have 


oe re ere ee Pee, i 

x+= x+= = = Le. 

3 ay ay ay 
3x? 4+ 3y* + 3xy + 6x + 6y +4>0, 


which is equivalent to 
3(x + y+ 1)? +12 3xy. 


Equality occurs iff x +} =y+4=O0,ie.x=y=—4. a 


6 Let a, b, c be positive real numbers such that a + b+ c > abc. Prove that at least 
two of the following inequalities 


are true. 


Solution Set 4 =; 7 =y, t =<. 

Then x, y, z > 0 and the initial condition becomes xy + yz+ zx > 1. 

We need to prove that at least two of the following inequalities 2x + 3y + 6z > 
6, 2y + 3z+ 6x > 6,27 + 3x + 6y > 6, hold. 

Assume the contrary, i.e. we may assume that 2x + 3y + 6z < 6 and 2z + 3x + 
6y <6. 

Adding these inequalities we get 5x + 9y + 8z < 12. 


yz 
Vre * 


Thus, 12 > ae + 9y + 8z, i.e. 


But we have x > 


12(y +z) >54+9y? +8274 12yz © (2z-1)%?+Gy+2z-2)* <0, 


which is impossible, and the conclusion follows. |_| 
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7 Leta,b,c,x,y,z > 0. Prove the inequality 


ax i‘ by CZ — atbtoatytz) 
atx b+y c+z7 atb+c+x+y4z- 


Solution We'll use the following lemma. 
Lemma 21.1 For every p,q,a, B > 0 we have 


pq _ pt Bq 
pt+q” (+p)? 


Proof The given inequality is equivalent to (wp — Bq)* > 0. 
Now leta=x+y+z,6B=a+b-+c, and applying Lemma 21.1, we obtain 


ax _&tyt+evat@tbte)x 
atx” (x«ty+z+tat+b+c)? 
by _atytsyrbta@tbtory 
b+y~ (x«+ty+z+at+b+c) 


’ 


and 
CZ (x+y+z)?et(atb+c)*z 
c+z7 (xt+tytztat+bt+c? © 
Adding these inequalities we get the required result. a 


8 Let a,b,c € R™. Prove the inequality 


Wg Pg ee at oP a8 
at+be b?+ac c2+ab7~ be ac ab 


Solution Notice that aa < AG: + ‘), which is equivalent to 
b(a—c)* +c(a—b)* > 0. 
1 b 


ie era a5) which is equivalent to 


(a—b)*+(a—c)*=0. 


Hence 


2a ee we Ye () 
a+be7 4\be ac ab) 
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Analogously, we obtain 


2b e 1 (2b 4 c FS a (2) 

b>+ac~ 4\ac ab be)’ 
2c 2 1/2c as a : b (3) 

c+ab~ 4\ab- be ac} 

Adding (1), (2) and (3) we obtain the required inequality. 
Equality occurs if and only ifa=b=c. a 


9 Leta, b,c,x,y,z¢€R* suchthata+x =b+y=c+z=1. Prove the inequality 


1 1 1 
(abe +xye)( = sa =) 23 
ay bz cx 


Solution We have 
abec+xyz=abce+(1-—ajd—-—b)d-—c)=U—-—b)d —-—c)+ac+ab—a. 
So 
abe+xyz 1-c c 


= 1 
a(1—b) a Th , 


abc+xyz abc+xyz 
b(1—c) c(l—a) °* 


and analogously we obtain 
Hence 


1 1 1 
(abc +xya(= +—+ =) 
bz 


ay Cx 
_ a a b 4 Cc 3 are Pao a ee eee 
“tae lee 26 a c b ~ "of 
10 Let a}, a2,..., a, be positive real numbers and let bj, b2,...,b, be their per- 


mutation. Prove the inequality 


0 eh Sepals 
bi be is a2 an- 


2 
Solution For each x, y € R* we have aly. 
Hence 


222 21 


After summing for i = 1, 2,..., we obtain 
ay a an 
a s+ — > 2(ay tag+---+an) —(b1 +b24+---+)n) 
by bo bn 


=a) +a. +++++4n, 


and we are done. 
Equality occurs if and only if aj = b;,i=1,2,...,n. 


11 Let x € R™. Find the minimum value of the expression x41 : 
Solution Denote A = ee 
We have 
oe a sce a fc | 
ae ‘i os a x+1 : 


For any a, b > 0 we have a + b > 2/ab (equality occurs iff a = b). 
Now from (1) we get A > If taD: 
Equality occurs if and only if x = /2 —1. 


12 Let a,b,c € R®* such that abc = 1. Prove the inequality 


a b Cc 3 
+ + a. 
(a+)O6+)) 6+)DCce+) Cct+)at+)h” 4 


Solution After expanding we get 


ab+ac+be+a+b+c> 3(abc +1) 


ab+ac+bce+a+b+c>6. 


Since 


1 1 1 
ea a a er a rae ea 
c a 


Solutions 


1 1 1 
=({+4)+(5+5)+ (+e) 224242=6, 
a b Cc 


Equality occurs if and only if }++a=;4+b={4+c=liea=b=c=l. | 


we are done. 


13 Let x, y > 0 be real numbers such that y(y + 1) < («+ 1)*. Prove the inequality 


yy -D <x?. 
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Solution If 0 < y <1, then y(y — 1) <0 < x?. 


Suppose that y > 1. 
Ifx+4<y, then 


y= D= 99+) =2y s+ P= 2x45) <9" 


If x + 5 > y then we have x > y— 5 > 0, ie. 


(pe 56a 8 SIG UD 
x >(y-5) =y0 GPO =v: = 


14 Let x, y €R* such that x3 + y> < x — y. Prove that 
x7 4 y? <i. 
Solution From x? + y* < x — y we have 
O<y<x 


and 


0<x2 <x +y3<x—y<x, 


from where we deduce that x < 1. 
ThusO<y<x<l. 
Now we have x(x + y) <1-2=2 and xy(x+ y) <2y. 
From x* + y? <x — y we obtain 


ge 
@ty)@?-xy+y)<x-y & P-xy¢y< 
x+y 

Bis, Eg FD happen ED) oe SY aD a: 

x+y x+y x+y x+y = 


15 Let a, b,x, y € R such that ay — bx = 1. Prove that 
a+b? +x? +y? +ax+by> V3. 


Solution Let us denote u = a* + b*, v =x* + y* and w =ax + by. 
Then 


uv = (a* + b*)(x* + y?) =a?x? +a’ y* + b?x* + b’y’ 
=a’x? + by? + 2axby + or pe ea 2axby 


= (ax + by)’ + (ay — bx)? =w +1. 


224 21 Solutions 


From the obvious inequality (t./3 + 1)* > 0 we deduce 


fF 41 Ss = Opn/3. 


AP AS 3 —I/32r, 


417 +4> (V3 —1). (1) 
Now we have 
dd) 
(u+v)? > 4uv =4(w? + 12) >(V3 - w)’, 
from which we get u + v > /3 — w, which is equivalent tou +v+w>V3. 


16 Let a,b,c,d be non-negative real numbers such that a+b?+ce4+d2=1. 
Prove the inequality 


(l—a)(—b)0 —c)C — d) = abcd. 


Solution We have 2cd < c2 + d* =1-— a? — b?. 
Hence 


$1 =e) = b) = 2ed = 21 - ) =) - 14 eh = = SO, 


(l—a)(1—)b)>cd. (1) 
Similarly we get 
(l1—c)(—d)>ab. (2) 


After multiplying (1) and (2) we obtain (1 — a)(1 — b)(1 — c)C — d) = abcd, as 
required. Equality occurs iffa =b=c=d=1/2 ora=1,b=c=d=0 (upto 
permutation). | 


17 Let x, y be non-negative real numbers. Prove the inequality 
4? + yO? +y)Q> + y at ty. 


Solution Since the given inequality is symmetric we may assume that x > y > 0. 
Let a,b € N. Then we have x“ > y“ and x? > y’. 
Hence 


(x4 — y*)(x? — y’) > 0 
S ath ae rr > xty? ae? y* 


van 2x2? 4 yer?) > (x@ =e yx? 4+ y’). (1) 
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For a = 2, b=3 in (1) we get 

20° +y) >? +y7)03 +). (2) 
For a=5,b = 4 in (1) we get 

2(x? + y®) > > + yt + y’). (3) 
From (2) and (3) we get 
4(x? +?) =2-20° ty) = 2@? +y at ty) =? +y)C7? +y)O*+4+y, 
and we are done. |_| 


18 Let x, y,z € R™ such that xyz = 1 and 7 + t + i >x-+y-+z. Prove that for 
any natural number n the inequality 


Fog Dh Sat gh Dy 
xr y” gn 


is true. 


Solution After setting x= F,y= 2 and z = ©, the initial condition 


becomes 


& av@b+bhc+ca>ab + be? +ca* 
& (a—b)(b—c)(c—a) <0. 
Let n € N, and take A=a", B=b",C=c". 


Thena>bsA>Banda<bsA<B,etc. 
So we have 


(A— B)(B—C)(C — A) <0 
B C A_A_ BC 


> 
AR” G-B' CoA 
1 1 1 n n n 
? get ya tH =* ey ARS | 


19 Let x, y,z be real numbers different from 1, such that xyz = 1. Prove the in- 


equality 
a9" fy \ 3=2\" 
— 7. 
Gos ae co 


226 21 Solutions 


Solution Denote A = (3=*)? + (722)? + 3E2)? -7. 


We have 
oe a 42 a2 
A={1+—)]) +[(1+——] +{1+——] -7. 
l-x l-y 1—z 
Let 7 


Then A = (1 + 2a)? + al + 2b)? + (1 + 2c)? —7, ice. 


A = 4a? + 4b? +. 4c? + 4a + 4b + 4c — 4. (1) 


Furthermore, the condition xyz = | is equivalent to abc = (a — 1)(b— 1)(c — 1), 
Le. 


a+b+c—l=ab+bc+ca. (2) 
Using (1) and (2) we get 
A = 4a? + 4b? + 4c? + 4(ab + be + ca) = 2((a +b)? + (b +€)* + (c +.a)”), 


ie. A>0. 
Equality occurs if and only if a = b =c = 0, which is clearly impossible. 
So we have strict inequality, i.e. A > 0, ie. 


3-x\7 ca9 3-z\7 
—7>0 
a ee 


and we are done. |_| 


20 Let x, y, z < 1 be real numbers such that x + y + z = 1. Prove the inequality 


1 Z 1 i 1 _2! 
lt+x2 1l+y?) 14227 10 


Solution We'll prove that for every t < 1 we have a < 34 (2 —f). 


The last inequality is equivalent to (4 — 3r)(1 — 3t)* > 0, which is clearly true. 
Hence 


1 1 ft. 39 
2 (0 a 2 
Ge ye ia ee 
776 (x+y+z)) all 
= =X =—, 
50 a = 5 | 


21 Let a,b,c € R™. Prove the inequality 


1 1 1 3 
+ “fF = . 
ail+b) b+c) cUl+a)7~ 1+abc 


227 
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Solution We can easily check the following identities 
1+ abc l+a b(1+c) 1 l+abe _ 1+b c(1+a) 
: bd+c) bd+c) l+e 


a+b) addy TE 


and 
1+abc l+c a(1+b) 


a(l+b) c(+a). I1+a 


Adding these identities we obtain 
l+abc Il+abce  1+abe 
ai+b) b(l+c) c+a) 


=( l+a "| ( 1+b 4 PUPO) 
~ \ad +5) l+a b(1+c) 1+b 


1 1 
2 oN cA GA ae 
c(1+a) l+ce 


1 3 


1 1 
> : 
Tica) ~ 1+abc 


AED) Bee) 


Equality occurs if and only ifa=b=c=1. 
22 Let x, y, z be positive real numbers. Prove the inequality 
9(a+b)(b+c)(c+a) > 8(a+b+c)(ab+be+ca). 


Solution The given inequality is equivalent to a(b—c)* +b(c—a)* +c(a—b)* > 0, 
| 


which is obviously true. Equality occurs iff a=b=c. 


23 Let a, b,c be real numbers. Prove the inequality 


(a? +b7 4+ C7) > 3(a°b +bco+ ca). 


Solution By the well-known inequality (x + y +z)? > 3(xy + yz + zx) for 


x =a’ +bc—ab, y=b*+ca—be, z=c’+ab—ca, 
| 


we obtain the required inequality. 


24 Let a,b,c be positive real numbers such that a” + b? +c? = 3. Prove the in- 


equality 
a(b+c)tb(c+a)+c(atb) <6. 


228 21 Solutions 
Solution We’ll show that 

B+) +cat a+b) < COHP HEY, () 
Inequality (1) is equivalent to 

2(a* + b* 4+ ct) 4+. 4(@7b? + b?c? +. c*a) 
> 3ab(a? +b?) + 3be(b* +c?) + 3ca(c? +a”). (2) 
We have 
a‘ + b* + 4a*b* > 3ab(a* +b?) & (a—b)++ab(a—b)* =0, 


which is clearly true. 
Analogously we get 


bt +44 4b2c? > 3bce(b? +.c7) and ct +at+4c?a? > 3ca(c* +a’). 
Adding the last inequalities we get (2), i.e. (1). 
Finally using a* + b? + c? =3 we obtain the required result. 


Equality holds if and only ifa=b=c. a 


25 Let a, b,c be positive real numbers. Prove the inequality 


a a b a € 3 
| 4 | >2. 
b+ec cta a+b 


: > xe 2x + 
Solution We'll show that oe eared for every x, y,z€R™. 
We have 


2 
x 2x x ( 2x ) 
| > 4 = 
YrZ xX+y+Z yrz X+yrZ 


& (etytzye4iytn © (ytz—-x)* 20, 


with equality iff x = y+ z. 
Now we easily obtain 


a b c 2(a+b+c) 
| +4) 4] = =2, 
b+c c+a a+b a+b+c 


with equality if and only ifa=b+c,b=a+c,c=a+b,ie.a=b=c=0, 
which is impossible. 


So we have strict inequality, i.e. (Be + Va + (as >2,asrequired. Hf 


21 Solutions 229 


26 Let a,b,c be positive real numbers such that a? + b* +c? =3. Prove the in- 
equality 
a me b 4: Cc Je 
b+2 ct+t2 a+27 


Solution The given inequality is equivalent to 
ab? + be? + ca” <2+ abc. 


We may assume that a > b > c (since the inequality is cyclic we must also consider 
the case c > b > a, which is analogous). 
Then we have a(b — a)(b — c) <0 from which we have a2b + abc > ab? + ca’. 
Thus 


ab* + be? + ca” < a*b +-abc + be’. 
We’ ll show that 
ab + be* <2. 
We have 
ab+be<2 & bB-b*?)<2 8 (b-1)°(b+2)=0, 
which is clearly true, and we are done. 


Equality occurs iff a= b =c=1 ora =0,b=1,c = V2 (over all permuta- 
tions). | 


27 Let x, y, z be distinct non-negative real numbers. Prove the inequality 


ee ee ee Oe 4 
(x—y)? (y—z)*) (z— x)? ~ xytyz+zx° 


4 
ab* 


1 1 1 
Solution If a,b > 0, then Epet gt pe 
The last inequality is true since 


1 gota a 4 (@’+b* —3ab)’ 
(a—b)? a2 b2 ab a*b*(a—b)? 


Without loss of generality we may assume that z = min{x, y, z}. 
By the previous inequality fora = x — z and b= y — z we get 
1 ae 1 i 1 “ 4 
Gay OS? Caay C= OOSZ): 


So it suffices to show that 


4 . 4 
(x-—z)(y—z)~ xy t+ yz+zx' 
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i.e. 
xytyz+z2x > (x-z)(y—-2), 
i.e. 
2z(y +x) > 2’, 
which is true since z = min{x, y, z}. | 


28 Let a, b,c be non-negative real numbers. Prove the inequality 
3(a7 —a +1) —b+ 1)? —c +1) = 1 + abe + (abe). 
Solution Since 
2a? —a+1)(b?—b+1)=14+4°b? + (a—b) +(1-ay (1 — bY 
we deduce that 
Oa? a4 NG =64+1)= 1427h*: 
It follows that 
3(a* —a+1)(b° —b+ 1)? —c+1)= (1 +a°b*)(c* —c+1), 

and it remains to prove that 

3(1 + a7b?)(c? —c +1) > 2(1 +. abe + (abc)’), 
which is equivalent to the following quadratic in c 

(3 +.a°b*)c? — (3+ 2ab + 3a*b*)c + 1+ 3a7b? > 0, 


and clearly the last inequality is true, since 3+ a*b? > 0 and D = —3(1 —ab)* <0. 
Equality occurs iffa=b=c=1. a 


29 Let a,b € R,a 40. Prove the inequality 


1b 
a+b? +— 5+ ->V3. 
a a 


Solution We have 


1b ee 3 
24 72 2 
+b°+ 5+4+-=(b+ +a°+ ; 1 
7 az a ( =) : 4a? (1) 
Since (b+ x)°=0, using (1) we get 
1 b 3 
24 p2 2 
b°+—5+-> —. 2 
a’ + ae a +73 (2) 
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Using AM > GM we have 
3 

> 2,/a2— = V3. (3) 
From (2) and (3) we get 

1 b 

a+b + 54+->V3. 

a a 

Equality occurs iff b + tL = 0 anda? = ree iea= +3 and b= oe. a 


30 Let a,b,c € R™. Prove the inequality 
a1 Pel el 
b+c cta a+b ~— 


Solution For each x € R we have x? + 1 > 2x. 
So we have 


aw+1 b4t+l1 +1 2a 2b 2c 
= + + 
b+c cta a+b b+ce cta a+tb 


It’s enough to prove that ;f + —~ +o 3, which is Nesbitt’s inequality. 


Equality occurs if and only ifa=b=c=1. a 
31 Let x, y, z be positive real numbers such that xy + yz + zx = 5. Prove the in- 
equality 

ox? 4 3y" fe = 10 
Solution Using the inequality AM > GM we obtain 
Ax? + 27 > 4xz, Ay* + 2? > 4yz and 2x? + 2y* > Axy. 
Adding these inequalities and using xy + yz+ zx =5 we get the required inequality. 


Equality occurs iff x = y=1,z=2. a 


32 Let a,b,c be positive real numbers such that ab + be + ca >a+b-+c. Prove 
the inequality 


a+b+c>3. 
Solution We have 
(atb+cP=a°+b? +c? +2(ab+ac+be) 
>ab+ac+bce+2(ab+ac+bce) 
= 3(ab+ac+bc)>3(a+b-+c), 
from which we geta+b+c>3. a 
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33 Let a, b be real numbers such that 9a? + 8ab + 7b” < 6. Prove that 


Ta +5b+ 12ab <9. 
Solution By the inequality AM > GM we have 
Ta + 5b + 12ab < 1(«? + i) + 5(«? + i) + 12ab 
= 7a* + 5b* + 12ab +3 


= 9a? + 8ab + Th? — 2a” + 4ab — 2b? +3 
= 9a? + 8ab + 7b? — 2(a — b)*? +3 <64+3=9, 


as required. Equality holds iff a = b = 1/2. 
34 Let x, y,z €R™, such that xyz > xy + yz + zx. Prove the inequality 
xyz>3(x+y+z). 


Solution Letting i =a, t =b, : 


becomes 
a+b+c<l. 
We need to show that 


xyz>3(x+y+z) & 3(ab+bc+ca) <1. 


Clearly 
(a+b+c) > 3(ab+be+ca). 
Now from (1) and (3) we obtain (2). 


35 Leta,b,ce Rt with a2 + b? +c? =3. Prove the inequality 


Solution The given inequality is equivalent to 


(= be “) 
—4+—+—} 29 
c a b 


ab? b*c2— 2a? 
b2 


+2(a* +b? +c?) > 3(a2 +b? +02), 


= c, the initial condition xyz > xy + yz + zx 


(1) 


(2) 
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i.e. 
wh? bec? - ca ae) 
2 a - =F pb Sa+bh +c’. 
Furthermore, applying AM > GM we get 
272 2.42 2.2 22 27,2 29 
ab b*c 2 b*c ca 2 a°b ca 2 
c2 7 a2 2 2b", a b? 2 2c", c2 - b2 = 
After adding these inequalities we obtain 
27,2 22 242 
a‘b b*c ca 2 a. 2 
+ Sa +b +c 
c a b2 
and we are done. | 


36 Let a,b,c be positive real numbers such that a ++ b+c= 4/abc. Prove the 
inequality 


ab+bce+ca>9%(a+b+c). 
Solution By the inequality AM > GM we have 
Vabe=a+b+c > 3Vabc, 
which implies 
abc >3° and atb+c=Vabe > 36 = 3°. (1) 


Once more, the inequality AM > GM gives us 


ab +bc+ca > 3y (abc)?, 


(ab + be + ca)? > 33 (abc)? = 33 (a +b+c)* 2 36a ae Ace 
Hence 
ab+bce+ca>9%(a+b+c), 
as required. 


Equality occurs if and only ifa=b=c=9. a 


37 Let a, b,c be positive real numbers such that abc > 1. Prove the inequality 


4 1 on. 1 & 1 27 
a+ —— c : 
a+l1 b+1 c+1/~ 8 
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Solution By the inequality AM > GM we have 


a+l 1 a+l 1 3a 3 3a 3 3 
>2 = “aiid Ol eae Sy 
A gee = Na and gy ag 34 


Adding these two inequalities we get 


ar > Ja. 


eo 


Analogously we obtain 


Pete ae d ==5 
+ pe 5vb an er —25ve 


Multiplying the last three inequalities gives us 
1 1 1 27 27 
————s b+ + > Vabc> —, 
(e+ )( sril(e ai)e3 si 
as required. 


Equality occurs iffa=b=c=1. | 


38 Let a,b,c,d €R* such that a* + b? + c* +d? =4. Prove the inequality 
a+b+c+d>ab+bc+cd+da. 
Solution We have 


a+b+c+d>ab+bce+cd+da & a+b+c+d>(a+c)(b+d), 


1 
+ — > 1. 
atc b+d7 


Since AM > HM we have 


1 1 4 
+ > : 
a+c b+d~ a+tb+c+d 


(1) 


Applying QM > AM we have 


’ 


at+tb+c+d eee 
4 = 4 


at+tb+ct+d <4. 
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Now by (1) we get 
1 1 


4 4 
=i 


+ > > 
atc b+d~ a+tb+c+d™ 4 


Equality holds if and only ifa=b=c=d=1. 


39 Let a,b,c € (—3, 3) such that s+ 3 taht. 


Prove the inequality 


1 


1 


1 
>1. 


ca 8a Jee 


Solution By the inequality AM > HM we have 


(B+a+G+H4+E+0)/ : + 


and 


1 1 


3+a ap ae 


1 1 1 
(3-a)+GB-b)+0 (5 he gts aE 


© (3-a)+3-b)+0 o( 


After adding (1) and (2) we obtain 


1 1 


9 


1 


Je 


> 
stati)? 


1 


1 1 1 1 1 
18 >18, ie. 
(ctaats)? We ag Bay 


= 
3+¢ 


40 Let a,b,c €R* such that a? + b? +c? = 3. Prove the inequality 


1 


1 


1 


+ + cae 
atbc+abec b+ca+bca c+ab+cab 


Solution By AM > HM we have: 
1 


1 1 


ree bee oed cea acees 


9 


> : 
~at+b+ct+ab+bce+ca+ 3abc 


Using the well known inequalities: 


a+h+ce>ab+be+ac and (atb+c)*>3(@’+b? +c’) 


and according to a? + b* +c? = 3, we deduce 


ab+be+ca<3 


and a+b+c<3. 


235 


(1) 


(2) 


(1) 


(2) 
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Solutions 


By AM > GM we have a? +b? +c? > 3,/ (abc)? and since a? + b? +c? =3 we 


easily deduce that 
abc <1 
Now according to (1), (2) and (3) we obtain 


1 1 1 
Pee Py Pas cern Vie ener marry 
9 9 
> > = 
~a+tb+c+ab+bce+ca+3abe ~ 34+3+4+3 


1 


Equality occurs if and only ifa =b=c=1. 


41 Let a,b,c € R®™ such that a+ b+ c =3. Prove the inequality. 


a*b? +.a* +b? ie le 5 
ab+1 be+1 cat+1 oe 


Solution Let a, b € R* then we have 


(a—1)°(b-1)°>=0 
& a*b* —2a*b+a* —2ab* + 4ab —2a + b* —2b+1>0 
& ab? +a? +b* > 2a*b 4+ 2ab* + 2a + 2b —4ab—1 


& ab +a?+b? > 2a(ab+1) + 2b(ab + 1) —4(ab+ 1) +3 


= (ab + 1)(2a + 2b — 4) +3. 


Hence 


2,2 2 2 
b b 3 
TET? 9 4 


ab+1 ab+1 
Similarly we obtain 
bee +b? +c 3 
—___—. > 2b +. 2c — 4 + ——_ 
RE ee pe 
and 
2: 22: 2 2 
3 
i ia a 


ca+l1 ca+1 


(3) 


(1) 


(2) 


(3) 
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Adding (1), (2) and (3) gives us 


Cbt+e+h Bet+ht+e cear+c+a? 


ab+1 bce+1 ca+1 
>4(a+b+c) 2+ + at 
=aettienl twat a 
Applying AM > HM we obtain 
1 1 1 9 (5) 


> . 
(ap fape” l+ca”~ 3+ab+bc+ca 


Using the well known inequality (a+b+ c)? > 3(ab+be+ca) anda+b+c=3 
we deduce 
ab+bc+ca <3. (6) 
Finally by (4), (5) and (6) we obtain 
Crie@+e Peter Cat+c+a 
+ 
ab+1 be+1 ca+1 


3 3 3 27 27 9 
> + a Zz es = 5" 
~ab+1 bet+1 ca+1”7 3+ab+be+ca~ 3+3 2 


Equality occurs iffa =b=c=1. | 


42 Let a,b,c, d be positive real numbers such that a* + b* +c? +d? =4. Prove 
the inequality 
P+bh4+3 P4743 C4+a4+3, P+a’4+3 
+ + + 
a+b b+c ct+d d+a 


> 10. 


Solution Observe that for any real numbers x, y we have 


1 or 
Pays y= (243) ge 


equality achieves if and only if x = y =0. 
Hence (a — 1)? + (a — 1)(b— 1) + (b — 1)? = 0, which is equivalent to 


a’ +b? +ab —3a—3b+3>0, 
from which we obtain 


a? +b*+3>3a+3b—ab, 
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Gee eS ab 
a+b ~~ a+b 
By AM > GM we easily deduce that 


a+b ab 
= ; 
4 ~ a+b 


Therefore by previous inequality we get 


a2 +b*+3 a+b 
> : 


a+b 7 4 
Similarly we obtain 
b? +43 b+e c* +d? +3 c+d 
>3 ; >3 and 
b+c 4 c+d 4 
d? +a*+3 d+a 
>3 . 
d+a ~ 4 


Adding the last four inequality yields 


a+b?4+3 be 4+c743 c%4+d24+3 @+a+3 atb+c+d 


a+b - b+c - ct+d * d+a ~~ 2 ‘ 
According to inequality QM > AM we deduce that o 
[creeeee  atbte+d 
4 ~ 4 
and since a* + b* +c? +d? = 4 we obtain 
a+b+ct+d<4. (2) 


By (1) and (2) we get 


at+b?+3 b4c24+3 0 c8+d*4+3 d*4+a24+3 at+tb+c+d 
+ + = 
a+b b+e ct+d d+a 2 


>12 410 
a 27 ’ 


as required. 
Equality occurs if and only ifa=b=c=d=1. a 
43 Let a, b,c be positive real numbers. Prove the inequality 


1 1 1 9 
= , 
ab(a+b) + bc(b+c) = ca(c +a) ~ 2(a3 +53 +3) 
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Solution According to the obvious inequality (a + b)(a — b)? > 0 we get the in- 
equality 

a+b? >ab(at+b). 
Thus 


1 1 
= ; 
ab(a+b) ~ a3 +b3 


Similarly we get 


1 1 1 1 
> and = : 
be(b+c)~ b+c3 ca(c+a)~ 8+a3 


After adding the last three inequalities we obtain 


1 1 1 1 1 1 
+ + = F + . a 
ab(a+b) be(b+c) ca(eta) a+b B+ 3t+a3 ) 
Now since AM > HM we have 
1 1 1 9 
jap Rae’ a = 3 
e+b>  b34+c3 c34+a3 ~ (a3 +53) 4 (63 +.€3) 4 (C3 +43) 
9 
= ——_—. 2 
2a ae bP ec?) “ 
From (1) and (2) we get the required inequality. 
Equality holds if and only ifa=b=c. a 


44 Let a,b,c € R* such that abe + b./ca + cab > 1. Prove the inequality 
GLb peeSS. 


Solution We have 


b+c cta a+b 


1<avVbe+bJ/ca+cVab <a 5 +b 5 +c 5 
b 2 
sab+actbes STO 
Le. 
(at+bt+cP>3 & atb+cz v3. ol 


45 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


b+c cta a+b 
+ 4 > Jat vb+ Ve+3. 
va vb ve 
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Solution By AM > GM we get 


b+c aN 
Ja vb Je 
be ca ab 
>2 +2 +2 
a b Cc 
(/~ *) (/¢ ) (/< \*) 
= —+,/—]+ —+,/—]+ —+,/— 
a b b Cc Cc a 


> 4Ja+Vb+ Ve) > Vat+Vb+ Ve+3Vabe 
= Ja+vVb4+Je+3. a 


46 Let x, y, z be positive real numbers such that x + y + z = 4. Prove the inequality 


1 1 1 1 
+ + < : 
Q2xy+xztyz xy+2xz+yz xytxz+2yz7 xyz 


Solution By AM > HM we have that i 4+1is _4 


b= agp foranya,be Rt. 
Therefore 


1 1 1 1 1 
= < 
Qxy+xz+yz ASST ETET ETI EET se) 


gi fl aie ne dot 
TA\4A\ xy xz A\ xy yz 


‘(2 1 Ly ett 


16\xy xz yz 16xyz 
Similarly, 
1 eeeeybe Bats 1 Joe 
xy+2xz+ yz 16xyz xy +xz+2yz 16x yz 


Adding the three inequalities yields that 


1 » 1 ‘3 1 Z _(*?) = 1 
2xy+xzetyz xy+2@xz+yz xy+xz+2yz7 16 xyz ~ xyz" 


Equality occurs iff x = y= z=4/3. a 
47 Let a,b,c € R™. Prove the inequality 


abc > (a+b—c)(b+c—a)(ct+a-—Db). 
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Solution Settinga+b—c=x,b+c—a=y,c+a—b=z the inequality becomes 
(x+y)(ytz2G+x) = 8xyz. 


Let us assume that x < 0. Then c > a+b, and clearly y and z are positive and the 
right-hand side of the given inequality is negative or zero, but the left-hand side is 
positive, i.e. the inequality holds. 

So we may assume that x, y, z > 0. Then using AM > GM we get 


(x +y)\(ytz)(Z +x) = 2./xy - 2./yz + 2./xz = Bxyz 


and we are done. |_| 


48 Let a, b,c be positive real numbers such that a+ b +c = 3. Prove the inequality 


12 


b ———— >5 
CT phe Lae 


Solution Recalling the well-known inequality abc > (b +c —a)(c +a —b)(a+ 
b — c) (Problem 47) we obtain 


abc > (3 — 2a)(3 — 2b)(3 — 2c) 
& abc>27-18(a+b+c)4+ 12(ab+ be + ca) — 8abe 
& 3abc>4(ab+be+ca)—9 

. 4(ab + bc + ca) 


> b 3. 
abc = 3 
Therefore we have 
12 4(ab + bce + ca) 12 
b > 3>8-—3=5, 
TOO ap peaae = 3 © ey ee Lae 7 
where the last inequality follows since AM > GM. a 


49 Let a, b,c be positive real numbers such that abc = 1. Prove that 


(reeds 


Solution Since abc = 1, it is natural to take a= *,b = .; c= 
Now the given inequality becomes , 


€ 1+2)(2 1+2)( 1+2) <1 i. 
y y Z Z x x 


(x+y—zZ(zt+x-—y)(y+z—-x) < xyz, 


< where x, y,z > 0. 


which is true (Problem 47). Equality occurs iffa=b=c=1. | 
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50 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 
1 fi 1 és 1 “ 1 Es 1 a: 1 
lt+a+b 14+b4+c 1l+c+a7~2+a 24+b 24c€ 


Solution Letx =a+b+cand y=ab+ac+be. 
Clearly x, y > 3 (these are immediate consequences of AM > GM). 
Now the given inequality is equivalent to 


3+4x + y +x? a 12+4x+y 
Wx +t+ytx2+xy~ 9+4x42y’ 


1.e. 
2 2 2 2 
3x“y + xy~ + Oxy —5x° — y* — 24x —3y —27>0, 
1.e. 
(3x7y — 5x? — 12x) + (xy? — y* — 3x — 3y) + (xy — 9x — 27) = 0, 
which is true since x, y > 3. |_| 


51 Let a,b,c > 0. Prove the inequality 


100abc 
(a+b)? + (at+b4+4c)? > oop 
Solution Since AM > GM we have 
(a+b)? +(a+b4+ 4c)? =(a+b)? + (a4 2c+b+42c)* 
> 4ab + (2V2ac +2V2be)?, ice. 
(a+b)? +(a+b+ 4c)? > 4ab + 8ac + 8he + 16cV ab. 
Now 


(a+b)? + (a+b+4c)? 
abc 


,, 4ab + 8ac+ 8bc + 1l6cVab 


abc 


(a+b+c) 


(a+b+c) 


4 16 
= b 
(Sates ae +c) 


8 atztat : : st Sa ceit 
— Cc 
Ja Lae 2 2 


Using the last inequality and AM > GM once more we obtain 


(a+b)? +(a+b+4+ 4c)? | 1 5|a2b2c 
b >8-5,7 5 = 100, 
abc Grow ee 2a2b2c 16 
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100abc 
atb+ec 
Equality occurs if and only if a = b= 2c. a 


(a+b) +(a+b+4c) > 


52 Let a, b,c > 0 such that abc = 1. Prove the inequality 


donee ge ps de 
lta 1+b lta 7 


Solution Since abc = 1 we have 


1+ab_ abc+ab__ ab(c+1) 


l+a l+a a+l 


and similarly 


1+bce  bc(a+1) l+ca_  ca(b+1) 
= ani = 
1+b b+1 l+c c+l1 


Now by AM > GM we obtain 


l+ab 1+bc l1+ca = ab(c+1) be(at+1) ca(b+1) 


Ita  1+b I+e #£4a+l b+1 c+l1 
a 3) Oe +1) be(at+1) ca(b+1) 
= a+l b+1 c+1l 
= 3y (abc)? = 3. 
Equality occurs iffa=b=c=1. | 


53 Let a, b,c be real numbers such that ab + bc + ca = 1. Prove the inequality 


1\? ee i\7 
(+3) +(o+2) +(c+2) S16 
b Cc a 


Solution 1 We have 


244 21 Solutions 


,  ab+be+ca ,  ab+be+ca ,  ab+bce+ca 
= ae + — + &* +-@ —— H+ 8 + — 


a be Pe] 


a b ec 
+2($ 4245) 
b coea 
b cea c a b be ca ab 
2 2 2 
(a~ + +e4(2 4545) 4 (£+$+2)+(3+5+9) 


>ab+be+ca+3+9+3=14+3+9+4+3=16. 


Clearly, equality occurs iff a = b = c = 1/V3. a 


Solution 2 By well-known inequality x + y? + 2? > xy + yz-+zx we have 
i 1\? ie I I 1 I 
a+—) +(b+—-}] +{(ct+—]) =(a+-—)(b+-)]4+(45+-]lc+- 
b c a b c c a 
+E +7) ee 
c+—]{a+—}, 
a b 


2 2 2 
1 1 1 a boc 
at -) +(b+—}) +le+—] 2abtbe+cat+—+—+7+3 

c a c ab 


ee oes (1) 


: b la b 1 
Using AM > GM and AM > HM we get £4+ 24+ 6 >3,/4-2-€=3 and = + 


1 1 9 _9I_ : 
be + ta 2 abtbehea = I> 9, respectively. 


By last two inequalities and (1) we obtain 


hs is 1\? 
(+7) +(o+2) +(c+2) >14+3434+9=16, 
Cc a 


as required. | 


Solution 3 By QM > AM we have 
i i 1\?_ @tbo+e+i4i4)y 
(«+;) +(o+2) +(c+ ) = a. oa) 
c a 


By well-known (a+ b+ c)? > 3(ab + be + ca) and ab + be + ca = 1 we obtain 


at+tbt+c2 v3. (2) 


21 Solutions 245 
According to AM > GM we have 


l=ab+bce+ca>3v (abc), 


! >v3. 
abc 


3 


By AM > GM and previous inequality we have 


a ee > 3/3. (3) 


Finally by (1), (2) and (3) we get 


2, 2 2 2 
(«+;) +(5+2) +(c+2) Wa = 16, 


a 3 
as required. Equality occurs iff a=b=c =1/V3. | 


54 Let a, b, c be positive real numbers such that abc > 1. Prove the inequality 


ee «Bae 1+b Il+e 
a Cc : 
~14+b i1+c dIl+a 
Solution We have 


lta 1+b Il+e 
1+b I+e I+a 


1 az 1 
fig eee ihe 

1+b l+c l+a 
=(ttal t-——\404y| f-—"- 4 eolt-——\=4 
ae 1+b I+e¢ - T+a 


l+a)b 1+b)c l+c)a 
_Utab (tbe, tea, 
1+) l+c l+a 


a4 (+a)jb U+b)c U+oja 
aa 1+ 5 l+c l+a 


=3Vabe—-3>0 (abc>1). 
Equality occurs iffa=b=c=1. | 


55 Let a,b € R°. Prove the inequality 


3 3 1 1 
2 2 

b+—]{(b = 2 ~})(2b+4+ -}. 
(@+ +3)( +a+3)>(20+5)/ +5) 
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Solution For any x € R we have x* + ; >Xx. 
So it follows that 


Ppa \ pee \s ne fs ee (ae : 
ia ne = Ea = 
a a 5) a 5) a 3 


= (MABE) (eatery 


= 2 2 


AzG 5 1 ob 1 
cal Ey t5) | 


56 Let a,b,c €R such that abc = 1. Prove the inequality 


a 4 b 4 Cc a4 
az4+2 b242 (2427 


Solution By the well-known inequality x + 1 > 2x, Vx € R, we have 


a b Cc a b res 
PED PRO! 240 Peis Bela” Cate 
2 a ie b i c 
~2at+l 2W2b+1 2c4+1 
1 1 1 


= +——+— =A. 
2+i 24} 241 


The inequality A < | is equivalent to 
1 1 1 1 1 1 
2+-—)(2+-]4+(24+-)](24+-)+[(24+—-)](2+- 
b c a c a b 
1 1 1 
<(2+ 2+ 2+-], 
a b c 


Ap : 1 1 1 3f¢_1 
which is true since 77 + 72 + 2 23 ; (x57)? = 3. 
Equality occurs iffa=b=c=1. a 


57 Let x, y, z > 0 be real numbers such that x + y + z = xyz. Prove the inequality 
 — D-DD 1) <6V3— 10. 


Solution Since x < xyz we have yz > | and analogously xz > 1 and xy > 1. At 
most one of x, y, z can be less than 1. 
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Let x <1, y>1,z> 1. Then we have (x — 1)(y — 1)(z — 1) < 0,7 so the given 
inequality holds. 
So it’s enough to consider the case when x > 1,y>1,z>1. 
Letx —l=a,y—1=b,z-l=c. 
Then a, b, c are non-negative and since x =a+1, y=b+1,z=c+1 we obtain 
at+1+b4+1l+c4+l=(@4+)D64+)D(c+1), ie. 
abc +ab+be+ca=2. (1) 
Let x = sabe, so we have 
ab + bc +ca > 3y (abc)? = 3x’. (2) 
Combine (1) and (2) we have 
x3 43x? <abctab+be+ca=2 © (x+1)(x?4+2x—-2)<0, 
so we must have x2 + 2x —2 < 0 and we easily deduce that x < /3 — 1, i.e. we get 
x <6 —1)P =673 — 10 


and we are done. |_| 


58 Let a,b,c € (1, 2) be real numbers. Prove the inequality 


b./a i cb ii a/c 4 
AbJ/c-—cJfa 4cJa—-aVvb 4aVb—bfeo 


Solution Since a, b,c € (1, 2) we have 
Ab./c —cJa > 4/c — 2c = 2/c > 0. 


Analogously we get 4c,/a — av/b > 0 and 4av/b — b/c > 0. 
We'll prove that 


b 
ee () 
4b./c—ca~ atb+c 
Since 4b,/c — c./a > 0 inequality (1) is 
b(ia+b+c) > Ja(4bVc — cVJa) 
S&S (at+b)(b+c) = 4bJac, 
which is clearly true (AM > GM). 
Similarly we deduce that 
cb b 
(2) 


> 
4c, Ja -—aJ/b~ at+b+c 


248 21 Solutions 


and 
a/c = c 
4daVb—bJ/e at+bt+e 
Adding (1), (2) and (3) we get the required result. | 


(3) 


59 Let a,b,c € R®™ such that a +b +c =3. Prove the inequality 


Ja(b+c)+/b(e+a)+ /cla +b) = 3V 2abe. 
Solution We have 
J/2 
Vab+ac> oe + Jac). 
Analogously 
2 2 
Vbce+ba> be + Vba) and Vca+cb> vO ea + Vcb). 


So it suffices to show that 


J2(Vab + Jfac+ bc) > 3V2abc, 


Vab+Jac+~Vbe => 3V abe. (1) 
By AM > GM we have 


Vab + Jac + Vbe > 34/ abc > 3V abc 


where the last inequality is true since 
b 
abe < a =1, ie abe<l. 2 


60 Let a, b, c be positive real numbers such that a+ b+ c = 1. Prove the inequality 


Va+tbe+Vb+cat+tvVc+ab <2. 


Solution Sincea+b+c=1wehavea+bce=a(a+b+c)+bc=(at+b)(a+c) 
i.e. 


(a+b)+(a+c) _ 2at+bt+c 


Ja+be=/(a+b)(a+c) < 5 5 


Similarly we obtain 


2b 2. b 
Vb+ca< a and Vc+ab< ——. 
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After adding the last three inequalities, we obtain 


2a+b 2b 2 b 
Vatbec+Vb+ca+vVcetab < a+ a" oe 
=2(a+b+c)=2. 
Equality occurs iffa=b=c= 1/3. a 


61 Let a, b,c be positive real numbers such that a + b+ c+ 1 =4abc. Prove that 


bite ota’ ath 


>2(ab+be+ca). 
a b 


Solution By the well-known inequalities: 


x+y? >2xy and 307 +y? +2) 2 @+y4+2)’, 


we obtain 
Pee Cid 2@aPr 
=F +t 
a b c 
2bc 2ca ab 2((bc)? + (ca)? + (ab)” 2(be + ca +. ab)” 
pe ep aoe) Ne) AGE I yw 
a b Cc abc 3abc 
We have 
(ab + be + ca)” > 3((ab)(bc) + (bc)(ca) + (ca)(ab)) = 3abc(a +b +c), 
Le. 
ab+bc+ca>J/3abc(at+b+c). (2) 
Also 
4abc=a+b+ct+1 > 4Vabe 
Le. 
abc > 1. (3) 
Therefore 
(3) 
a+b+c=4abc — 1=3abc + abc — 1 > 3abce. (4) 
By (1), (2) and (4) we obtain 
be+c +a a+b? 
+ + 
a b Cc 
(be + ca + ab)* , 2ab + bet ca)/3abc(a +b +c) 
= 3abc = 3abc 
2(ab+b V Babe)? 
. (ab + be + ca)v abc) Seba te wey. a 


3abc 
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62 Let a,b,c € (—1, 1) be real numbers such that ab + be + ac = 1. Prove the 
inequality 


6v (1 —a?)(1—b?)(1—c?) <1 + @t+btoy. 


Solution Since a,b,c € (—1, 1) we have 1 — a*, 1 —b?,1—c? >0. 
By AM > GM we get 


6V/ (1 —a2)(1 —b2)(1 — 2) =2-3W (0 — a2)(1 — b2)(1 — 2) 
Wise hip tee) 


=2(3— (a? +b? +c’)) 
=6-2(a* +b? +c’). 
We’ll show that 
6-2(a? +b? +c?) <14+@tbt+c). 


This inequality is equivalent to 


6-27? +b? +07) <1+a4+h4+c74+2 


3<3(a +b +c’) 


a? +b? +7 > 1, 
which is true since a2 + b* +c? > ab+bce+ac=1. 


é ; ape eee es A 
Equality holds iffa=b=c=+ FR | 


63 Let a, b,c,d be positive real numbers such that a? +b?+c* +d? =1. Prove 
the inequality 


Vl—a palo bel Set Jad FG WV Ee Va. 


Solution First we’ll show that 


a+b+ct+d <2. (1) 
We have 
a+b+c+d p a+b?+c?4+d? 1 
4 - 4 ao) 
1.e. 


a+tb4+c4+d <2. 
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Furthermore 


Per Jaa W247 VOW I-44 Va) 1—2a 


Wl =ab da ~ /l-at+Ja’ 
By AM < QM we have 
Vi=at va _ l-ata_ L - 1 : _ ‘a 
2 2 V2 Vi-at+Ja~ V2 
Using (2) and (3) we deduce 
1-—2a 
Vl-a-Ja> Be 
Similarly 
JI—6b Vox. VI—e viz and 
1—2d 
Ji-d-Vd> B 
So it follows that 
Vl-a—Jat+V1—b- Vb+V1—c—Ve+V1—d—-Vd 
a ee 
as required. a 


64 Let x, y, z be positive real numbers such that xyz = 1. Prove the inequality 


1 n 1 A 1 _! 
Gly el Gel peel eb lee ei 2 


Solution We have 


1 1 1 
= <— 7 
(xt)?+y?+1 24x24 y?4+2x ~ 21 +x4+-xy) 


Similarly 


1 1 1 1 
ite si — 20 ans ittetei — 30 
(yt1)*+7-+ (1+y+ yz) (z+ 1)e+x-4+ (l+z+2zx) 
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So we have 


1 1 1 
+ + 
(wt1?+y2t+1 (y+)? 4+2241 0 (4+1%4+x741 


1 1 1 1 
i _=_—-s* 
2\l4+x+xy Ilt+ytyz 1l+z+2zx 
We’ll show that 


1 1 1 
+ _ = 
l+x+xy Iltytyz 1+z+2zx 


from which we’ll deduce the required result. 
We have 


1 1 1 
+ + 
l+x+txy Iltytyz 1l+z+2zx 


xyz 1 1 
= as + 
xyz+x+xy Il+t+ytyz l+z+zx 
z 1 
= : F + : 
yelp y dehy: pag 
he LEY AY! 4 
l+y+yz 


as required. 


65 Let a,b,c € RT. Prove the inequality 


a a a 
+ ++ >1. 
a+(b+c) a+(b+c) a+(b+c) 


Solution We’ll prove that for any x, y, z € R™ we have 


x3 = x? 
sled Oe Oe a od 
x3 x 
2 
x3-+(y+z)3 ~ x24 y?2 +22 


ee at 


> 
en CaP a)? ee eyez) 


We have 


° 2x7(y* ie yaks (y? ey gh ae x(y+ zy. 


Solutions 


(1) 


(2) 
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By AM < QM we have 
Ay? +27) > (+2), 


By 42° BV +2)°. 
Using AM > GM and the previous result we get 


2x2(y + z)6 
2x2(y2 +22) + 2 +2)? = 24/2292 + 223 > 2 are =1G493, 


so we prove (2), i.e. (1). 
By (1) we have 


a a a 
+ + 
a4+(b+c) a> +(b+c)3 a> +(b+c)3 


2 b2 c2 


a 
+ + = 
aet+bhe+c2  at+bh?4+c  a®+b24+c? 


66 Let x, y,z €R™. Prove the inequality 
(xt y +z) (xy + yzt zx)? < 3x? tay + yy? + yzt 272? + ex +27). 
Solution We have 
2 2_ 3 2,1 2.3 2 
x +xy+yWaratyy+-a-yyrzr-aty)/, 
4 4 4 
similarly 
3 3 
ytyzt27> goto" and 2° +zx+x°> 2 a@txy. 
Hence 
2 2 2 ; 2 
3(x? +ay + yO? + yzt 2°V(2" +2x +x") > 3 ‘eae (y +2)?(z +x) 
81 > 
=ZAlatwy+dct+x)). 
64 
We’ll show that 


q(t +ywv+zz +x)? > (e+ yt z)°(xy +yz+ zx)’, 


9 
ris +y)\(y+z(z+x)>(e+y+z2(xy + yz+2x), 
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xt y(ytz(z+x)=8a+yt+zxy+ yz4+ 2x), (1) 


from which we’ ll obtain the desired inequality. 
Let’s note that 


(x+y)ytzZtx)=(~+y+zayt+yz+ zx) — xyz. 
Now by (1) we get 


a+ WY+DZ+x) = A+ y(V+z2)C@+x) + xyz), 


@&+ y)y+z2)@+ x) = 8xyz, 
which is clearly true since 
x+y >2,/xy, y+z>2./yz, ZX > 22x. 


Equality occurs if and only if x = y =z. | 


67 Let a, b,c be real numbers such that a + b + c = 3. Prove the inequality 
2(a*b? +. bc? +.c7a*) +3. <3(a° +b? +c’). 


Solution Without loss of generality we may assume a > b> c. 


Let’s denote u = ae and v = a 


We easily obtaina =u+vandb=u-—v. 
We have ab = u? — v* > c* which implies 2u? — 2c? — v? > 0. 
Now we have 


ab? + b*c* +. c2a* = c?(a* + b*) + ab? = C7 (Qu? + 2u*) + (u? — v”)* 
=r (a? 2 — v4 40ers ey ew. (1) 
Also 
C+ te HO 42 te Har +e. (2) 
We’ ll show that 
2" 48 Ww?) 4-3 = 30 +e"), (3) 


From a+b+c=3 we have c =3 — 2u. 
Now inequality (3) is equivalent to 


Ou AG = uy 43 < Ge? 4308 — 2a 
& 3ut—8u34+3u7+6u—-4<0 S&S (u—1)?Bu? —2u—4 <0. 


Since 2u < 3 we easily deduce that 3u* — 2u — 4 < 0. So inequality (3) holds. 
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Combining (1), (2) and (3) we obtain the required result. 
Equality holds if and only ifa=b=c=1. a 


68 Let a,b, c,d be positive real numbers. Prove the inequality 


a 22 Cae Gat an 
b+e ctd dt+t+a a+b ~ 


Solution Applying AM > HM we have 


a-—b b-c c-—d d-a 
b+c ct+td d+a a+b 
a+c b+d cta d+b 
~ b+e c+d d+a a+b 


1 1 1 1 
= b+d 4 
@+o( error aa)t + (- sata) 
4(a+c) 4(b+d) 46 
~a+tb+c+d atb+ctd — — a 


69 Let a,b,c €R™ such that a +b +c = 1. Prove the inequality 


a ea b 7 c ace 
(b+c)? (c+a)2 (at+b27~ 4 


Solution We'll use the following well known inequalities: 


For any a, b, c > 0 we have es 2. + ree 4 > 3 (Nesbit’s) and for any x, y,z> 
O we have 
x+ +2)? 
3 
Now we obtain 
a 5 b 4 Cc _afatb+c)  blat+b+c) _ clat+b+c) 
(b+c)? (c+a)2 (a+b)? (b+ c)? (c+a)? (a+b)? 
a - b 5 Cc a 
~\b+ce c+ta a+b b+e 
b Cc 


cg ee 
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Using previous well-known inequalities we have 


a b 4 Cc 
(b+c)? = (cta)? (a+b)? 


so Og I i OD ae NE 
~3\b+ce cta at+b b+ce cta a+b 


Rey fe: G9 
SON ea 7 


70 Let a,b,c € R® such that abc = 1. Prove the inequality 


arc ba Ob 3 
+ a are 
(b+c)(cta) (cta)(at+b) (at+b)(b+c)~ 4 


Solution Clearing denominators gives us 
A(a*c + b4a + c4a + arch + beac + c*ba) 
>3(ab+aec+batb’c+cat cbt 2abc), 
1.e. 
Acatc +bta+cata’+b* 4+ C7) > 3(a7b +arctb’atbh’c+Catcbt 2). 
By AM > GM and abc = | we have 
A(a*c hat Casta Hb + c’) 
=(a*ce +a? + b*a) + (b4a +b? +c4b) + (Ab +c? +a‘) + (atc +.a* +c’) 
hab? pa Cbs + PO tet et ODte7 + +04) 
> 3V aSb3 + 3 b6c3 + 3V cOa3 + 3V.a5e3 + 3V c6b3 + 3 adb505 
+ 3Va2b2c? 


= 3(a*b +act+hPatbct+Ceatcb+ 2), 


and we are done. a 

71 Let a,b,c > 0 be real numbers such that abc = 1. Prove that 
(at+b)(b+c)\(c+a)>4(a+b+c-—l1). 

Solution Using the identity 


(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—-1, 
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the given inequality becomes 


3 
ab+be+ca+ ——— >4 
atb+c 


By AM > GM we have 


3 3(ab + be + ca) 3 | (ab + be + ca)3 
ab+be+ca+ = a a ea aa 
at+b+c 3 a+b+c 9.a+b+c) 


So it’s enough to show that 


(ab +be+ ca) >%a+b+c). (1) 
By AM => GM and abc = 1 we get 
ab + be +ca > 3 (abc)? =3. (2) 
Furthermore, since (x + y + zy> 3(xy + yz + zx), we deduce 
(ab+be+ ca)” > 3((ab)(bc) + (bc)(ca) + (ca)(ab)) =3(a+b+c). (3) 
By (2) and (3) we obtain (ab + be + ca)? > 9(a+b +c), ie. (1) is true. a 


72 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


+ > 6 ; 
a+b+c” ab+bc+ca 


Solution Let x = i. y= ‘ Z= i. Then clearly xyz = 1. 


The given inequality becomes 
3 6 
“+ = . 
xXy+tyZ+7x x+yt+2Z 


Using the well-known inequality (x + y + z)? > 3(xy + yz + zx) we deduce 


3 9 
4+ ——____ > 1+ ——_... 
xy+yz+zx (x+y+z) 


So it’s enough to prove that 


9 6 
1+ 7 : 
(x+y+2) x+y+z 
The last inequality is equivalent to (1 — ag > 0, and clearly holds. a 


73 Let x,y, z be positive real numbers such that x* + y* + 27 = xyz. Prove the 
following inequalities: 
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1° xyz >27 

2° xy +yz+7x > 27 

3° x+y+z2=9 

4° xy+yztzx>2x+y+z)4+9. 


Solution 


1° Using AM > GM we get 


xyzexr ty 472 >3/ (xyz)2, ie. (xyz)? > 27(xyz)’, 
which implies 
xyz > 27. 
2° By AM > GM we get xy + yz + 72x > 3) (xyz)? = 3 27P = 27. 
3° By AM > GM and 1° we getx + y+ 72> 3.xyz > 3/27 =9. 


4° Note that x? + y?+ 2? = xyz implies x? < xyz, ie. x < yz; analogously y < zx 
and z<xy. 


So xy < yz- zx, ie. 27 > 1, from which we deduce that z > 1; analogously x > 1 
and y > 1. So all three numbers are greater than 1. 

Let’s denote a =x —1,b=y—1,c=z-—1. Thena,b,c > 0 and clearly x = 
a+l,y=b4+1,z=c+H+l. 

Now the initial condition x? + y? + z* = xyz becomes 


at+ht+cet+atb+c+2=abe+ab+be+ca. (1) 


If we set g = ab + bc + ca we have 


or q\"" _ Gq)? 
CAP te zy, a+b+c>../3q and ave < (4) = ay 


Finally by (1) and the last three inequalities we obtain 


3 3/2 
gt V¥q+2s@4P +2 tatb+e+2=abe+ab+be+ca st +4, 
ie. 

Bq)? 
3q+2< : 2 
fiq+2< 22 a 


Denote ./3q¢ = A. Then inequality (2) is equivalent to 


A? 
A225 (A —6)(A +3)?>0, 


from which we deduce that we must have ./3g = A > 6, 1.e. g > 12. 
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Hence 
ab+be+ca>12 8 («*-)DO-D+0-VYDe-)Y)4+G@-VYA-1)=12, 


from which we obtain xy + yz + zx >2(x + y+2z)+4-9, and we are done. a 


74 Let a,b,c be real numbers such that a? + b? + c? — 3abc = 1. Prove the in- 
equality 


a+r +e. 
Solution Observe that 
l=a4+b +403 —3abe= (atb+c)(a? +b? +c? — ab — be —ca) 


_ fa-+b+¢) 


5 ((a —b)? +(b—c)* + (c—a)”). 


Since (a — b)? + (b—c)* + (c — a)” > 0 we must havea +b+c>0. 
According to 
(atb+c)(a? +b? +c? —ab—be—ca) =1 


we deduce 


b Qe 2_ p2— 2 
atoto(@+e+e (a+b+c) = =)=1 


and easily find 
rp re=-( erat). 
3 a+b+c 
Since a+ b+c > 0 we may use AM > GM as follows 


PLP ees ( Gbpe ee >1 
3 atbt+c atb+c}]~ 


as required. 


Equality occurs iffa+b+c= 1. a 
75 Leta,b,c,d €R* such that WF + ra + A + 7 = 1. Prove that 
abcd > 3. 
Solution We'll use the following substitutions 
1 1 1 1 F 
— =%X, — = J; an ——_ —f. 
l+a4 ioe eee ae 


Then we obtainx + y+z+t=landat= 2 pte oi =i dt= iat 
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We need to show that 


Applying AM > GM we have 
Dena, Dye eee ee eee eee a a. eye 
x y Zz to x y Zz t 


, 3 yet 3/xzt 3ifxyt 33/xyz _ 
~ Xx y Zz f° 


81, 


as desired. |_| 


76 Let a, b,c be non-negative real numbers. Prove the inequality 


joe =) Greer 
3 - 8 , 


Solution The given inequality is homogenous, so we may assume that ab + bc + 
ca =3. 
Then clearly 


(atb+c) >3(ab+be+ca)=9, ie. atb+c>3 


and 


b+b 
l- ao > V(abe)2, ie. abc<1. 


So we need to prove that 


Ae EOE! 34. Re OO eLOes. 


8 
We have 


(a+b)(b+c)(c+a)=(a+b+c)(ab+be+ca) — abc 
=3(a+b+c)—abc>9-1=8, 


and we are done. 
Equality holds iff a=b=c. a 


77 Let a,b,c, d be positive real numbers such that a ++ b+c-+d= 1. Prove that 


16(abc + bcd + cda + dab) < 1. 
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Solution We’ll show that 
16(abc + bcd + cda + dab) < (a+b+c+d)>. 
Applying AM > GM gives us 
16(abe + bed + cda + dab) = 16ab(c + d) + 16cd(a +b) 
<4(a +b)?(c +d) +4(c +d)*(a +b) 
=4(c+d)(a+b)(at+b+c+t+d) 
<(atb+c+d)’. 


It is obvious that equality holds if and only ifa=b=c=d=1/4. a 


78 Leta, b,c, d, e be positive real numbers such that a + b+c+d+e=5. Prove 
the inequality 


abc + bed + cde+dea+eab<5. 


Solution Without loss of generality, we may assume that e = min{a, b,c, d, e}. 
By AM > GM, we have 


abc + bcd + cde+dea+eab=e(a+c)(b+d)+bc(a+d-—e) 
(stashed) a 
< e( —————_} + 


2 3 


_ e(5—e)* | 6—2¢e)? 
re ae ge 


So it suffices to prove that 


e(5—e)? (5—2e)3 
< 
4° oF = >; 


which can be rewrite as (e — 1)?(e + 8) > 0, which is obviously true. 
Equality holds if and only ifa=b=c=d=e=1. gi 


79 Let a, b,c > 0 be real numbers. Prove the inequality 


a bc eatb b+t+e 
+-+-2 + +1. 
b c a b+ec cta 


Solution Letx = ,y= 5. 
Then we get 


y a+b x+l1 bee yt 


a x b+e y+l’ eta x+y’ 
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and the given inequality becomes 
Pye te Ey hy Sy + ey 2", (1) 
Using AM > GM we obtain 


gy Ax 2 gy? ag ey? ey? 
—> =* y, 5) 


> Qxy? and x*+ y? > 2xy. 


After adding the last three inequalities we obtain inequality (1). 
Equality occurs iff x = y= 1, ie.iffa=b=c. a 


80 Let a,b,c > 0 be real numbers such that abc = 1. Prove the inequality 


a) 
1+ 1+ 1+ >21+at+b+t+c). 
b Cc a 


Solution The given inequality is equivalent to 


a a b b_ coe 
+-+-+-4+-4+-2>2(a+b+c). 
b ca cae ob 


Furthermore 
Pie! thes ae ge ae 
boc bc 

Analogously 
bb 
=4 4455p and: 4 4 a 3e: 
a Cc a b 

So 
aa _b bc ee 
+o t—t—+—+=4+3>3(a+b+0). () 
b c a cab 


It is enough to show thata +b+c>3. 
We have a+b +c > 3</abc = 3, and finally from (1) we obtain 


a 


b 


ab bc oc 
po ot eee eG tet Or EG Tete 2 tare be) +3, 


ie. 
a 
b 
Equality holds iffa=b=c=1. a 


a b bc ie 
+-+-+-+-+72>2(a+b+c). 
c a cab 


81 Let a, b,c be positive real numbers such that a+b+c> t + I + i. Prove the 
inequality 
2 


b > —— 4+ —_., 
or w= aoRdee abe 
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Solution By AM > HM we get 


1 1 41 9 
a+b+c>-+-—-+-2 ; 
a b cc at+b+e 


i.e. 
b 3 
a+ sae (1) 
3 a+b+c 
We will prove that 
2atbt+o) _ 2 . (2) 


3 ~ abc 


3 
at+tb+c>—. 
abc 


Using the well-known inequality (xy + yz + zx)* > 3(xy + yz + zx) we obtain 


> 


b ca abc 


f.1. 1 1 1 1 atb+e 
bee 2 boo) 23(s te | = 
a Cc ab be 
3 
atb+c>—. 
abc 


After adding (1) and (2) we get the required inequality. a 


82 Let a, b, c,d be positive real numbers such that abcd = 1. Prove the inequality 


Sc 
l+a 1+) l+e l+d~— 


Solution Clearly cd = 4 and ad = x. 
Now we have 


anita l+be 1+cd 1+da 

l+a 1+ 5 l+c l+d 
lt+ab 1+be 1+1/ab 141/be 
=e " Tp I+c l+d 


1 1 1 1 
a ab l+b . 
one (+ aaa) + 7 (5+ aaa) (1) 
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By AM > HM and (1) we deduce 


1 


1 
1+) 
ca (5+ mana) 


1 
A=(l1+ab 
dae (+a) 


41 + ab) 41 + bc) 
~1+atab+abe 1+b+bce+bcd 


= l+ab ‘ l+be 
~\itatab+abe 1+b+bc+bcd 


l+ab a+abc 
=4 + . (2) 
lt+ta+ab+abc a+t+ab+abc+abcd 


Since abcd = 1 from (2) we obtain A > 4, as required. | 


83 Let a,b,c € R™. Prove the inequality 


1 1 1 27 
+ + = 7: 
b(a+b)  clib+c) a(c+a)7~ 2(a+b+c)* 


Solution Applying AM > GM we have 


1 1 1 F 1 
b(a+b) 7 c(b+c) + a(c+a) = i orca + b)(b+c)(c+a) ) 


and 
3 ; 1 3 
a+b+c>=3WVabc, ie. 5 > : (2) 
Jabe” a+b+c 
Furthermore 
1 3. 
rhea — ard) be Nera)) 2 5V at byb +e +a), 
1.e. 
1 3 
(3) 


Yatb@+oeta ~ Xatb+o) 
Combining (2), (3) and (1) we get 


1 1 1 1 
+ + >3- 
b(a+b) c(b+c) a(c+a) abc(a+ b)(b+c)(c +a) 
3 3 _ a7 
atb+c %atbt+c) Watb+c)?’ 
a 
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84 Let a, b, c be positive real numbers such that a + b+ c = 3. Prove the inequality 


ii? b- ool 3 
+ + ZR 
b2—2b+3 c*—-2c+3 a®?-—2a+37 2 


Solution Since a+b+c=3 by QM > AM we have 
(b- 1)? =((1—a) + (1—0))* $2(a— 1)? + (€—)’). 
Hence 
Bae 2 2 eR ae 
(b—1) =7(@-) + (b-1) TES ee + b* + c* — 3). 
So we have 
2 2 ee ae De Ee NEN 
b* —2b+3=(b-1)°4+2< 34 +b*+e 2). a= gia + b*+c*), 
which implies 


a a 3a2 


> — . 
b?-2b+3 7 3(a2+b24+c2) 2(a* +b? +c?) 


Similarly we get 


b? 3b? En 3c? 
> and > ; 
c2—2c+3 ~ 2(a2 +b? +c?) a? —2a+3~ 2(a2+b2 +c?) 


By adding the last three inequalities we obtain the required inequality. a 


85 Let a,b,c be positive real numbers such that ab + bc + ca = 3. Prove the in- 
equality 


1 1 1 1 
+ + es 
lt+a@(b+c) 14B2(c+a) 14+c2(a+b)~ abc 


Solution Observe that 


1 1 1 1 
l+a2(b+c) 1+a(ab+ac) 1+a3—bce) 3a+1—abc’ 


By AM > GM we get 


_ ab+bce+ca 


t= : > V(abe)?. 


Thus 


abc <1. 
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Therefore 
1 1 1 
= < 4 
l+a%(b+c) 3a+1-—abc~ 3a 
Similarly, 
1 1 1 1 
< and <—, 
14+ b2(c+a)~ 3b 14+c2(a+b) ~ 3c 
Now we have 
1 1 1 


+ + 
l+at(b+c) 14+62%(c+a) 1+c2(a+b) 

a Eigeh ont cod ab+bce+ca - 1 
—3la bc) 3 abc ~ abc’ 


Equality holds iffa=b=c=1. a 


86 Let a, b, c be positive real numbers such that a+ b+ c = 1. Prove the inequality 
av/1+b—c+bV1+c—ataV1+a—b<l. 
Solution Note that!+b—c=a+b+c+b—c=a+2b>0. 
Now by GM < AM we have 


1+b—- 1+1 b— 
epee ae + ct + aa On 


Similarly 


hes _p 
bie e=a a4 = yy ie cVita—b set Vo. 


Adding these three inequalities we get 


aV1+b—c+bV/1+ce—ateV1+a—b<atbt+c=l. 
Equality occurs iff a=b=c= 1/3. a 


87 Let a,b,c € R® such that a +b +c=1. Prove the inequality 
1-—2ab 1-—2bce 1-2ca 
+ =P = 


Cc a b ~ 


de 


Solution We have 
1—2ab 1-—2bc 1-—2ca 
- - 
Cc a b 
_ @+b+c)? —2ab ‘ (a+b+c)* —2be (a+b+c)* —2ca 
= Cc a b 
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_@ +b teh + 2bet+2ac | a? +b* +e + 2ac + 2ab 
~ Cc a 
a? +b? +c? + 2ab + 2be 
" b 


I 
= 4h +ea(2 + 
a 


1 1 
a+r e(2+ +2)+4 () 


By QM > AM we get 


b 2 4 1 1 1 9 
Pepa g ET —* ate eS = 
3 3 a b cc at+b+e 


Finally, from previous inequalities and (1) we obtain 
1 1 1 9 

=(a° +b? +c?)( -+-4+-)+4>=4457. 
a b oc 3 r | 


1—2ab 1-—2bce 1-—2ca 
+ + 
c a b 


88 Let a, b,c be non-negative real numbers such that a? + b* +c? = 1. Prove the 
inequality 
l—ab 1—ab l—ab 1 
+ Cale 
7—3ac 7-—3ac 7—3ac7 3 


Solution First we’ll show that 


ey ee ee eee () 
7-3ab 7-—3be 7-—3ca~ 2 


By AM > HM we have 


1 1 1 1 
= < ( +1). 
7—3ab 3(1—ab)+24+27 9\3(1—ab) 


Similarly we get 


1 1 1 1 1 1 
< +1 and < +1). 
7—3bce ~ 9\ 301 — be) 7—3ca~ 9\3(1 —ca) 


So it follows that 


+ + re + + : + (2) 
7-—3ab 7-—3be 7-—3ca~ 27\1l-—ab 1-bce 1-ca 3 
Recalling the well-known Vasile Cirtoaje’s inequality 


1 1 1 9 
< 


1246" (he I= 


268 21 Solutions 


by (2) we obtain 


1 a 1 4 1 ee 
7-—3ab 7-—3bc 7-—3ca7~ 2 


Since a2 + b? +c? = 1 we have a, b,c < 1 and then clearly 


7 —3ab,7—3ab,7—3ab > 0, 


so by AM > GM we have 


Pa aaa ae 
7-—3ac 7-—3ac 7—3ac ~~ 


(3) 


Finally by (2) and (3) we have 


3 — 3ab Se eee 
7-—3ac 7—3ac 7—3ac 


_ 1 S200 ae 4 1 é 1 4 1 Pa 1 
~\7-3ac  7—3ac  7—3ac 7-—3ab 7-—3bce 7—3ca 


>3-2=1, 


BaP is Pee. l-ab 1 
7-—3ac 7-—3ac 7—3ac7 3’ 


as required. | 


89 Let x, y,z € R* such that x + y + z= 1. Prove the inequality 


xy ZX yZ 
1 = 1 - 1 < 2 
ji+2 ji+y ji+x 
Solution We have 


1 1 x2 + y24+ 7274 2%xyt+yztzx 
~477= Ga yezy 47 = y (xy y ) 32 


ao. 3 3 
Zz ere ee +x? =xytyztextx? 
=(x+y)(x +z). 
Now we get 
HM<GM 1 1 
Tien VeRO : tee oe 
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Analogously 


xy <2 1 in 1 ) (2) 
eae z+x zty 


and 


ZX 1 1 
= =( + ) (3) 
/ +y2 YR YX 
Adding (1), (2) and (3) we obtain 


xy 1 1 zx 1 1 yZ 1 1 
L< =F +e + = + 
2\z+tx zty 2\y+z yx 2\x+y x+z 


= (2 xy + 2x od peer ae 
2\ x4+z y+z y+x 2 2 a 


90 Let a, b, c be positive real numbers such that a + b+ c = 1. Prove the inequality 


lt cer a A ad 
atbce b+ca c+t+tab7~ 2 


Solution Note that 


a—be _ 2be _ 2bc _ 2bec 
at+be 1—b—c+be (1—b)\(1—c) (c+a)(at+b)’ 


1 


a—bce 1 2bc 
atbe (cta)(a+b) 


Similarly we get 


b—ca 2ca d c—ab 2ab 
— an = : 
b+ca (c+b)(b+a) c+ab (b+c)(c+a) 


Now the given inequality becomes 


2be 2ca 2ab 3 
+1 1 s 
(ct+a)(a+b) (c+b)(b+a) (b+c)(ec+ta)7~ 2 


or 
2be 2ca 2ab 3 
+ + 25: 
(cta)\(a+b) (c+b)(b+a) (b+c)\(c+a)~ 2 


After expanding we get the equivalent form as follows 


4(bc(b +c) + ca(c +a) +ab(a+ b)) > 3(a+b)(b+c)(c+a), 
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Le. 
. 1 1 1 
ab+bc+ac>9abc, ie. —-+-+->9, 
a bee 
which is true since 
Bape eas a ae) 
a b c atbt+c = ; 
Equality occurs iffa =b=c=1/3. a 


91 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 
fae (ets ( 
ae a =3 
a+l1 c+1 a+l1 
Solution By AM > GM we get 
ae ao ee +45 (a+byb+oyeta) 
a+1 c+1 a+l1 (a+ 1)(6+ I(e+ 1) 


So it suffices to prove that 


(a+b)(b+c)(c+a) 3 
(a+ 1)(b+1(e+) — 


’ 


(at+b\b+oyc+a)2(at+)O6t+D(ct+). 
Since abc = 1 we need to prove that 
ab(a+b)+bce(b+c)+ca(c+a)>a+b+c+ab+bce+ca. (1) 
According to AM > GM we have 
2(ab(a+b)+ bce(b+c)+ca(c+a)) + (ab+be+ca) 


= \i@bt+ab+arctarct+he)=5) a=S(atbh+c) (2) 


cyc cyc 
and 


2(ab(a+b)+bce(b+c)+ca(c+a))+(a+b+c) 


=)\Wb+ab+b'a+ba+c)>5) ab=S(ab+bet+ca). (3) 


cyc eye 
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After adding (2) and (3) we obtain 


4(ab(a+b)+ be(b+c)+ca(c +a))+ (ab+be+ca)+(a+b+c) 
> 5(ab+be+ca)+5(a+b+c). 


Hence we have proved (1), as required. Equality holds iffa=b=c=1. a 


92 Let x, y, z > 0 be real numbers such that xy + yz+ zx = 1. Prove the inequality 


x y Zz 3/3 
z+ z+ z= ; 
1+x l+y 1+z 4 


Solution We have 
l4+x27=xytyztextx2=(x+y)~+2). 
Analogously we obtain 
l+y=Q4+xyt2 and 142 =(@+x)e+y). 


Therefore 
x y Z x y Zz 
+ + = + 
lt+x2 l+y? 1422 (wty)@t+z2) (tx)iytz) (4+x)(z4+y) 
_ e+e) ty Gt zc) et y) 
_ t+y)(y+2(z +x) 


2 
= : (1) 
a+ yy+tDE+%) 
It is easy to show that 
(xty)\ytz(z+x)=x+y+z—-xyz. (2) 
Due to the well-known inequality (x + y + zee 3(xy + yz + zx) we obtain 
xty+z>3aytyztzx)=3, ie xt+yt+z>v3. (3) 
Applying AM > GM it follows that 
AV byes 3) aye) 
1.e. 
> (xyz)? & => (4) 
— > (xyz —— > xyz. 
7 ad a>" 
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Using (3) and (4) we obtain 


1 8 
tease S43 = es (5) 
e 7 aya BAB 
Finally using (1), (2) and (5) we get 

x y Zz 2 2 3/3 
z+ z+ 2 — = = ; 

T+xe l+ye l+z (&+y)\ytaG+x) x+y+z-—xyz 4 
Equality occurs iff x = y=z= wa | 


93 Let a, b,c be non-negative real numbers such that ab + bc + ca = 1. Prove the 
inequality 
1 1 1 3/3 
+ + ze ae : 
Ita 1+b 14+ce7 /341 


Solution After some algebraic calculations we get 


4+2atbt+e) | 3Vv3 
2+a+b+c+abe~ /34+1 


& %W2+atbt+o(V341) >3V3(2+a+b+c+abc) 


3/3 
23 


& 24+(a+b4+c)= abc, 


24+ (atbt+c) =3V3(2+ V3)abc. (1) 
Applying AM > GM we obtain 


l=ab+bc+ca>3y (abc), 


1.e. 
: >ab (2) 
—— > abc. 
3/3 
Also we have 
atb+c>v3. (3) 


Using (2) and (3) we get 
24+ (atbt+c)>24+V3 > 3V3(2+ V3)abe, 


i.e. we have shown inequality (1), as desired. 
Equality holds if and only if a= b=c = 1/V3. a 
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94 Let a, b,c be non-negative real numbers such that ab + bc + ca = 1. Prove the 
inequality 
2 2 2 
a b c 3 
+ + = v3 : 
lta 1+b 1t+e~ ¥341 


: : 2 
Solution Using 7 =x — 1+ eat we have 


oa p a 4 a fe ye, eee : : 
=a et 
tia ep ieee ‘i (a bee eee 


Now using the result from Problem 89 and the inequality a+ b+ c > V3 we obtain 


a b? 2 1 1 1 


c 
= b 3 
i-a tab tee ee a 
3V3 3 
>V/3-3+ a , 
V3+1 V3+1 
Equality occurs if and only if a=b=c=1//3. a 


95 Let a,b,c € R* such that (a + b)(b +c)(c +a) = 8. Prove the inequality 
a+b+e = afae+b3+c3 
3 | 3 , 


(at+b+cha=a+b+343(at+b\(b+c)(c+a) 


Solution We have 


a7 4b eo aw te 4 S348 
——_— 
8 


> 9/ (a3 + b3 + c3)38 


atbtc\?_ Ja+h+3 .  atbte_ xfad+b+4+e3 
Ss > » Ake. = : 
3 3 3 3 = 


4.2 
96 Find the maximum value of a ae where x € R,x > 1. 


x42x3 
Solution We have 
4 2 1 1 
x =x Sia) eer 
x — x (1) 


x6+2x3-1 0 x3 42-5 0 @—4342430@-4) 
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(-1) 25-3) 


Since x > 1 we have 1 > tie x — ‘ > 0. 
From AM > GM we get 


We’ ll show that 


x*— Xx : : ee Ly 


x8+2x3-10 9342-40 @—134243@-H7 “302 543625 


1 


97 Let a, b,c be positive real numbers. Prove the inequality 


Laer | a+b a+tb+c 
ooo a: ._————__.,, 
3 ~ 2 3 


Solution Applying AM > GM we get 


/ b 
Jan. > j ab- Jab = ab. 


+b 
a+ Vab+ Vabe <at Jab. + Jabe. 


Now, it is enough to show that 


2+ foo 


Another application of AM > GM gives us 


So 


Jabe <3 


Ja: a+b a+b+c 
2 3 . 


3b 
‘ce 2a ; 3a < Lha + aor 44.4. 3b <7 arbre 
a+b a+b+c 3 at+b+e 3 
and 
ji zai : ae < Lhas + aor 
a+b a+b+c™ 3 . 
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Adding, we obtain 


J 2a 3a J 3b J 2b 3c 
. + + : <3, 
a+b a+b+c atb+c a+b a+b+c 
1 2) 3 3/ 
J . : a+,/ab- AF” + Yabe 
aat+b a+b+c 
a+ ,Jab 


98 Let a,b,c be positive real numbers such that abc(a + b+ c) = 3. Prove the 
inequality 


Jabe <3 


Ja: a+b a+b+c 
2 3 ’ |_| 


(a+ b)(b+c)(c +a) = 8. 
Solution We have 
=(a+b)(b+c)(c +a) = (ab +ac +b’ + be)(c +4) 
= (b(a+b+c)+ac)(c+a)= (= +ac)ic+a). 


By AM > GM we obtain 


a aes ara) 
A={—-+ac)(c+ta)= ie et aa ee (c+ a) 
ac ac 


ac 


>4 Eee ¥ Jae =4— 2/ac = 8. 


Equality occurs iff a = c and a = ac, 1.e.a=c = 1, and then we easily get b= 1. 
a 


99 Let a, b,c be positive real numbers. Prove the inequality 


— j= i 2c 
+ + <3. 
b+c cta a+b 


Solution Applying AM > HM we get 


; 2a ie 2 = 4a 
Vo b+e~ 144 2at+b+e’ 
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Analogously we obtain 


/ 2b 4b 2c 4c 
< and < : 
cta” a+2b+c a+b” a+b+2c 


So it is enough to prove that 


b 
4 as + + 7 <3, 
2a+b+ce at2b+ce a+b+2c 


a b c 3 
+ + < 
2at+b+c at+2b+c at+b+2c7 4 


Since the last inequality is homogeneous we can assume thata + b+c=1. 
Now inequality (1) becomes 


(1) 


a és b 4 Cc -? 
lt+a 1+b 1l+c74 


» Le. S(ab+be+ca)+ 9abc <2. (2) 


By the well-known inequality 3(ab + be + ac) < (a+b+c)* and AM > GM we 


obtain ab + be + ac < i and abc < a Now it is quite easy to prove inequality (2), 


as desired. |_| 


100 Let a,b,c € R™ such that ab + be + ca = 1. Prove the inequality 


1 as 1 # 1 ae 
ada+b) b(b+c) c(e+a)~ 2 


Solution The given inequality is equivalent to 


clat+b)+ab a(b+c)+bce  b(c+a)+ac 9 


a(a+b) b(b+c) c(eta) ~ 2’ 
1.e. 
ae ea b 4, Cc p a a: 
b c a atb b+ce cta7 2 
GLY VEE cta b i Cc 4 a Jb (1) 
b c a a+b b+e cta7~ 2° 
We have 
a+b b+c cta b c a 
+ + + 
b é a a+b b+c cta 
at+tb b+c cta b Cc a 
= + + + 


4b 4c 4a atb b+c cta 
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277 
3 GED ne end 
4 b c a 
a+b b+c cta b c a 3a c 
> 69 : : : ; : 3 
= i 4b 4c 4a a+b b+c a+ i(g4 e+e ) 
3f,3;/a bc 18 15 
>3+-(3,/—-.--- 3)=34+—=—, 
~ +3/ bc ras ) - 4 2 
as required. | 


101 Let 0 <a <b <c <1 be real numbers. Prove that 
a*(b—c) + b°(c—b) + CU —-o) < ave 
~ 529° 
Solution Using AM > GM we have 


2 2 2 1 2 
ab — 0) + BC —b) +7 — 0) <0 + 5(6-b- (2c ~ 2b) +71 — 0) 


1 (b+b+2c—2b\? 
<5( » = ) +2(1—0) 


 f SAV? /23c \f 23¢ 1 _ 23 
~ (93 54 ]\ 54 27 
54 ‘G). 108 
< — 7 
~ a3) \3 529 a 


102 Let a,b,c €R* such that a+b+c=1. Prove the inequality 


256 
S=a'b+btc+cla< 305° 


Solution Without loss of generality we can assume that a = max{a, b, c}. 
So it follows that 


bc < abc and cta < cas < ca‘. 


Since #¢ > § we obtain 


4 4 Zed 


4 
S=a‘b+bie+ $+ 


3 
=@bato+ Sato=aato(o+ <) <a(a+0(6+ =). (1) 
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Now using (1) and AM > GM we get 
3 3 
Ssatato(orZ) aa 2.2.2. 928. (54 =) 


a( EtG 4+ G+ S24 4+ DY gfatbte > 256 
5 5 3125 a 


103 Let a,b, c > 0 be real numbers. Prove the inequality 


oe 
bz c2 )— a*®~ bc a 


Solution Let =x, b = y, © =z. Then it is clear that xyz = 1, and the given in- 
equality becomes 


ety teextytz. 


From QM > AM we have 
party? +2? xty+z 
3 _ 3 ; 


> Gtyto" BRERA +H) 
3 = 3 


x? ty? 42° 


xX+y+Z. P| 


104 Prove that for all positive real numbers a, b, c we have 


a eo 
eta ere te. 
c a 


Solution Using AM > GM we get 


a? a? 
oo t2b= 55 +b+b2 3) -b- b= 3a. 


Analogously we have 


b3 3 
— +2¢> 3b and — + 2a > 3c. 
Cc a 


Adding these three inequalities we obtain 


a Bb fon 
ptatpattatbht+ozsatbto), 


as required. Equality holds iff a = b=c. a 
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105 Prove that for all positive real numbers a, b, c we have 


3 b3 3 2 b2 C2 


Analogously we have 


b3 b? (oad C2 
ee and —~+c>2—. 
Cc Cc 


Adding these three inequalities we obtain 


a b 3 a b2 C2 
—~+ 5+ 5 b >2{—+—+—]. 1 
ptatatat +c)= (S+2+5) (1) 
According to Exercise 2.12 (Chap. 2) we have that 
aa be 
—+—+—2a+b+te. (2) 
b c a 


Now using (1) and (2) we obtain 


a b 3 a b C2 2 b2 C2 
Pgh og OTe a2 or or Se ae Dee), 
b2 b’c'aj-b 


and equality holds iffa=b=c. a 
106 Prove that for all positive real numbers a, b, c we have 


a b 3 
—+—+—>ab+bce+ca. 
b c a 


Solution Using AM > GM we get 


ao bp a i 
2 pes 34 —-—-bc=3ab. 
b c bc 
Analogously we have 
ie 3 3 3 


ie Se I and =. 4." fab & 3ea; 
Cc a a b 
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Adding these three inequalities we obtain 
ne ees 
(5+ —-+ =) +ab+bce+ca> 3(ab+bce-+ca), 
c a 


from which follows the desired inequality. Equality holds iffa=b=c. a 


107 Prove that for all positive real numbers a, b, c we have 


5 b° 5 


a c 
+at+ 520 4+b +e’. 
c a 


b3 


Solution Using AM > GM we get 


5 5 5 5 5 
eS Df OO rg ok PO yd ere ed po er 
Regt OD > ya tg te +b°+b°>5 BB be -b*-b#=S5a’. 


Analogously we have 
b? (oa 
2 +3c? > 5b? and 2-5 +3a*> 5c’. 
c a’ 
Adding these three inequalities we obtain 


a b° © 
(5 +—3+ 5) +3(a° +b? +07) >5(a° +b +0’), 
Cc a 


b3 
Le. 
5 5 5 
a b c 2 2 2 
i eo a ee +b +c. 
Equality holds iffa=b=c. a 


108 Let a,b,c €R™ such that a+ b +c =3. Prove the inequality 


a3 b3 3 
+ ++ el 
bQc+a) c(2a+b) a(2b+c) 


Solution We'll show that 


a? b3 3 a+b+c 
4 E = , 
b(c+a) cQa+b) a(2b+c) 3 


from which, with the initial condition, will follow the desired inequality. 
Using AM > GM we get 


9a3 
2 ef ees 0) =9a. 
+4 cera aay ee 3b-(2c +a) =9a 


9a? 
b(Qc +a) 
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Analogously we have 


OF 3g +(Qa+b)>3b and oe hs 4+ (2b +0) >3 
Se Cc ani — a G. é 
(a +5) AON Gb +6) aoe 


Adding the last three inequalities we obtain 


a b3 c 
9 6 b >9 b : 
(Sootaotwes)t Ee eae ae) 
1.e. 
a b3 3 at+b+c 3 
+ + > =_ 1. 
b2Qc+a) cQat+b) a(2b+c) 3 3 a 


109 Let a,b,c € R* and a* + b? +c? =3. Prove the inequality 


a b fond 


> 1. 
p00  €20n GEOR 


Solution We'll prove that 


a b3 fon eh be 


+ + 
b+2c ' c+2a' a+2b~ 3 


’ 


from which since a? + b? + c? = 3, we’ll obtain the required result. 
Applying AM > GM we get 


9a3 


-a-(b+2c) = 6a’. 
b42e a-(b+2c) a 


+a(b+2c)>2 ae 
: cea | eR Is 


Analogously we deduce 


3 3 


9c 
b 2a) > 6b? and 
e459." (c+ 2a) 2 se a+2b 


+ c(a + 2b) > 6c’. 


Adding the last three inequalities we obtain 


3 ie 3 
G( 4+ —_ ) +3 (ab + be + ca) > 6(a? +b? +.) 
b+2c ct2a a+2b = , 

1.€. 
3 3 3 2 ar?) 
a b Cc 6(av + b* +c*) —3(ab+be+ca 
; 5 6 )— 3¢ > & 

b+2c ct2a a+2b 9 


Using the well-known inequality 


at+bh*+c*>ab+bet+ca, 
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according to (1) we obtain 


a b? 3 3a? +b24+0?2) @t+h+e 3 
+ + > = = 
b+2c ct2a a+2b 9 3 3 


110 Let a,b,c be positive real numbers such that a* +b? +c? = 3. Prove the 
inequality 
1 " 1 i: 1 4 
a+2 b342 0 c34+27 


Solution We have 


1 1 a? 1 ae 1 a? 1 az 
a+2 2 a7+2 2 ati+i 2 3a 2 3 


Therefore 


1 - 1 Fi 1 1G eee ed C2 
a+2 B42 +272 3 2 3 2 3 


Equality holds iffa=b=c=1. a 
111 Let a,b,c €R* such thata+b+c = 1. Prove the inequality 


a r b " 3 oil 
a+ be4+c2  e+a27—2 


Solution Clearly we have 


a? + b2 , ab 1 
>ab ie <x 
2 az+b2~— 2 
Therefore 
a? ab b 
— >a 
Ce we a+b? 2 
Analogously 
b3 sh Cc 4 3 " a 
——— —-= and —~—— —x.,. 
b2 +2 — 2; fag ~* 2 


After adding these and using a+ b+ c= 1 we obtain 


a? 2 b3 é: (oa Sp i atb+c a+b+e 1 
a = =n. 
a+b be+c2) ce+a2 7 . 2 2 2 a 
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112 Leta, b,c be positive real numbers such that a+ b+ c = 3. Prove the inequality 


1 1 1 
>1 
{£3025 1+ 2b¢ 1+2c2a ~ 


Solution Note that 


Dee 2a*b 2a*b 2a’ 
1+2a2b 1+2a2b — It+a2b+a2b~  — -30/g4p2 
_, 2wWarb 5 | 2@a+) 
= = — 


After adding these inequalities for all variables we get 


1 ie 1 ip 1 . 6atbtc)_, = 1 
1+2a2b  14+2b%e  142c?a ~ 9 7 —— 
as required. 
Equality holds iffa=b=c=1. a 


113 Let a,b,c, d be positive real numbers such that a+ b+c+d=4. Prove the 
inequality 


a it: b ut Cc it d a5 
14+Be 14+c?d 14+d2a 1+4+a?2b7 


Solution Applying AM > GM we have 


a abc abc ab./c b./a-ac 
=a za =a =a 
1+B2c 1+B2c 2b Je 2 2 
Safest biat+ ae), 
es 4 
Le. 
a 


1 
14 bie >a qe rane): 


Analogously we obtain 


b 1 
>b——-(b bcd), 
mei ae 


a 1 
ee 25 oda): 
iaap- ar) 


c 1 
jangia =C- qe ae). 
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Adding these three inequalities we obtain 


a nm b Ea c i d 
1+b2c 1+c2d 1+d*a  1+ab (1) 
1 
>(a+b+c+4+d)—- gee eer ed Paar ake: Ded Gaa saab): 
One more use of AM > GM give us 
1 
ab+be+cd+da<7at+b+c+dy =4 (2) 
and 
1 
abe + bed +cda+dab < -(atb+e+dy=4, (3) 
From (1), (2) and (3) it follows that 
a 4 b 4 c o 5 a 55 
1+b2c 1l+e?d 14+da 9 1+a*b~ a 
as desired. 
Equality holds if and only ifa=b=c=d=1. a 
114 Let a, b, c, d be positive real numbers. Prove the inequality 
a ‘ b 7 ce i dl atbtctd 
aa+b?  b?4+c% ) C2? +d* d?+a*~ 2 
Solution Using AM > GM we get 
as aby ab* b 
=a a => = rm 
a+ a+b ab | 2 
Analogously 
b c 3 d a? a 
>b : >c : >d : 
b2 +c? ~ 2 c2+d2 — 2 d?+a? 2 
Adding these inequalities give us the required inequality. a 


115 Leta, b, c be positive real numbers such that a+ b+ c = 3. Prove the inequality 


a b? C2 


> 1. 
pte Ele ple ~ 


Solution Applying AM > GM we get 


a? 2ab” 2ab” 2(aby?3 


— > = 
a+2h2  ° atWe-° 334 3 
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Analogously we obtain 


b? 2(be)*/3 C2 2(ca)*/3 
= an =c . 
b+ 2c? 3 c+2a? 3 


Adding these three inequalities gives us 


2 b2 2 


2 
a 23 tpap dem Ape tee Gpatt eeus), 
c+ 2a? 3 


aoe | poe 


So it is enough to show that 


(at+b+c)— 5 (ab)?! + (be)? + (ca)?/*) > 1, 


(ab)*/? + (be)?3 + (ca)? <3. (1) 
Applying AM > GM we get 


(ab)? + (be)?/3 + (ea)?? < (atab+b)+(b+be+c)+(c+ca+a) 


3 
_ 2(a+b+c)+(ab+bce+ca) 
7 3 
z 2(a+b+c)+(at+b+c)*/3 _ 2-3+4+37/3 = 
= 3 3 , 
i.e. we have proved (1), and we are done. 
Equality holds iffa=b=c=1. a 


116 Leta, b, c be positive real numbers such that a+ b+ c = 3. Prove the inequality 


az b 2 


Cc 
> 1. 
a+2b3 i re er a 


Solution Applying AM > GM gives us 


e 2ab? 2ab? 2ba?/3 
oo” ~ ate” 64a COC 
Analogously 
b? a 2cb?/3 rr 2 ie 2ac?/3 
b+ 2c3 ~ 3 c+2a3 ~ 3 


Adding these three inequalities implies 
at pb 2 


c 
G42) b4Ie2 Ce 


2 
2 = (a+b+0)— z(bal? + cb" + acl”), 
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So it is enough to prove that 


a 
(a+b+c)— 3 (bar Angebot) = 1, 


ba? + cbh?B 4ack <3. (1) 
After another application of AM > GM we get 


2? 4 oA haat < b(2a + 1) +c(2b+ 1) +aQc +1) 


3 
_ a+b+c+2(ab+ be+ca) 
- 3 
p (a+b+c)+(at+b+c)?/3 7 3+2-37/3 4 
= 3 3 , 
i.e. we have proved (1), and we are done. 
Equality holds iffa=b=c=1. a 


117 Let a, b,c be positive real numbers such that a? + b* +c? =3. Find the mini- 
mum value of the expression 
16 
a+b+c+———. 
a+b+c 
Solution By the inequality AM > GM we get 
16 
a+b+c+———— = 2v16=8, 
a+b+c 


16 
a+b+c 


with equality if and only ifa+b+c= from which we deduce thata+b+c= 


4 and then 
16=(atb+c)? <3(a’4+b% +c’) =9, 


a contradiction. 
We estimate that the minimal value occurs when a = b=c,i1.e.a=b=c=1. 


Leta+b+c= Pre ee Thus a = 9 at the point of incidencea=b=c=1. 

Therefore let us rewrite the given expression as follows 

+b+e+ =F £ (1) 
a c : 
at+tb+c at+tb+c 
Applying AM > GM and 3(a* + b* +c?) > (a+b + c)* we have 
9 
a+b+c+—— >2vV9=6 (2) 
a+b+c 
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and 
1 1 1 
= =z: (3) 
atb+c /3(@* +b? +c). 3 
By (1), (2) and (3) we obtain 
16 9 7 7 25 
a+b+c+———— =a+b+cer+ + >64+-=—, 
at+b+c at+b+c a+t+b+c 3 3 
with equality if and only ifa=b=c=1. a 


118 Let a,b,c > 0 be real numbers such that a2 + b? + c? = 1. Find the minimal 
value of the expression 


1 
A=a+b+c+—. 
abc 


Solution By AM => GM we obtain 


1 1 
A=at+b+c+— 24] abe. — =4, 
abc abc 


with equality iffa =b=c=7—z,, 
Thus a? + b? +c? =3 # 1, a contradiction. 
Since A is a symmetrical expression in a, b and c, we estimate that min A occurs 
at the incidence point a= b =c, ie.a=b=c=1/V3. 
Hence at the incidence point we havea =b=c= — — a , and it follows 


that a = 


= 1 _ 
abe (1//3)4 
Therefore 


le.a=b=c=1. 


1 8 
A= b —— b 
a eer he — TOF Gabe” Oake 


> 4.) ab Ar PSL fu (1) 
abc - = : 
a 9abce = 9Yabc 9 9Yabc 


By QM > GM we obtain 
24 p2 2 | 
4] > 3y/ abc, ie. a > 3/ abc. 


3 > 3/3. (2) 
abc 


Hence 


By (1) and (2) we get 


4 8 
A> —=+3V3--=4V3. 
J3 9 


So min A = 4V3, and it occurs iff a = b =c = 1/3. | 
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119 Leta, b, c be positive real numbers such that a+ b+ c = 6. Prove the inequality 


19 
Jab +be+JSbe+ca+JSca+ab+ 4 qe te ele 


Solution Analogously as in the first solution of Exercise 5.13 we obtain that 


Sab ak 48 
Sap he pe bot ca + oa cop = i(~ Baan ) (1) 


3 


At the point of incidence a = b = c = 2 we have a + b* +c? = 12. 
Therefore by AM > GM we have 


9(a2 +b? $e2)- 12-12 _ 
a? +P 402) = "= — — va 248402) -12-12 


2 2 2 
“t a’+b*+c*+24 (2) 
4 3 


By (1) and (2) we obtain 


/9 
Jab + be + /be +cat ca tab + ; (a? +b? +c") 


7 ; (ot) —— 
—4 


3 4 3 
1 6 +72 
= — b+c)?+72)= =9, 
pe tere +7) D 
as required. 
Equality occurs if and only ifa =b=c=2. | 


120 Let a,b,c € R®™ such that a + 2b + 3c > 20. Prove the inequality 


3 9 4 
S=a+b+c+- op > 13. 


Solution S = 13 at the pointa =2,b=3,c=4 
Using AM > GM we get 


4 4 9 9 16 16 
a+—>2,/a-—=4, b+—=2,/b-—=6, c+—=2,/c-— =8, 
a a b b Cc Cc 
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Adding the last three inequalities we have 


: eee Sa ee 
40° 4°" Ga Mb eo 
Using a + 2b + 3c > 20 we obtain 


Eee ies 
go" 3° 4a 


Finally, after adding (1) and (2) we get 


3 9 4 
a+b+c+—-4+—4+-213, 
a 2b c 


as desired. 


121 Leta, b,c € R™. Prove the inequality 


a. ae i. & at 
S = 30a + 3b* + — +36(—+—+ > 84. 
9 ab be 


Solution S = 84 at the pointa = 1,b=2,c=3. 
From AM > GM we obtain 


b? i 6 b?\? (c3\* (6° 
2 ee a, iy ca ale ae fit, 
4 27 a 4 27 he 


b? 4 3b? 23 36 3 9 
9] 244 — + — | > 45, a a eh Al 2p 5g — 
(20+ 54+) > A” OF he ( Seay 


After adding these three inequalities we get 


a Oe 1 1 1 
30a + 3b° + — + 36( — + —+ > 84. 
9 ab be 


122 Let a,b,c € R™ such that ac > 12 and be > 8. Prove the inequality 


1 1 1 8 121 
S=a+b+c+4+2 + + a = : 
ab be ca a 
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Solution S = 43} at the point a =3,b=2,c=4. 


Use of AM > GM gives us 


a ae ee Ee ee Se seas d 
Sogo Ba pee. Ag age 
a 
3 abc ° 
1.e. 
a b 6 boc 8 c a 12 
ae eee ee 4{ — 12, 7(-+-— > 21, 
ao ab (G+itmye (5 3 =) 
at ne ey | 
3 2 4 abc ~ 


After adding these three inequalities we get 


6 
st bT Oa set ete > 40. (1) 


Also, since ac > 12 and bc > 8 we obtain 


1 1 1 
<— and —<-, 
ac” 12 bc 8 
so from (1) it follows that 
26 678 26 «78 121 
40 <3S4+ —4+—<3S+—+-—, ie S>—_. 
Ste ea a RO 2 


123 Let a, b,c,d > 0 be real numbers. Determine the minimal value of the expres- 


sion 
ple ie Ve Ve, 
~ 3b 3c 3d 3a 


Solution By AM > GM we get 


2. 2b 2 2d 
AoA a, Apa) =% 
3b 3c 3d 3a 
with equality if and only if 2 5 .= ea 3 = 3 =1. 
Hence 2(a+b+c+d)=3(a+b i c+ dD), i.e. 2 = 3, which is impossible. 
Since A is a symmetrical expression in a, b, c and d, the minimum (maximum) 


occurs at the incidence point a = b= c =d > 0, and then 


2\* 625 
ASfieel se. 
(1+5) 81 
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We have 


Similarly we get 


2 5/b\*> 16 SL oy" Wd 5(d\* 
1+—2>-[- ; 1+—2>-(- and 1+—>-[-—- : 
Cc 


3c” 3 3d ~ 3\d 3a” 3\a 
If we multiply the above inequalities we obtain A > oS 
Equality holds if and only ifa=b=c=d>0. a 


124 Let a,b,c > 0 be real numbers such that a2 + b* + c* = 12. Determine the 
maximal value of the expression 


A=aVbet+e+b¥e4+a2+ceVa2+b2. 


Solution Since A is a symmetrical expression with respect to a,b and c,maxA 
occurs whena =b=c>0,1e.a=b=c=2. 
Hence 


2a? = 2b? = 2c? = 8 
and 
P+CeH=C0 +0 =a 4+? =8. 
By AM > GM we have 


1 
av? +2 = V3 (b? + 02) = Va%(b? + c2)? = 5V (2a) - (b? + c2)?-8 


= VB OAV QE + c2)(b2 + c2) 


1 8+6a7+2(b? +c”) 4430? +b? +c? 
2 6 - 6 


s 


Similarly 


4+a?+3b? +0? 4+ a? +b? + 3c? 
bV/et+a< ae ~ Ee and cVa2+b2< a — 7 = 


After adding the last three inequalities we get 


z 124+5(@*+b? +c?) 1245-12 _ 
~ 6 7 6 7 


A 12, 


with equality if and only ifa=b=c=2. a 
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125 Let a,b,c > 0 such that a+ b+c=3. Prove the inequality 
(a* — ab + b’)(b? — be +.c”)(c? — ca +a”) < 12. 


Solution Without loss of generality we may assume that a > b>c> 0. 
So it follows that 


0<b—be+c? <b? and 0<c*—cat+a’ <a’, 


i.e. we obtain 

(b* —bce+ C7) (c7 —cat a’) < ab’. 
Now we have 
(a? —ab-- EC = bet Oe —ca +0") 


2@b'(@ =ab +5") 


4 3ab 3ab_ 4 >» 4 (1(3ab  3ab sty 
ee . : Beis b+b 
5S A (a ab+b)=5 (5( 5) + 5) + (a* —ab+b’*) 


= 4 (CRM) f(b") 4 (2) op 
~ 9 3 —9 3 ~9\3}) 0 °% is 


126 Let a, b, c be positive real numbers. Prove the inequality 


(CaP te HF 63 +e 43) Sa. 


Solution For every positive real number x, we have that x7 — 1 and x? — 1 have the 
same signs, and because of this x — x3 — x2 41= (x7 — 1)(x3 — 1) > 0, ile. we 
obtain 


giea 445540 49. 
Now we get 
(a? — a? +3)(b° — b? +3)( — 0? +3) > (@ +2)? +2)(C? +2). 
So it is enough to show that 
(a? +. 2)(b° +2)(c° +2)> (atbtc)?. (1) 
After a little algebra we obtain that (1) is equivalent to 
CH +3A+H+40)+27eb +b +c%a*)+8 


>3(a7*b+b’atb?co+c7?b +c2a +a*c) + babe. (2) 
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Using AM > GM we can easily obtain the following inequalities 
a+ab+1>3a°b, a@+acet+1>3ac, be +a°b?+1>307a, 
B+be+1>3bce, Ct+ceat+1e3ca, c+eb?+1>3c*d, 
Pee Hal He +141 > 6abc. 

After adding the previous inequalities we obtain inequality (2), as desired. a 

127 Let x, y,z © R™ such that x + y+ z= 1. Prove the inequality 


xy zx YZ 1 
+ a = . 
V1+22 Vit+y2? V1+x?~ V10 


Solution We have 


v1i+ = 9-(1) +2- + + to's — (s+ pet 
= ap re 32 g2 °° = Fin \3 4°" 
—<— SS $< 
9 9 
ae 
10" 
i.e. we obtain that 
xy < o> 
1+z 342 


Analogously we obtain 
YE ye zx 2x 


———. < V10—-——_ ———. < V10 ‘ 
V1l+x2 — 34x gly 3+y 


So it is enough to prove that 


1 
Vi0( a ope )< : 
3+z 3+y 34+x/7 10 


xy ZX YZ 1 
+ ag ewe 
34+z2 3+y 34x” 10 
Leta =3+4x4,b=3+y,c=3+4z. 
Then clearly a+b+c= 10. 
Inequality (1) is equivalent to 


(1) 


(a—3)(b—3) (c—3)(a—3) (b—3)(c—3) 1 
Cc * b - a < 10’ 
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ab—3(a+b)+9 ca—3(c+a)+9 be—3(b+c)+9 1 
+ + < 


Cc b a ~ 10 
ab+3c—21 ca+3b-—21 bce+3a-—21 1 
+ + < 
Cc b a 10 
GUENEN gilt Oy VE 89 
c b a ~ 10° 


After clearing denominators, we obtain 
2(a(b+c+h(at+c)+3(b+a)) + 16(a72be + b’ac + cab) 
> 58(a7b? +. bc? + ca") 
& (2lab—8c?)(a — b)* + 1be — 8a’) (b — c)* 
+ (21ca — 8b*)(c — a)? > 0, 
which is true since a, b, c € (3, 4), ie. 
2lab — 8c? >21-3-3-8-47=61>0. 
In the same way we find that 21bc — 8a? > 0 and 21ca — 8b? > 0. a 
128 Let a,b,c € R™. Prove the inequality 
(a+b+c)® = 27(a? +b? +c?)(ab + be + ca)’. 


Solution Denote x =a+b+c,y=ab+bc+ca. 
Then we have 


x® > 27(x? — 2y)y? 
& x%> 27x" y* - 54y? 
& (x? —3y)(x* + 3xy — 18y’) > 0, 
which is true, since 
x? =(a+b+c) > 3(ab + be +ca) =3y, x4 > Oy? and 
3x*y >3-3y-y=9y’, 
i.e. we have 


x?-—3y>0 and x4+43x7y— 18y?>9y* + 9y? — 18y? =0. | 
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129 Let a, b,c € [1, 2] be real numbers. Prove the inequality 
Pte Le < 5abce. 


Solution Without loss of generality we may assume that a > b> c. 
Then since a, b,c € [1, 2] we have 


by b+l<ete41<%4+04+1<5a and 
ro+1eae? +a+1 <5a =< 5ab. 


Because of the previous inequalities it follows that: 


@+2<50 & G=—De'+20—1) <0 (1) 
Sat+tb><S5ab+1 6 (b—1)(b?>+b+1—5a) <0, (2) 
Sab+c<S5abe+1 & (c—1)(c? +c+1—Sab) <0. (3) 


Adding (1), (2) and (3) gives us the desired inequality. 
Equality holds iff a=2,b=c=1. | 


130 Let a,b,c be positive real numbers such that ab + bc + ca = 3. Prove the 
inequality 

(a’ — a4 +3)(b° — b? +3)(ct —c +3) > 27. 
Solution For any real number x, the numbers x — 1, x? —1,x3—1 and x*— 1, are 


of the same sign. 
Therefore 


(x — Dar -1)>0, (x7 -D?-1)>0 and @?-1*-1)=0, 


Le. 
ct—c—c+12>0, (1) 
Pa Sah 4S 0: (2) 
a) =a =9° +120. (3) 


By (1), (2) and (3) we have 
a’—a'+3>a4+2, bb 4+3>b°94+2 and ch—c4+3>c342. 
After multiplying these inequalities it follows that 


(a? —a*+3)(b —b* +3)(c4-—c +3) > (P4207 4+203 +2). (4 
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Analogously as in Problem 126, we can prove that 
4906? +276 422¢@+b+0). (5) 


By the obvious inequality (a + b+ c)? > 3(ab + be + ca), since ab + bce + ca =3 
we deduce that 


at+b+c>3. (6) 


Finally from (4), (5) and (6) we obtain the required inequality. 
Equality occurs iffa=b=c=1. a 


131 Let a,b,c € [1, 2] be real numbers. Prove the inequality 


1 1 1 
@+bto(l+5 42) <10. 
a boc 


Solution The given inequality is equivalent to 


a 
b 


Cc 


b 


b cb a 
$f +—+—-4+- <7. (1) 
c aia Cc 


Without loss of generality we may assume thata > b>c. 
Then, since (a — b)(b — c) > 0 we deduce that 


b 
Ltr ive. te Sos 4, 
Cc 


Analogously as ab + be > b* + ac we have oe gee 
Now we obtain 


a b 
bt +-+-<-+-+2 
So 
ab cc eb ec oa a Cc 
eh te <2+2(2+5), (2) 
b c a a bec c oa 


Let x = as Then 2 > x > 1, 1.e. we have that (x — 2)(x — 1) < 0, from which we 
deduce that 


5 
—<-. 3 
Loe (3) 


Finally using (2) and (3) we obtain inequality (1). 
Equality occurs iffa =b=2,c=l1ora=2,b=c=1. a 


132 Let a,b,c € Rt such thata+b+c=1. Prove the inequality 


10(a? +67 4.07) = 9a? +P 4+ ©) = 1, 
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Solution Denote L = 10(a? +b? +c?) —9(a° +b? +. 0°). 
Letx=a+b+c=1,y=ab+bc+ca,z=abe. 
Then 


10(a7 +b? +c?) =10((a+b+c)* —3(a+b+c)(ab + be + ca) + 3abc) 


= 10 — 30y + 30z 
and 
9(a? + b> +0?) = 900? — Sx? y + Sxy* + 5x2z — 5yz) 
= 9(1 — 5y + 5y* + 5z —5yz) 
= 9 — 45y + 45y? + 45z — 45 yz. 
We have 
L=1 & 10—30y4+302—94 45y—45y? — 4574 45yz= 1, 
Le. 
1+ 15y— 15¢ —A5y" +45 yz= 1, 
Le. 
y-2—sy9Q-2)20 — C- sy -ges, (1) 
Furthermore, 
ysab+be-tea< 2t8tO" _t ie. 1-—3y>0 
and 


y=ab+be+ca > 3V.a2b2c2 = 3 22 > z. 


The last inequality is true since 
b 3 
e=abe s (“*2*°) =1<27. 


From the previous two inequalities we get inequality (1), as desired. | 


133 Letn € N and x1, x2,..., xX, € (0, 7). Find maximum value of the expression 


sin x1 COS x2 + sinx2 cos.x3 + ---+ Sin x, COS x}. 


Solution It’s clear that for all real numbers a,b we have a2 + b2 > 2ab. So we 
obtain 
sin x1 COS x2 + sinx2 cos x3 +---+ Sinx, COs x1 
sin? x1 + cos? x2 sin? x2 + cos” X3 sin? Xn +cos?x; on 
~ 9 2 2 “3 
Equality occurs iff xj = x2 =---= Xn = 5. | 
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134 Let a; € ee 27], fori =1,2,...,n. Prove the inequality 


1\2 
(sine + sinag +---+sinad, + i) > (cosa, + cosa2 +---+cosay,). 


Solution Let S = sina, +sinaz +---+sindy. 


We have 
(s+t) =s4 a+ < =s° s+ ats= (s- 1) +2 Be (i) 
Since a; €[%, | we deduce that 
sina; >cosa;, foralli=1,2,...,n. (2) 
Using (1) and (2) we obtain the required inequality. | 
135 Let a1, 42,...,4n3 n+) = 41, An42 = a2 be positive real numbers. Prove the 


inequality 


n 


dj —a; 
2 i i+2 = 0, 


i=l Gi+1 + Gj+2 


Solution Applying AM > GM we have 


n 


qi + Gj41 ajt+a. agt+a3 Qn-1 + Qn  Q+a\ 
= + feet + 
Qit41+4i42 G2+a3° a3ta4 an + ay a, +a2 


i=1 


en Jit BEB itor mF, (1) 


a2 +a3 a3+a4 a,_+a, ay+az 
So 
n n n 
> Qj+1 _ aj+1 + aj+2 »: Qj+2 
sa C1 + aj+2 ay OF 1+ Gj+2 a G41 + aj+2 


n 
aj+2 
=~) 
i 


ay itl + aj+2 


n 


n 
® aj + ai+1 3 ai+2 
= aj41 + aj42 aj+1 + aj+2 


i=l i=l 


from where it follows that 


ee 
F ; “itl + aj+2 | | 
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136 Letn > 2,n €N and x1, x2,...,X, be positive real numbers such that 


1 1 1 1 
+ feet = : 
x1 +1998 * x2 + 1998 Xn +1998 1998 


Prove the inequality 
AVX 1X2 +++ Xp > 1998(n — 1). 
Solution After setting Es =aq;,fori=1,2,...,n, the identity 


1 1 1 1 
x1 + 1998 - xo + 1998 ee x, +1998 1998 


becomes 
aj +ag+---+a,=1. 


We need to show that 


We have 
1 je DS et Gee Pa 
GG ai 
ze (n 1) n-1 ss ee 
a; 
Multiplying these inequalities for i = 1,2,..., we obtain (1), as desired. a 
137 Let a}, a2,..., dy € R™. Prove the inequality 


ae < (; ) + Det 
Solution For 1 <k <n we have 
ak+(k—-W=ak+1414+---+1>kyak = kay. 
ee 
k-1 
After adding these inequalities, for 1 <k <n we get 


Fin sake = Ta MoY Sats (Sg 


k=1 k=1 k=1 
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138 Let a), a2,...,d, be positive real numbers such that a) + a2 +---+a, =n. 
Prove that for every natural number &k the following inequality holds 


k-1 


ae adele ta eta 


Solution Using AM > GM we get 


k —1)a* +1=a' tak +. -+ak +1>k ae b a 
( ) 
a ees 


k-1 
and if we add these inequalities for i = 1, 2,..., we obtain 
(k= W@f +ah+---+a,)tnekap +ay'+--+ay'). 
We'll show that 
ay! tay! +.-+ahlon (2) 


One more application of AM > GM gives us 


af + (k-2) sah 1 +14---4+1> k-1) “Yalt =k- Da; 
k-2 


and adding the previous inequalities for i = 1, 2,...,n we get 
(ajo! as! $+ Fah!) nk -2) > k= Da +a +++ tan) =k =D, 


from which we deduce 


k-1 
ay + ay D aes aa Ion 


So we are done with (2). 
Now from (1) and (2) we obtain 


(k—1)(ak + ak+-.-+ak)+n>k at! +a! +: aha “ 


& (k—-I(at+ak+-.-4a54n 
> (k— (ak + ak 14... 44k) 4+ ab! tak! +... tak} 
>(k-D ay +ay'+---+ak +n 


k- 


° aj +aht-- “tah >at tab hte. +aht, 


as desired. 
Equality holds iff aj] =a2 =--- =a, =1. | 


Remark The given inequality immediately follows by Chebishev’s inequality. 
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139 Let a, b, c,d be positive real numbers. Prove the inequality 
a \° (2 af 2 : (4 ee 
a+b b+c ct+d d+a} ~8 


Solution I Let x = b/a, y=c/b,z=d/c andt=a/d. 
Then it is clear that xyzt = 1, and the given inequality becomes 


A= (7 oe : )+( : +( ; ye! (1) 
7 =a) (S a) 1+t)/ ~8 


By the inequality AM > GM we have 


A a: 3 1 an 1 Pace i-\ 
lax 32, \+x 1+x 32 320 «327 8\1+x/)’ 


So it follows that 


us? a( (tag) +(e) +(e) +(e) @ 
32~ 8\\1l+x I+y l+z 14+t) J 


We’ll prove that for all positive real numbers x and y the following inequality holds 


1 1 1 
+ > 
(px) py) Lb ay 


We have 
1 1 1 xy(x? + y*) —x7y? —2xy+1 
(+x (+y2 Itxy (+a Fy $xy) 
_ xy@— y+ @y-1P 
(l+x)2(1+ y)?4+ xy) 7 


Now according to the previous inequality and the condition xyzt = 1, we deduce 


1 \ i 7 i. \* P<? 
a) a 
oct i es 8g 
~T+xy Itz ltxy 1+1f/xy 7 


(3) 


By (2) and (3) we get 
12 5 . 1 
2A+—>-, te A> 
327 8 8 


Equality occurs iffx = y=z=ft=l,ie.a=b=c=d. a 


302 21 Solutions 


140 Let x1, %2,...,x, be positive real numbers not greater then 1. Prove the in- 
equality 


1 1 1 
(1 + x1) 72 (1+ x2)73 ---(1+4n)%1 = 2”. 


Solution From 0 < x1, x2,...,Xn, < 1 it follows that 
1 1 1 
= —=2l1 
x1 X2 Xn 


By Corollary 4.7, (Chap. 4) we have that for every x > —1 and a € [1, 00), the 
following inequality 


(l+x)*>1+xa 


holds. 
Hence we get 


i a == x] x2 Xn 
(1x1) (1 $29) F (1 ¢.aq) 1 > (1+ =) (14 2) - (1+ *) 
X2 X3 
Furthermore, applying AM > GM we get 
(14 2)(1+2)..(142) 22/2 2/2 er 2/2=2". (2) 
x2 x3 x} x2 X3 x1 
By (1) and (2) we obtain 


1 1 A. 
(1 + x1)%2 (1+ x2)3 +++ (+x) > 2”. 


Equality occurs iff xj = x2 =-+- =x, =1. |_| 


141 Let x1, x2,...,x, be non-negative real numbers such that xy + x2 +---+ 
Xn 5 Prove the inequality 


1 
(l= a1) = 22)+++ (an) 2 5. 


2 
Solution From x; + x2 +-+-+ Xx, < 5 and the fact that x1,x2,...,X, are non- 
negative we deduce that 
1 : . 
O<x; < 5 <1, ie -—x;>-1, foralli=1,2,...,n, 


and it’s clear that all —x; are of the same sign. 
Applying Bernoulli’s inequality we obtain 
(1 — x1). — x2)--- 1. — an) = 1 + (—x1)) 1 + (—22)) ++ + (an) 
(Shi se =) 
1 


1 
=1- as >l--=-. |_| 
(xy x2 +++-+2%n) = ia 
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142 Let a,b,c € R™ such that abc = 1. Prove the inequality 


1 1 1 


<i. 
Pipe Peel ese 


Solution We have 


1 1 1 
= < 
a+b34+1  (at+b)(a—b)?+ab) +17 (a+b)ab+1’ 


and since ab = : we deduce 


1 1 Cc 
< = 7 
B+b3+17 (at+bjyab+1 atbt+e 


Similarly 


1 1 b 
< = and < . 
b+e+1 7 atbte @eOt+ae+1 7 atbte 


Adding the last three inequalities we obtain the required inequality. 
Equality holds if and only ifa=b=c=1. a 


143 Let 0 <a,b,c < 1. Prove the inequality 


Cc b a 1 
+ + <n. 
T4040 T++a 74+03+c37 3 


Solution Since 0 < a, b,c <1 it follows that 0 < a3, b?, c? < 1, so we have 


c es b i a 
74+ 04B 74040 74+b3+03 


c b a 
< 
<64@84h 40 6¢0+¢a+bh  64h404+a3 
= a+b+e 
~ 64046403 


It suffices to prove that 
3(a+b+c)<64+a4b 4c, 
which is true since t? — 3f + 2 = (t — 1)?(t + 2) > 0, forO <1 <1. | 


144 Let a,b,c € R™ such that abc = 1. Prove the inequality 


ab fs bc dy ca <1 
a+ab+bD b+be+35 O+cata> ~ 
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Solution Since 
a* —a*b — ab? + b* =a3(a— b) — bh? (a—b) = (a— by? (a — ab +b’) = 0, 
we have 
a+b =(a+b)(at — a2b +.a7b* — ab? + b*) > (a + b)a’b’. 
So 


ab 2 ab _ abc? _ Cc 
a+tab+b>~ (at+b)a2b>+ab (a+ b)a2b2c2 + abe? a t+bt+c 


(1) 
Analogously 
bc a 
< 2 
b> +be+o0 7 atb+e 2) 
and 
ca b 
< : (3) 
O+cata~ atbte 
Adding (1), (2) and (3) gives us the required inequality. | 


145 Let a,b,c € R™ such that a+ b +c =3. Prove the inequality 


a? b3 3 
+ + > 1. 
at+ab+b2 b?+be+c2 c%+ca+a?2 


Solution We'll show that 


a? b3 (oa a+b+e 
A= 4 4 > 
at+ab+b2 b?+be+c2  c*+ca+a? 3 


B+ xy 
Payee = 3 
(This inequality follows from the obvious inequality 2(x + y)(x — y)? > 0.) 
On the other hand, we have 


For every x, y € R* we have 


, in which equality occurs iff x = y. 


a Bb fol Bb 
AS a) a) 2. 52 2 
a*+ab+b b-+be+c c*-+cata a*+ab+b 
+ es + e 
b2+be+c2 c*+ca+a?’ 


so 


_ a+b b+c 3b+a3 ate b+c cta 
~ @tab+bh2 b+bce+c2 c+cat+a2-~ 3 3 3 
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a+b+c 
> ————-( = 
= 3 


Equality occurs if and only ifa=b=c=1/3. a 


A 1. 


146 Let a, b,c be positive real numbers such that a? + b? + c? = 3abc. Prove the 
inequality 
a di. b 7 c 9 
b2c2 2a? a2b*® ~ a+ b+e 


Solution The given inequality is equivalent to 
(ae +b>+c)(a+b+c) > 9ab?c?. 
Applying the Cauchy—Schwarz inequality we have 
(P+h4+C)(atb+o>(@+h? +c’). 
Since a* + b? + c? = 3abc we obtain 
(+b +cC)atb+c)>=@ +b? +c’) = Babe) =9a7b*c’. 
Equality holds if and only ifa=b=c=1. a 


147 Let a,b,c, x, y, z be positive real number, and let a + b = 3. Prove the inequal- 
ity 


a 
ay+bz az+bx ax+by~ 


Solution We'll show that 


x y Z 3 
a or = : 
ay+bz az+bx ax+by~ a+b 


and combining with a + b = 3 will give us the required inequality. 
Applying the Cauchy—Schwarz inequality we have 


x a y as Zz 
ay+bz az+bx ax+by 
x2 y? 22 (x+y +z)? 
a + + 2 
axy+bxz  ayz+bxy axz+byz” (a+b)\(xy+yz+27zx) 
3 


—— =], 
a+b |_| 


IV 
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148 Let x, y, z > 0 be real numbers. Prove the inequality 


x On y Zz a. 
xt2y+3z  y+2z+3x z+2x+3y 7 2° 


Solution The Cauchy—Schwarz inequality gives us 


x2 ye 2 


+ + 
x24 2xy+3xz y*+2yzt+3xy 7242xz74+3yz 


Re (x+y+z)" 
~ x2 + y2 +274 5(xy + yz4+ zx) 


It suffices to prove that 
Qxtytz2r ax ty? +27 +5(xy + yz + 2x), 
which is exactly x* + y? + 2? > xy + yz+<x, and clearly holds. a 


149 Let a, b,c,d € R™. Prove the inequality 


Cc a d ce a 4 b ae 
a+3b b+3c ct+3d d+3a7~ 


. _ Cc d2 a b 
Solution Let L = stape + passed + cat3da + bd+3ab* 


Applying the Cauchy-Schwarz inequality we get 


((ac + 3bc) + (bd + 3cd) + (ca + 3da) + (bd + 3ab))-L > (a+b+c+d)* 


ae (a+b+c+d)* 
— Qac + 2bd + 3bc + 3cd + 3ad + 3ab’ 


> 


It suffices to prove that 
(a+b+c+d) > 2ac + 2bd + 3bc + 3cd + 3ad + 3ab 
& (abe pila=d)y + O=or Hie = 0) 0, 


which is clearly true. 
Equality holds iffa=b=c=d. a 


150 Let a, b,c, d, e be positive real numbers. Prove the inequality 


a b Cc d e 5 
+ + 2c. 
b+ce ctd dt+te e+ta a+b” 2 
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Solution Applying the Cauchy—Schwarz inequality we have 


a a b 4 c ” d és e 
b+c ctd d+e e+a a+b 
2 az a b2 i C2 it a & e2 
ab+ac bc+bd cd+ce de+tad ae+be 
(at+tb+c+d+e) 


= j 
~ ab+ac+ad+ae+bc+bd+be+cd+ce+de 
So it is suffices to show that 


(at+tb+c+d+e) = 
ab+ac+tad+ae+bce+bd+be+cd+ce+de~ 2’ 


which clearly holds (Why?). | 


151 Prove that for all positive real numbers a, b, c the following inequality holds 


a re b3 i roa a2 +b? +c? 
at+ab+b2 b?+bce+c2 c2+cata27~ atbt+e 


Solution Applying the Cauchy—Schwarz inequality we have 


a b 3 
A= z+ re) 2 
a“+ab+b bé+bce+c cc+cat+a 
_ a‘ 2 bt ip cf 
~ a(az+ab+b2) b(b?+be+c2) c(c2 +ca +a?) 
a (a2 +b? +. c?)? 
~ (a(a2 + ab + b?) + b(b* + be +c?) +. c(c2 +: ca +a?) 


So it suffices to prove that 
(atb+c)(a* +b? +c?) > a(a* +.ab +b?) +b(b? + be +07) +c(c? +.ca +a’), 


which is true. |_| 


152 Let a,b,c be positive real numbers such that ab + bc + ca = 1. Prove the 
inequality 
1 1 1 3 
+ + >s. 
4a*—bce+1 4b2-—ca+1 4c2?-—ab+17 2 


Solution Since 1— bc =ac+ab,1—ca=ab+bc and 1—ab=ac+bc, the given 
inequality can be rewritten as 


1 1 1 3 
+ + 25: 
a(44a+b+c) b(4b+c+a) c(4c+at+b)~ 2 
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By the Cauchy—Schwarz inequality we get 


1 1 1 
(5 * EGh eo) +a) 


4at+b+c 4b+ct+a 4c+a+b 
. a = b - c 


. D el 1 
“Na boc) arb2c?” 


So it suffices to prove that 


2; gee gee ere? 
3a2b2c2 — a b Cc . 


We have 
4at+b+c 4b+ct+a 4c+a+b 
+ + 
a b Cc 
atb+c b+ct+a cta+b 
+ + 
a b Cc 


=9+ 


1 1 1 
=9+(a+b+0(2 +5 +2) 
a bee 
o4 (a+b+c)(ab+bc+ca) 
abc 
a+b+c 


=9+ ———_, 
abc 


so inequality (1) becomes 


- 2 gg, erbte 
3a2b2c2 ~ abe” 
By AM > GM we have 
l=ab+be+ca>3Warb2, ie. 27a7b?c? <1, 
By the well-known inequality (x + y + z)* > 3(xy + yz + zx) we get 
3abce(at+b+c) <(ab+be+ca) =1. 
Finally by (3) and (4) we get inequality (2), as required. 
Equality occurs iff a= b=c= wah 
153 Let a, b,c be positive real numbers such that 


1 1 1 
>1 
Pape pee Pawel - 


ie. 27a7b*c* + 3abc(a+b+c) <2. 


(1) 


(2) 


(3) 
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Prove the inequality 


ab+bce+ca <3. 


Solution Using the Cauchy—Schwarz inequality gives us 


1 2+c? 


2 2 + 7 +5D+ 2 i om +b+ 
i na 1 b '. < . 
(a +b°+1)d+ cya o) GBS NG sh Behe) 


Analogous we obtain 


1 2+a? 1 2+b? 
24,2 s z and 33 - 2° 
be+ce-4+1 7 (a+b+c) ce+a-+17 (a+b+c) 


So we have 


1 1 1 64+a°+b4+c7 
Ls + + < 
a+hs+l b24+c24+1  ce+a*+4+1 (a+b+c)2 


64+a04+bh4+C>(atbt+o)’, ie. ab+bet+ca <3. | 


154 Let a, b,c be positive real numbers such that ab + bc + ca = 1/3. Prove the 
inequality 


a b Cc 1 
+ + = . 
a*—be+1 b*-ca+1 c?-ab+1 7 atbt+e 


Solution Applying the Cauchy—Schwarz inequality we have 


a b c 
pee one © Sal 
az b2 C2 
ie gneen Pagheaen eh aabeae 
(atb+c)* 


> : 
~G4+bh4e+a+b+c — 3abe 
Furthermore, since 


a+bh+c —3abe=(atb+c)(a? +b +c? —ab—be —ca) 


=(a+b+c)(a* +b? +c? — 1/3), 
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we obtain 
(atb+c) (at+tb+cy 
a+h+ce+atb+c—3abe (atbt+o@+h+c+1—1/3) 
atb+c 
~ ++ +2/3 
a+b+c 
~ a+ b2 4 c2 + 2ab + be +a) 
1 
TERS 
as required. a 


155 Let a, b,c be positive real numbers. Prove the inequality 
aa b 3 
ae a pail 
a+b3+abe b3+c3+abe c3+a3+abc 


Solution Let x = b y= §,z= §. Then clearly xyz = 1. 
Therefore 
a 1 1 XYZ 
a> +b3 + abc = Pepe se S l+x3+x2y a xyz tx3+4x2y 
eo ne 
~~ yz+x2+xy" 


Similarly we deduce 
b3 XZ eo xy 
= and = ; 
b+cect+abe xz+y*%+zy oO+a3tabe xyt+z2+xz 


So it suffices to prove that 


yz XZ xy 4 


+ pas 
yotxrtxy xzty?+zy xyt2txz 


According to the Cauchy—Schwarz inequality (Corollary 4.3, Chap. 4) we have 


ye ae XZ ae xy 
yetxr2txy xzty*+zy xyt22+xz 
(xy + yz-+ zx)? 


> A 
~ yz(yz +x? + xy) +xz(vz+ y2 + zy) + xy(xy + 22 +.xz) 
We need to prove that 
(xy +yz+ zx)? > yz(yz+ oy xy) +xz(xz+ y* + zy) +xy(xy + z°+xz), 


which is in fact an equality. 
Equality holds iff x = y=z,ie.a=b=c. a 
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156 Let a,b,c be positive real numbers such that a* + b? + c* = 3. Prove the 
inequality 
a 4 b 4 Cc 2 1 
a*+2b4+3  b?4+2c+3  c*#+2a+37 2° 


Solution Clearly x? + 1 > 2x, for every real x, and therefore 


a b C 
PLLA PP eoees ” 2e Ges 
a b Cc 
< + + 
Aatb+1) 2%b+e+1) 2%c+atl) 


So it remains to prove that 


a b c 


7p Peed oael ” 
Inequality (1) is equivalent to 
b+1 c+1 a+l1 
a+b+1 b+c+1 cta+17 
According to the Cauchy—Schwarz inequality (Corollary 4.3) we have 
b+1 i c+1 a+l1 
a+b+1 b+c+1 cta+l 
7 (a+b+c+3) aay 
~ 6+)@+b+)+e+)DG+e+)+@+dD(etat+l) 
Equality holds iffa=b=c=1. | 


157 Let a,b,c,d > 1 be real numbers. Prove the inequality 


JVa—1+Vb-14+Vce-1+V7d-1<J/@b+Dcd+D. 


Solution We’ll prove that for every x, y € Rt we have /x —1+./y—I< /xy. 
Applying the Cauchy—Schwarz inequality for ay = /x — 1,a2=1;b; =1,b.= 
Jy — | gives us 


(J/x—1+/y—1)* <xy, ie J/x—14+JSy—1< Say. 


Now we easily deduce that 


Va—1L4a/b—1tse—1 44d -1SVab+V ed 2 /(ab+ Dia +). - 
158 Let aj, a2,...,d, € R* such that a,az---d, = 1. Prove the inequality 


af Bi nf 0g Fb 4/ Gn S Gj + Gy +++ +p. 
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Solution Applying AM > GM we obtain 


VA + S/d2 ++++ + /a i 
= > Jai /ar--+ fan =1 
ie. 
Vay + fd2 +--+ +/an = 0. (1) 
Now we’ll use the Cauchy—Schwarz inequality. 
We have 
(Jai t+ Jaa +--+ Jan)? < (ai +aat- Fan) +1 4+---+0, 
i.e. 


(Jai + Jaz t+: + Jan)? <n(ai +42 ++++ +a). (2) 
Using (1) and (2) gives us 


(Jat + Jag +++» + San)? < nay + a2 +++ +4) < Sai + Jaz +++ + Jan) 
xX (ay tag +-+++an) 


Say t+ fag to + fan Say +2 +++ +4, 


as required. a 


159 Leta, b, c be positive real numbers such that a+ b+c = 1. Prove the inequality 
1 
avb +bJce+c Ja < Re 


Solution Applying the Cauchy—Schwarz inequality we have 
avb+b¥eteVayr<(C+P+C)atb+o=7t+h +c. (1) 
One more use of the Cauchy—Schwarz inequality for 
A, = Va, Ar = vb, A3=Jc and 
B, =Vab, Bo = Vbe, B3=./ca 
gives us 


(aVb + b/c +cJSa)y <(atb+c)(ab+be+ca) =ab+be+ca, 


2(avb + be + cJ/a)* < Uab+be+ca). (2) 
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By adding (1) and (2) we get 


3(aVb + be +cJ/a)y <a? +b? +c? +2(ab + be + ca), 
3(avb + be + ea) <(atb+c) =1, 


1 
avb +bJc+cV/a< —. 
V3 a 


160 Let a,b,c € (0, 1) be real numbers. Prove the inequality 


Vabe+ J/(—a) —b)\A—o) <1. 


Solution 1 For x € (0, 1) we have ./x < </x. 
So 


Vabe < Yabe and JA —-ad—b1—-0 < JA—-ad—b—o. (1) 


Using (1) and AM > GM gives us 


Vabe+ JG —a —b)A—0) < Vabe+ JU —ay —b) — 0) 


a+b+c l-a+1—b+l-c 
< 3 ar 3 =: H 


Solution 2 Since a, b,c € (0, 1) we obtain 


Vabe+/U—ay—b)0 —0) < Vbve+V1— bV1 cc. (1) 


Using the Cauchy—Schwarz inequality we have 


VoJe+V1—bV1—c< V(b+1—b)2(c+1—0c)2=1. (2) 
From (1) and (2), we obtain the required inequality. | 


161 Leta, b, c be positive real numbers such that a+ b+ c = 3. Prove the inequality 


a+2 $42 #24 
b+2 ce+2 a+27- 


Solution By AM > GM we have 


+2 _at+1t1  3V¥a3-1-1_ 3a 
b+2 0 b+2 ~ b+2 — b+2° 
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Similarly we get 


b3+2 3b +2 3c 
> and Eas . 
c+2 c+2 a+2 ~a+2 
Therefore 
av+2 be +2 42, a, b Poe (1) 
b+2 ct2 at+2~ \b+2 c+2 at+2) 
Applying the Cauchy—Schwarz inequality (Corollary 4.3) we obtain 
a 4 b is co a es b? i 2 
B43 @4+2 at? afb+2) ° ble+2) © ci@+D 
. (a+b+c)* 
~ a(b+2)4+ b(c +2) +c(a+ 2) 
_ (a+b+c) (2) 
~ ab+be+cat2atb+c) 
Since (a + b+ c)* > 3(ab + bc + ca) we deduce that 
1 3 
= : (3) 
ab+be+ca~ (a+b+c)? 
From (2) and (3) we get 
a b c (a+b+c) 
+ = Pa 
b+2 ct+t2 a+27 ab+bce+ca+2(a+b+c) 
_ (a+b+c) 
~ (atb4+c)?/3+2(a+bt+c) 
7 3(a+b+c)? _3@+b+9) a 
~ atbtcer+6a+bt+ce) (@tbt+c)+6 
Finally by (1), (4) and since a + b+ c = 3 we obtain 
a b Cc 9at+b+c) 27 
A>3 > =— 33, 
— (State) oe 9 
as required. Equality occurs iffa =b=c=1. a 


162 Let a,b,c be positive real numbers such that a* + b? + c* = 3. Prove the 
inequality 
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Solution Rewrite the given inequality as follows 


+ + > 3. 
2a-—a* 2W2b—b? 2%Ww-c?2~ 


Clearly a, b, c € (0, V3), so 2a — a”, 2b — b?, 2c — c? > 0. 
Now by the Cauchy—Schwarz inequality (Corollary 4.3) we obtain 


az b2 C2 (atb+c) 
+ + > 
Qa—a2 W2b—b* 2%—c* ~ Wat+b+c) — (a2 +b? +c?) 
= 9 
~ Wa+tb+c)—3' 


So it remains to prove that 


(atb+c)* 
2(at+b+c)-3— 


’ 


which is equivalent to (a + b + c — 3)? > 0, and clearly holds. 
Equality holds iffa=b=c=1. a 


163 Let a, b,c be positive real numbers such that abc = 8. Prove the inequality 


a ant Pub 2 <9 
atl b4+1 e417 


Solution Rewrite the given inequality as follows 


a+1-3 b+1-3 Giche 2. eG 
a+l1 b+1 c+1 7— 


or 


1 1 1 1 1 1 


+ —— a + 
a+1 b+1 c+l e+] 24] 224] 


fy Wang ay 
— Oxty Zy+tz Az+x 
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Pa 22 x2 


= + + 
Qxyty?  2yztz2 9 2zx +x? 


2 
2 (x+y+2) = 


~ Qxy + y? + 2yz+ 22 + 2zx + x? 


In the last step we used the Cauchy—Schwarz inequality (Corollary 4.3). a 
164 Let a,b,c €R* such that a* + b? +c? = 1. Prove the inequality 
a+b+c—2abe < V2. 


Solution Since a? +b? +c? = 1 and a? > 0 it follows that b? +c? < 1, ie. 2bc < 1. 
Applying the Cauchy-Schwarz inequality we have 


a+b+c—2abe=a(1 —2bce) + (b+0)-1< Va+b+c2V0 —2be? +1 


= JV(a2+b2 4 c2 + 2be)(2 — 4bc + 4b2c?) 


= J(1 + 2bc)(2 — 4bc + 4b2c2). 
So it suffices to show that 
(1 + 2bce)(2 — 4bc + 4b*c*) < 2. 
We have 
2 — (14+ 2be)(2 — 4bc + 4b7c?) = 4b*c? (1 — 2bc) = 0. Pl 
165 Let x, y,z € R* such that x? + y* +z? =2. Prove the inequality 
xX+y+z<2+4+xyz. 


Solution 1 Let x =aV2, y = bV/2, z =cV2. Then a? + b? + c? = 1 and the given 
inequality becomes a + b + c — 2abe < V2, which is true (Problem 127). a 


Solution 2 The given inequality becomes 
x(_—yz)+y+z<2. 
Using the Cauchy—Schwarz inequality we get 
@Q—yz)+0+2)-1% s@*+0+2)")(1— yz) +1’) 
 (xty+z—xyzy $7 ty? +27 + 2yz)2—2yzt yz’) 


& («tytz—xyz)* <2 + yz)(2—2yz+ yz). 
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So it suffices to show that 


2(1 + yz)(2—2yz+ yz’) < 4, 


ie. 
(1+ yz)\(2—2yzt+y’2’)<2 & yi <y?e?, 
Le. 
yz<l. 
The last inequality is true since 2yz < y* + 77 <x? + y?4277=2. | 


166 Let x, y, z > —1 be real numbers. Prove the inequality 


1+x? 1+y? 1+27 és 
Dee yeehige) ASR eee a ea yt 


2 
Solution Notice that iy >yandl+y+2*>0. 


So 
1+ x? s 1+x7 | 2(1+.x7) 
Leyes pee 20 ey 
Analogously 
2 2 2 2 
lt+y - 20+ y*) 1+z a 2(1 + 27) 


an . 
l+ztx2 7 214+x2) +1422 l+xt+y? ~ 20+ y2)+1+x2 
It suffices to show that 


2(1 + x?) 2(1 + y?) 2(1 +z?) e 
21+22)+1+y2 21+22)4+14+22 2014+ y2) +1422 77 


Let 1+x%=a,1+ ye = b,1+z2=c, ie. we need to show that 


a i b it Cc 2 
2c+b 2a+c 2b+a~ 


Applying the Cauchy—Schwarz inequality we obtain 


| a ae ee AN rere er es cee ea: 
a c+ca a Cc 
2cat+ab 2ab+bc 2bc+ca = 


a b 6 (a+b+c)* 
+ + = = 
2c+b 2a+tec 2Wb+a7 3(ab+bce+ca) 


’ 


as required. | 
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167 Let a,b, c,d be positive real numbers such that abcd = 1. Prove the inequality 
(+a’*)(1+b?)(1 +c?) +a?) > (a+tb+c+d). 


Solution Since abcd = 1, there are two numbers x, y among a,b,c, d, such that 
x,y >1orx,y < 1. Without loss of generality we may suppose that they are b 
and d. Then clearly (b — 1)(d —1) >0,ie.bd+1>b+4d. 

According to the Cauchy—Schwarz inequality and the previous note, we obtain 


4 aC4R00t OCIS AROSE EE CALPE HCL) 
>(ctatbd+1)?>(@a+b+c+d). 
Equality holds iffa=b=c=d=1. a 
168 Let a, b,c,d €R™ such that i + : + : + 4 = 4. Prove the inequality 


a b3 3| b3 3 3 a 3| d3 3 
= i. > ee +f > <2(a+b+c4+d)—4. 


Solution 


3 ED) 
Lemma 21.2 If x,y € R®™ then a ave < oe 


Proof The given inequality is equivalent to (x — y)*(x* + xy + y*) > 0. 


So it follows that 


| eae Laue ; ae 3)d3+a3 
2 2 2 2 


TOE DOE GME SO 
~ at+b b+e c+d d+a— 


Furthermore, we have 
a>+b? _ 2ab 
a+b a+b 


(a+b) 


So 


PG Sb = eae ae 
= a+b & bte o c+td - d+a’ 


and it is sufficient to prove that 


2 fe Oo POMS iy ODE fe 
atb b+te ctd d+t+a7 
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Applying the Cauchy—Schwarz inequality we obtain 
ab ey bc 4 cd + da ) Lp ae Bee 248 
a+b b+c ct+td d+a a be aps - 


OF oe Os ED 
a+b b+tc ct+td d+a” 8 


as required. | 


a9 


169 Let x, y,z €[—1, 1] be real numbers such that x + y+ z+xyz=0. Prove the 
inequality 


vxt1t/ytl+vVz2+1<3. 


Solution Applying the Cauchy—Schwarz inequality we have 


Je Plea p Sl tee 41 2 6/3G by ez +3). 


Ifx+y+z<0Othen /x+1+/y+1+</z+1 <3, and the given inequality 
clearly holds. 

So let us assume that x + y+ z > 0. Then we have xyz = —(x + y+ z) <0. 
Without loss of generality we may assume that z < 0 and then it’s clear that x, y € 
(0, 1]. 

Applying once more, the Cauchy—Schwarz inequality we obtain 


Vxt+1ltJ/ytlt+vz+1< Jf/2xt+2yt+44+Vz4+1. 


So it suffices to show that 


J2x+2yt+44+Vz241 83. 


We have 


Jax+2yt+44+Vz4+1<53 © JS2x+2y+4-2<1-Vvz+1 


2s 2(x + y) = —Zz 
J2x+2y+44+27 Jf/z+14+1 
—2z(1+ xy) 


< 


=e 
J2xF2y +442 Yze+1+1 
& 21+xy\(l+V1+z) < /2x +2y +442 


> Akxy+Wl+xy)\JV1 +2 < /2x +2y +4. (1) 


We can easily deduce that 1 + z = ~~, and then inequality (1) is equivalent 


to 
xyt+ J0—-0— yd +xy) < f1+ =. 


(—=x)U-y) 
1+xy 
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Finally, using the Cauchy—Schwarz inequality we obtain 


xytJ/—x)— yd + xy) = Jaf xy? +71 —x,/14+ xy — y — xy? 


< fet 1—x)@y? +1 4xy—y xy?) 


=Jityd-=H ss J+, 


as desired. |_| 


170 Let a,b,c > 0 be positive real numbers such that a + b+ c = abc. Prove the 
inequality 


ab+be+ca>3+Va24+14+4Vb24+14 V2 41. 
Solution First we’ll show that 
ab? + bc? + Cae > a’b*c?. (1) 
We have 


(ab)? + (bc)* + (ca)? > (ab) (bc) + (bc) (ca) + (ca)(ab) = abc(a +b +c) 


1.e. 
1 x 1 - I (ab)* + (bc)? + (ca)? o atb+c a4 
az Bb? 2 (abc)? abc 
& Prete’ > ab’. 
Furthermore 
(ab + be + cay? =a7b* +. b?c* + c7a* +: 2abc(a +b +c) 
a) 
> a*b?c? + 2abc(a +b +c) =3(atb+c). (2) 
So 
(ab + be + ca — 3)? = (ab + be + ca)” — 6(ab + be + ca) +9 
Q) 
S3(a+b+c)* —6(ab+bce+ca)+9 
=3(a*7 +b? +0) 49, 
1.e. 


ab+be+ca>34+ JV3(@24+b2 +2) +9. (3) 


21 Solutions 321 


Applying the Cauchy-Schwarz inequality we have 


3a Pe NIH 3" Ee SO’ SD +(e +1) 


> (Va? +14+VP 4147240, 


V3(a2 +22 +02)49>Vae4+14¢VP414V241. (4) 
Using (3) and (4) we obtain 


ab+be+ca>34+V3(@2+P+402)49>34Va2414+VR24+14Ve2 +1, 


as required. | 


171 Leta, b,c, x, y, z be positive real numbers such that ax + by +cz = xyz. Prove 
the inequality 


Va+tb+Vb+c+Ve+ta<x+ytz. 
. b as 
Solution We have ot tes a =1. 
Let 
a b c 
u=—, v=—, w=—. 
yz XZ Xy 


We need to show that 


V2(yu +. xv) + f/x(zu+ yw) + J yew + zu) <x+y+z, 


whereu+u+w=l1. 
Applying the Cauchy—Schwarz inequality we obtain 


(/z(yu + xv) + /x(zu + yw) + /y(ew + zu)” 
<(«t+yt+zQutxv+zv+ywtxwt+ zu). 


Also we have 


yutxu+zv+ywtaxwt+m=xl—-u)+yd—-—v)+zd—-w) 
H=xX+y+z2—Cutyu+zw)<x+yt+z. 


Now we obtain 


(/z(Qyu + xv) + /x(zv + yw) + Jy(ew + wy)? <(ety+z)’, 


JVe(yu + xv) + /x(zv + yw) + /yw +2) <xtytz. | 


322 21 Solutions 


172 Let a, b,c be non-negative real numbers such that a* +b? +c? = 1. Prove the 
inequality 
a b 


b 
pag ag = javat Vb + cc)’. 


Solution We'll use the Cauchy—Schwarz inequality, i.e. 
(aj + a3 +.a3)(bj + bs + b3) > (arbi + agb2 +.43b3)°. (1) 
Let 


=Va*(b? +1), ag =Vb2(c2 +1), a3 = Vc? (a2 + 1) 


a 
[ae ceca = /— = eee 
ty b241 = rat 


Then using (1) we get 


(2b +4 D4 R2(2 +1) +a? +1)) fe eee oP 
ae ce+1 atti 


> (avat+bvVb+cV/c)’, 


a b c (aJa+bJ/b + ce)” 
b2 +1 - c+) = az+1 - a2(b2 +1) + b2(c2 + 1) + c2(a2 + 1) 
So it suffices to show that 
+ D4 eCrD4+coeris ; 

From the obvious inequality (a? — b?)* + (b? — c?)? + (c* — a*)* > 0 we deduce 
that 

CP +P e+ea <a. (2) 
Now we have 

OP +1) +P +)+°@ +1) 
ate Cee er eter 


>, 3(a*b? + b?c? +c7a’) 


=a? +b? +c%+ : 
22 pease 2(a7b* + b2c* + = t+at+bt+c4 
2 2 2)\2 
b 1 4 
—fepgea = — =I+5=3, 


as required. 
Equality occurs iff a= b=c =1/V/3. | 
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173 Let a, b, c be positive real numbers. Prove the inequality 


a = b is Cc 7 9 
(b+c)? (cta)* (a+b)2~ 4a+b+c) 


Solution Applying the Cauchy—Schwarz inequality gives us 


Giges Ot, b 4.8 . (_4 4 b 4 Cc ) 
a c . 
(b+c)2 (cta)? (at+b)?)/~\b+e ct+ta at+b 


(1) 
Recalling Nesbitt’s inequality we have 
a b c 3 
+ + Sas 2 
b+ce cta a+b” 2 2) 
From (1) and (2) we obtain the required inequality. | 
174 Let x > y >z> 0 be real numbers. Prove the inequality 
2 2 2 
x Z 2x 
aes a Sax? ty? +27, 
z x y 
Solution Applying the Cauchy—Schwarz inequality we obtain 
2 2 2 2 2 2 
x Z WKN (x°Z x 2 
( ~ 424 )( +7*4 ) > ora y?4 eV, (1) 
z x y y z x 
We'll prove that 
X"y yz ZX XZ Wx e y 
oa ee 2 ee (2) 


From 


2 2 2 2 2 v) 
Xx 2 2x x°Z x 2 
( eae - ) ( awed - *) 
z x y y z x 


= (xy + yzZ+ 2x)(x — y)(X — z)(y — 2) = 
XYZ ~ 


’ 


we deduce that 
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Combining (1) and (2) give us 


2 a 2 2 2 2 2 2 2 2 
Xx z ZX XxX va ZX xXvZ Xx vd 
( Le y= (2+3+2)( 125 ) 


> +y? +27), 


Le. 
2 2 2 
x“y a 
ee te Bg ey a. 
Zz x 
Equality occurs if and only if x = y =z. | 


175 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


1 1 1 
<1. 
2+a 7 2+b us 2+c~ 
Solution The given inequality can be rewritten as 
1 a +1 . +1 : >1 
2+a 2+5b 2+ce7° 


which is equivalent with 


a eae Cc S: 
2+a 24+b 24+c7 


(1) 


Leta = #2, =>+,c= 
y Zz 


Inequality (1) becomes 


x y Z 


+ + > 2 
x+2y y+2z z+2x ou 


Applying the Cauchy-Schwarz inequality we have 


x y Zz x y? < 


+ + = + + 
x+2y y+2z 0 z+2x  x242xy  y*+2yz  2*4+2zx 


. (x+y+z) = 
~ x2 + y2 +724 2xy + 2yz+ 22x 


So we have proved (2) and we are done. 
Equality occurs iff x =y=z,ie.a=b=c=1. a 
176 Let a, b,c be positive real numbers such that abc > 1. Prove the inequality 


1 1 1 
<1. 
Pipe PLee2 2aar- 
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Solution By the Cauchy—Schwarz inequality we have 


1 14+b4+c? 1+b4+¢ 


+B 42° +B 4204+b40)~ C+ 42)?" 


Similarly we get 
1 l+a+b? 


1 l+c+t+a? 
< and < ‘ 
b+ +4 3 + a2 (a2 + b2 + c?)2 c+ a3 + b2 (a? + b2 + c?)2 


It follows that 
1 r 1 ‘ 1 Z 
O4+h4+c2 b4+34+a2 A+at+bh?— 


e+bh?+ec+atb+c+3 
(a? + b? +c)? 


So it remains to prove that 


e+P+c etratb+c4+3 Sa 
(a2 + b? + c*)? et 


By AM > GM we havea +b+c>3 anda? +b*+c? >3. 
Consider the well-known inequality 3(a7+b* +02) >(atb+c). 


Then we obtain 


2 2 
2+P4+C+atbtco4+3 +b $7 + GO 4 Grrr 
(a2 + b? + c2)? 
C+P4+C4 (C+ h40°)4(C +b +07) 
(a2 + b? +c?) 


(a2 + b2 +4 c?)2 


3 
= ——__—_ < ] 
az+b2+c2 7” 
|_| 


as required. 


177 Let a,b, c,d be positive real numbers such that abcd = 1. Prove the inequality 


1 1 1 1 
> 
Heb, bee). eed) ade 


t A y : : , 
c= +,d = =, the given inequality 


Solution With the substitutions a = a b=5, 


becomes 
x Zz t 
she Sat > 
ztt x+t x+y <zty 


326 21 Solutions 


By the Cauchy—Schwarz inequality we have 


x y Zz t a ? 2 


oe + = + + + 
Ztt x+t x+y @ty xZ+xt yxtyt %w@2+zy tz+ty 
: (xty+z+1)" 
~ Ixz+2yt +xt+tyxtzytiz 


Hence it suffices to prove that 


(x+y+z4+1) esis 
2xz+2yt+xt+yx+zy+tz 


which is equivalent to 

G@=27 46-07 S60 
Equality occurs iff x =z, y=t,ie.a=c=1/b=1/d. a 
178 Let a,b,c be non-negative real numbers such that a + b +c = 1. Prove the 
inequality 


ab di bc r ca el 
ctl at+l b+174 


Solution If one of a,b,c is equal to zero then it is easy to show that the given 
inequality is true. Equality in this case occurs iff one of a, b, c is zero, and the other 
two numbers are equal to 1/2. 

Because of this we can assume that a,b,c € R?. 

From a+ b+ c= 1 it follows that at least one of the numbers a, b, c is less then 
4/9. In the opposite case, if all of them are greater then 4/9, we will have 


+b+ 3 ee 1 
a c>3--=->l, 
9 3 


a contradiction. 
So we can assume that 


c < 4/9. (1) 
Let A=“) +a + tat: 
Then 
pee re 1 1 1 0) 
aati (Saal Mi gee ee (A er eee Te 
Since 
seat ay “(a+1)+ +1) ++) ae 
— a Cc ’ 
atl b+1 c+l 4 a+1 b+1 ctl 
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applying the Cauchy—Schwarz inequality we have 


1 1 1 

a+1 b+1 c+l 

Gs hao aiaeei| see 24. 
=A : g00 BEL, eal 
1 9 

= (1 ies. 

Gr +1) ri 


Now using (2) and (3) we obtain 


a aaa ae er 
=a 
se re ee a ee eee 


Sib hoe |e 
—-+-—+4+---—])=a ac + be — ; 
SONG bc 4 4 
On the other hand, we have 
(l—c)? =(a+b)? > 4ab, 
Le. 
aye 
Pe ama a 
4 
and using (4) we get 
1 9ab 1 9ab 1 
a ee ae Ton pa ab + ela +b) - = 
9 1 
=a(1-) +e 0-3 
(1), (5) (1 — c)? 9c 1 
< 1-— — l-—c)-- 
< m1 r +¢(1—¢) Z 
1 —c —c(3c — 1)? 
3 2 2 
=> — (= = => — = 1 =S 
TAL 9c? + 6c* —c) 6 (9c* — 6c + 1) 16 < 


as required. 
Equality occurs iffa=b=c= 1/3. 


179 Let a, b, c be positive real numbers such that abc = 1. Prove the inequality 


1 1 1 3 
(a+ 1)*(b+c) = (b+ 1)?(c +a) + (c+ )?(a+b) 23 


327 


(3) 


(4) 


(5) 
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Solution Let a= x?, b = y*, c= 2”. The given inequality becomes 


1 1 1 3 
+ + <c. 
Get eG ze OP eG ak Ge De Geby)  8 


By the Cauchy—Schwarz inequality we have 


1 get 
V@?4+62+2) 2ay+2=542= : 
and 
5 5 5 1 y+ 
G+ )@ +y Ne 


Multiplying these two inequalities we get 


G2 ++ yz FPVE HD 


yZ 
1.e. 
2 2 2 
2 2.2, 2. &+)0°4+)DG°4+) 
xo blr ( + > . 
( v¢ y)= 7 
Hence 
1 yZ 


(x? + 1)2(y? + 22) = (x2 + 1) (yp? + 1)(22 +1)’ 


Similarly we obtain 


1 ZX 
(y2 + 1)2(z? + x?) < (x2 + 1)(y? + 1)(e? +1) 


and 
1 as xy 
Geel Gr by) GF Doe Faye 1): 
We have 
1 1 1 
HPO TA | OTE TY CTPA 
XY + YZ + ZX 


< oJ 
~ (x2 + 107+ 12 +1) 
and it suffices to prove that 


Xy + yZ+ 2x e 3 
(x2 + 1)(y2 + 1)(z2 +1) 7 8 
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O24 DO? +D24)> soy + ey 


By the Cauchy—Schwarz inequality we have 


YG? +D0+y)>x+y, V(227+1)(1+x72)>z+x and 
VO? 4+D04+2)>y+z. 


Multiplying these three inequalities gives us 
@4D074+ DC +D2@+N0+DE+%). 
By the well-known inequality 
8 
(x+y)yv+z(+x)= 9 +yt+z)(xy + yz+ zx), 
and the AM > GM we obtain 
8 8 
(x+y)(y+z)(z+x) = 9% +yt+z)(xy+ yzt+7x) > go + yz+ zx). 
By (1) and (2) we obtain 
2 2 2 8 
@+DG°+Dic4+D26¢4y0+9C4+H2 3X + yZ+ 2x), 


as required. 
Equality occurs iffx =y=z=lie.a=b=c=1. 


180 Let x, y, z be positive real numbers. Prove the inequality 


xy(aaty—zt+yz(ytz—x)textx—-—y)> 303)3 yer ee). 
Solution Notice that 


xyxty-z+yzytz2—-x)+2x(Z+x-y) 


__ xy? 2") " y@+x°) n z(x3 +?) 
ytz zg+x xty — 


Leta=x37,b=y?,c=2?. 
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(1) 


(2) 


330 21 Solutions 
Using Corollary 4.5 (Chap. 4) and the previous identity we obtain 


xy(x+y—z)+yz(y+z2—x)+2x(z+x—-y) 


_ xO? +2) 4 y(z3 +x3) m z(x3 + y?) 
~ y+z £o0-% x+y 
y z 


(c+a)+ 
ZX x+y 


> /3(ab + be + ca) = 130x393 + 9323 + 3x3), 


as required. a 


= Oot (a+b) 


181 Let a, b, c be positive real numbers. Prove the inequality 


ab(aa+b3)  be(b3+c3)  ca(c? +a) 
a2 +b? b2 + ¢2 c2 + a2 


> /3abe(a3 + B3 +03). 


Solution Let 


= 1 _ 1 _ 1 Fi 
x= a y pe’ ZS 7 an 
a*b b?c? azc? 
= 7 B= z C= 
Cc a b 
We have 
x ab(a? +b?) y be(b> +c?) 
—(B+C)= ' C + A) = ————_ 
= TT pay eg ee? 
and 
3 3 
Z ca(ce +a” 
(A+ B)= aes 
x+y co +a 


Using Corollary 4.5 (Chap. 4) and the previous identities we obtain 


ab(ai+b>)  be(b3 +c?) ca(c? +43) 


a* +b? Behe a a 
x y Zz 
= ——(B+C)+——(C + A) + ——(A+B) 
yaZ Z+X x+y 
> /3(AB + BC + CA) = y3abe(a3 + b3 +03). | 


182 Let a, b, c be positive real numbers. Prove the inequality. 


b b 
pees jee eye eo apr haeey. 


b+c CGHea oe 
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Solution Let x = y= oS + and A=ac, B=ab,C = be. 
We have 


x a+c y b+a 


(B+C)=ab ; (C+A)=bce and 
ytz b+e z+x cta 
b 
a ee a ih His By sear 
x+y a+b 


Using Corollary 4.5 (Chap. 4) and the previous identities we obtain 


atc pre c+b 


ab Cc ca 
b+c c+ta a+b 


26460 4+—— (Cea Ae) 
y+zZ Z+x x+y 
> /3(AB + BC+ CA) = V3abc(a+b+c). | 


183 Let a,b,c and x, y, z be positive real numbers. Prove the inequality 


a(y +z) +b(z+x) + c(a + y) = 2V (xy + yz + 2x) (ab + be + ca). 


Solution Since the given inequality is homogenous we may assume that x + y + 
g= 1. 
Now the given inequality can be written as follows 


2./ (xy + yz + 2x) (ab + be +ca) +ax +by+ez<atbte. 


Applying the Cauch—Schwarz inequality twice we have 


ax + by +z + 2,/(xy + yz + 2x) (ab + be + ca) 
<Va24+b2 42+ [x24 y2 422+ /2ry + yz + ex) - /2(ab + be + ca) 


< Va? +02 + 2 + ab + be + ca) -)x? + y? +22 + Uxy + yz +24) 


=at+b+e. | 
184 Let a, b, c be positive real numbers such that abc > 1. Prove the inequality 
ae+h+ec >ab+be+ca. 
Solution By Chebishev’s inequality it is easy to obtain 
304b40)>(atb+o@t+h +c’). (1) 
Now by AM > GM we have 
a+b+c>3Vabe > 3 
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and clearly 
a+b? +c*>ab+bet+ca. 
So by (1) we obtain 


3, @tb+O@ +h 40°) 3ab+betca) _ 


a+bh+e > =ab+bc+ca. 
3 3 | 


185 Let a,b,c > 0 be real numbers such that a2/3 + b2/3 + c#/3 = 3. Prove the 
inequality 


+h +> ath +54 44, 


Solution After setting a!/? = x, b'/3 = y,c!/> =z the initial condition becomes 
Pay he 3, (1) 
and the given inequality is equivalent to 
x94 yo + 29> x44 yt + 24, 


Assume that x? < yr < z?. Then it is clear that x* < i <2. 


Applying Chebishev’s inequality we get 
Qty FZ G+ +2) S3@°+ y? +2°), 
and using (1) we obtain x° + y®° + 2° > x44 y4 + 24, as required. a 


186 Leta, b, c be positive real numbers such that a+ b+ c = 3. Prove the inequality 


1 1 1 
+ + 
e+atb attb+ce B4+cta7 


Solution Observe that 
1 1 1 1 a(1—a) 


atb+c 3 at—-a+3 3. 3(a2—a+3) 


Analogously 
1 1 b(1—b) 1 1 c(1—c) 


— an = 7. 
b>+e+a 3 3(b?—b+3) Ct+atb 3 3(c2—c+3) 


Now the given inequality is equivalent to 


a(a—1) b(b— 1) c(c — 1) Si 
a2—-at+3 b*—b4+3 c2?-c+37 


a-—1l 4: b-1 4 c—l +0 
a-—14+3/a b—-1+3/b c—-14+3/e7 ~ 


Without loss of generality we may assume thata > b>c. 
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Then clearly a—1>b—1>c-—1 and sincea+b-+c= 3 it follows that 
ab, bc, ca < 3. Now we can easily show that 


i . 1 . Le 
goles ~ bo lab e-1 4 3/6 


Applying Chebishev’s inequality we obtain 


1 1 1 
(epi 1 <3A 
Gadel (+ pata) 


Equality occurs iffa =b=c=1. a 
187 Let a,b,c € R® . Prove the inequality 


2a” 2b 2c? 
+ + zatbt+e., 
b+e cta a+b 


Solution Without loss of generality we can assume that a >b>c. 
Then clearly 


1 1 1 
> > ; 
b+c” cta™~ a+b 
By Chebishev’s inequality we have 


apa a () 
a Cc : 
b+e cta a+b” 3 b+ce cta a+b 


Applying QM > AM we deduce 


az+b2+c2 a+tb+c : a+b? +c2 atb+c 2 
; > yO Chee. 3 > 5 : 


By (1) and the previous inequality it follows that 


2a? ‘ 2b? 2e° a sipci ee eee (2) 
a Cc ‘ 
b+c cta a+b” 9 b+c cta a+b 


Applying AM > HM we deduce 


1 1 1 9 9 
= Sea = : 
b+c cta a+b” (b+co+(ct+ta+(a+b) 2(a+b+c) 


Finally from the previous inequality and (2), we get required result. a 
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188 Let a, b, c be positive real numbers such that abc = 2. Prove the inequality. 


e+b+e>avbt+ct+bVetatcVatb. 


Solution Applying the Cauchy—Schwarz inequality we get 


aVvb+ce+bJ/ce+atcVatb < Va+h2+)(atb+c). (1) 


Using Chebishev’s inequality we get 


V2(a2 +b? +0?)(at+b+c) < V6(a3 +B} +3). (2) 
Also from AM > GM we have 
ath 4 > 3abc = 6. (3) 
Combining (1), (2) and (3) we have 


+b+c0> V6(a34+534+03)>aVb+c+bVcetatcVa+tb. 


Equality holds iff a= b=c= V2. | 
189 Let aj, a2, ..., a, be positive real numbers. Prove the inequality 
1 1 1 
1 1 1 1 I a 
Ta tia tt ia a tata ” 
Solution We can assume that a) > a2 >--: > dy. 
If we take x; = xi 1 or fori =1,2,...,n then 
1 1 1 1 1 
—<—<::-<— and < S258 =e 
a, a an atl” atl an+1 
Also we have that 
1 1 1 
Xi Vi = Xi — Yi- 


ai(ai +l) aj i 


So we can use Chebishev’s inequality, i.e. we have 


n 1 n 1 n 1 
2g 22 pe? gaa 2a, aes 
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Now we easily obtain 


1 1 
I 


1 1 | . 
Hatiat "the atat “ta ” 


Equality holds iff aj = az =---= ap. |_| 
190 Let a, b,c,d €R* such that ab + bc + cd + da = 1. Prove the inequality 


a i b di ‘oa 4 3 = 
b+c+td atct+d b+d+a b+cta73 


Solution Leta+b+c-+d=s. Then the given inequality is equivalent to 


a b 3 a 1 
A= + + + >. (1) 


Let us assume a > b> c>d. Then 


a>b>c>d> and > = > ‘ 
s-a s—b” s-—c  s—-d 


Applying Chebishev’s inequality we get 


1 1 1 1 
(+b+c +d) + + a 
s-a s—-b s-c s-d 


3 3 3 3 1 1 1 1 
4A> (a> +b>+c+d) + + + ; (2) 
S-a s—b s-c s-d 


Since a> b>c>d it follows that a2 > b* > c? > d?, and one more application of 
Chebishev’s inequality gives us 


(a? +b?+ce+a*)\(atb+ct+d) <4e4+b4+0 +4), 


(a27+b? +c? +d*)\(at+b+c+d) 
; 


e+P+e48> (3) 


Furthermore 

ae Cle CEE Pay 
2; 2, 2) 2 

>ab+be+cd+da=1. 


avt+het+cetd= 
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So in (3) we deduce 
b d 
O+P+G4+d > PT" (4) 


and clearly we have 


(s—a)+(s—b)+(s—c)+(s—d) 


a+b+c+d= 3 (5) 
Now from (4) and (5) we obtain 
gy en ee ee cae a i a 6) 


12 
Using (2), (6) and AM > HM we have 


tax (SoD AGH en O +67 9)( 1 ‘ 1 " 1 Fs 1 ) 
s-a s—b s—-c s-—d 


12 
16 4 
ee — eee 
~ 12 3 
i.e. it follows that A > i, as required. |_| 


191 Let a, x, y, z be positive real numbers such that xyz = 1 and a > 1. Prove the 
inequality 
a a a 


x y ae 


+ >. 
yt+tz ztx x+y 2 


Solution Without loss of generality we may assume that x > y > z. 
Then 
x > y > Zz and x@-1 > ya-bs 7-1 
YZ Z+xX X+y 


Applying Chebishev’s inequality we have 


= = _ x Zz xe a das 
Gr ag ae 4( cae ee ) <3 cee ) 
yr Zt+x x+y yr zZt+x x+y 


(1) 


Recalling AM > GM we get 


xOV gg yt} 4 28} > 3 (xyz)ar! = 3. (2) 


Nesbitt’s inequality gives us 


x y Zz 3 


+ a 3 
ytz zt+x x+y 2 @) 
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Finally using (1), (2) and (3) we obtain 


a a a 
3( a Je artes +2°h/ Sie ae ) 
yrz2 Z+xX xX+ry ytz ztx  xty 


3 
= 3.5 
2 
Le. 
xe y® ze 3 
+ + ZS, 
y+tz zt+x x+y 2 | 
192 Let x1,x2,...,X, be positive real numbers such that 
1 1 1 


ifn 14m" toe 


Prove the inequality 


VatJattvi Vy 1 
n—l ~ Jxy /x2 SXn 


Solution Let ae =a;,fori=1,2,...,n. 


Clearly )°/_, a; = 1 and the given inequality becomes 


n ia n a n 1 n = 

= Bs 4 i a i 
d aj =e De) ear is d Raise ay tag 
i=l i=l i=l i=l 

n a n n 1 
i 
? s i ar 
Las (E9)(E yaaa) 


The last inequality is true according to Chebishev’s inequality applied to the se- 
quences 


1 1 ! 
eae gly d ? oo 
Ais asso ta) “am (= —a) Ja2(1 — az) Jetta) - 


193 Let x1,x2,...,Xn > 0 be real numbers. Prove the inequality 
a Xytxgte+%n 
X1 x2 sas a aL 
xfs? sad > Qe atn) 


Solution If we take the logarithm of both sides the given inequality becomes: 


+x2 +X 
xy Inxy + x2 Inx2 +--+ +x, Nx, > a : ” (Inx; +Inx2 +--+ +Inx,). 


(1) 


We may assume that x) > x2 >--- > Xp, then Inx; > Inx2 >--->Inxp. 
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Applying Chebishev’s inequality we get 

(xy +xo+---+x,)Un xy +]nx2+---+Inx,) < n(x, Inx,+x2Inx2+---+x,Inx,), 

i.e. 


xy Inx, + x2 Inx2 +---+ x, Inx, > ET nx) + nag +o + Ina), 


194 Let a, b,c > 0 be real numbers such that a + b+ c = 1. Prove the inequality 


a+b b+e cH+a 
>2. 
b+c cta atb~— 


Solution I Applying the Cauchy—Schwarz inequality for the sequences 
a2+b b>+¢ c*+a 
a= , az = , a3= 
b+c cta a+b 
and 


bh =V(a?+b)(b+0e), by = V(b? +c)(c +4), b3 =V(c? ta)(a +b) 


we obtain 


a’ +b bite cta (a + b? +¢7 +1)? 
b+c cta a+b” (#@+bd)\(b4+04+(H4+oKetat+(ce+a(atb) 


So it suffices to show that 


@?+P+c? +1) aa 
(a2 + b)(b+c)+ (b2 +e)(c +a) + (ce? +a)(at+b) — 


We have 
(a2 +b? +c? +1)? 5505 
(a7 + b)(b+oe)+ (b2 +0)(cta)+(?+a)(atb) — 
& @4+P4e7 41722? +bb+oq0+0+o(c+a) 


+(c? +a)(a+b)) 

& 14@74074?P%>Wbto+V(c+a+c(atb)) 
+ 2(ab + be+ ca) 

& 14(@74b?4+?)%>7Wd-a) +b? —b) +70 —0)) 
+2(ab+ be +ca) 
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& [ae per rst erie —@ =F =e) 
+ 2(ab+ be + ca) 
& (4h 4c72)?4+27084b4)>20740? +c +ab+bce+ca)—1 
& (a+b +c?) 4+2(04+b? +7) > 2a —c) +b —a) 
+c(1—b))-1 
& (a+b 4c?) 4+2(a4+b +3) >1-—2(ab+be+ca) 
& (74b'?4+c?)?4+204+b3 +c) > (a+b+c) —2(ab+be+ca) 
=a*+b*+c?. 
So we need to show that 
@4+P+eY42G4P40)2a +b? 4’. (1) 


By Chebishev’s inequality we deduce 


24 p24 2 
b 
(atb+o@+hP?+e2)<3@+4+H4+c), ie 2+ 43>" - 3 ; 
and clearly (a? + b? + c*)? > ee 
Adding these inequalities gives us inequality (1). | 


Solution 2 Takea+b+c=p=1,ab+bc+ca=q,abc=r and use the method 
from Chap. 14. a 


1 
-l 


195 Let a,b,c > 1 be positive real numbers such that at 
Prove the inequality 


i™ PR 


1 1 1 
+ <1 
atl’ b+1°c#l 


Solution Without loss of generality we may assume that a > b > c. Then we have 


a-—-2 b-2 c-—2 a+2 b+2 c+2 
> > and = ‘ 
a+1” b+17 c+l a-1°  b-17c-l 


Now by Chebishev’s inequality we get 


e=4 Pad Cad a-2 b-2 c¢-2 
(Sa + Ss (S++ SF) 
a+2 b+2 c+2 
(: nae: _ *) 
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and 


we must have 


> 
atl b+1 ert” 


which is equivalent to = aT + mal + =< 
Equality holds iffa=b=c=2 a 
196 Let a,b, c,d be positive real numbers such that a* +b? +2 +d? =4. Prove 


the inequality 


1.e. 
a Pee Dice dnt l 2h 
S-a 5-b 5-c 5-d7 
Without loss of generality we may assume thata >b>c>d. 
Then we have a —1>b?—1>c?—1>d?~-1 


> 1 I 
We’ ll show that Gags = aS 
We have 
4da—a*+5>4b-b’ +5 & atb<4, 
which is obviously true since a? + b? < 4. 
So we have 


1 Z 1 2 1 i 1 
4da—a2 +57 4b—b? +57 4c—c2+5 7 4d—d?2 +5 


Now by Chebishev’s inequality we obtain 


GIN fe CE hy Lt ge 
4da—a*+5 4b-b?+5 4c-c2?+5 4d—d?+5 


2y@ =| ae 0. 


cyc 
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341 

Thus 

a a*—1 * b? 1 ‘ a*—1 Ft a*—1 

~4da-a?+5 4b-b?+5 4c-c?2?4+5 4d—d?4+5 

_a ame 2 Pe i 1 

~S-a S5-b S-c 5d’ 
as required. 
Equality holds iffa=b=c=d=1. a 


197 Let a,b,c,d €R such that bh + sy + = + aa + oh = |. Prove the 
inequality 


a a b ae Cc a d i: e <4 
4+a* 4462 44+c?2? 4402 44+e2 7 


Solution We have 


l-a 1-b 1-c 1-d_ I1-e 
ea dee Ae Gee ae 

5—(44a) _5-(4+b) 5-440) , 5-44d) 5-4 +e) 
~ 44a 4+b 4+¢ 44d 4+e 
=5—5=0. 


We'll prove that 


a b c d e 1 1 1 1 
fee 4b aa  4ege 4a 4 aD 4+c 4+d 
_ (1) 
4+e 
Inequality (1) is equivalent to 
l-a 1-—b l-c 1-d 
2 2 + 2 2 
4+a)4+a*) (44+5)4+5b°) 4+e)4+ce°) 4+4)(4+4+d*) 
2 (2) 
(4+¢)(4+e2) — 


Without loss of generality we may assume that a > b>c >d> e, and then we 
easily deduce that 


l-a 1-b 1-c 1-d _ 1-e 
< < < < 
4+a”~ 4+b~ 4+c” 4+d7 4+e 
1 eZ 1 2 1 2 1 é 1 
Aa AL ~ 4a ad? Ase 


and 
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So by Chebishev’s inequality we get 


l-a l-a 1 
*2 Ga ae aver Da aap a 


sym sym sym 


which means that inequality (2) holds, i.e. inequality (1) is true and since " + 


a: ae — si = + + = | we obtain the required result. 
Equality occurs iffa=b=c=d=e=1. a 


198 Let a, b,c be real numbers different from 1, such that a+ b+ c= 1. Prove the 
inequality 

1+? m 1+b? . 1+¢? _ 1 

l-a? 1-b?  1-c?27~ 4° 


Solution Since a,b,c >0,a41,b4A1,c#1 anda+b+c= | it follows that 
0<a,b,c <1. 

The given inequality is symmetric, so without loss of generality we may assume 
thata<b<c. 

Then we have 


loc <1¢ heise ad 1=C<1-F 212. 


Hence 
1 1 1 
< < : 
l—-a?~ 1-—b2~ 1-c? 


Now by Chebishev’s inequality we have 


_l+@ 14h 14+e? 
~Ja@ ) 1-2 1-2 


1 2 4 2 1 1 1 
>=-(l+a°4+1+b°4+1+c’*) z+ ; 
3 l-a 


A (1) 


_ 3 i=" Ie Se 


Also we have the well-known inequality 


2 CAE etd / 1 1 1 ) 


2 
2s @tb+o? 1 


2. 72 
b ; 
a +b + 3 3 


Therefore by (1) we obtain 


A> U/3+3) ee ee _ 10 eo ee 
= 3 l-@ = 1-b2 1-2)” 9\1-a@ 1-82 1-2} 
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Since 1 — a”,1—b?,1—c? >0, by using AM > HM we deduce 


1 re 1 a 1 _ 9 = a. 2 (3) 
l-a 1-B 1-c?~ 3-(a2+b2 +02) ~ 3-1/3 8° 
Finally from (2) and (3) we get 
ele 1 ft 1 is 1 ., 10 2715 
~9\1-a 1-b? 1-c2?])7~ 9 8 4’ 
with equality iffa=b=c=1/3. a 
199 Let x, y, z > 0, such that xyz = 1. Prove the inequality 
x3 y3 2 3 
+ So Care 
d+yd+z) d+zd+x) d+x)d+y)~4 
Solution Let x > y > z. Then 
reyes and : > ' > : : 
(I+y)d+z) 7 d+20+x) 7 d+x)1+y) 
Applying Chebishev’s inequality we get 
3 3 3 
35=3( ee i ) 
GQ+yd+z) (+z2)1+%) Gd+2)1+y) 
> Ge + + 2/ ! + + ) 
= : d+yd+y  G+o90+x) d+xnd+y) 
l+x)+(+y)+(+ 
= y429({ xy+Ut+y)+( =) 
(l+x)d+y)(+2z) 
3Z3+x+y+z ) 
3 3, 3 
H(X +y 42 , 
— Cee ees 
1.e. 
3 3 3 3 
sz ( +y +z )( +x+yt+z } (1) 
3 d+x)d+y)d+2z) 


Let = =a. Then we have 


a ee : 
: —— = ree =a° and 3a>3/xyz=3, ie. a2. 


From AM > GM we get 


3 
(tnd+ydt+2s(*S2*:) Stay 
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So by (1) we obtain 


se (“72 **)( 3+x+ytz Jeo( 6 ) 
~ 3 (d+x)d+ydt+z2/7~  \d+aj3/° 


Hence it suffices to show that 


3 3 
6(1 1 = 6a = 
l+a (lta)? ~ 4 


Since a > 1, and the function f(x) = 6(1 — im increases on [1, oo] (why?), it 


follows that f(a) > f(1) = 3, as required. | 
200 Let a, b,c, d > 0 be real numbers. Prove the inequality 


a b Cc d 2 
+ + + = 
b+2c+3d ct+2d+3a d+2a+3b a+2b+3c7 3 


Solution Let 
A=b+2c+3d, B=c+2d+3a, C=d+2a+3b, D=a+2b+3c. 


By the Cauchy—Schwarz inequality we have 


tH VGA bB + eC +dD)> (atb+e+d) 
AR Cp)” : — ‘ 


a b Cc d 
+ + + 
b+2c+3d | ct2d+3a | d+2at+3b | at+2b+3c 
(a+b+c+dy 


: (1) 
aA+bB+cC+dD 


Furthermore 
aA+bB+cC+dD=4(ab+ac+ad+bc+bd-+cd), 


and (1) becomes 


a b Cc d 
+ ~ + 
b+2c+3d ct+2d+3a d+2a+3b a+2b+3c 
(a+b+c+dy 


> . 
~ 4A(ab+ac+ad+bc+bd+cd) 
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So it suffices to prove that 


(a+b+c+d) ,2 
4(ab+ac+ad+bce+bd+cd)~ 3’ 


1.e. 
3(a+b+c+4+d) > 8(ab+ac+ad+bce+bd+cd). (2) 
We’ ll use Maclaurin’s theorem. 
We have 
co. abt+ac+ad+bc+bd+cd 
P2 = = ; 
6 6 
ab+ac+ad+bc+bd+cd = 6p2 
and 


e a@+b+c+d 
4 4 ; 


P= ie. atb+c+d=4p\. 


Now inequality (2) is equivalent to 48 Pr > 48p2, ie. pi = p,! sa which is true due 


to Maclaurin’s theorem. |_| 


201 Let a, b,c be positive real numbers. Prove the inequality 


a+be b*+ca c?+ab 


>Satbte. 
b+e cta a+b ~ 

Solution Assume a > b > c. Then clearly a* >b?>c? and + > aaa > a. 

According to the rearrangement inequality we have 

BO ge 8 Ee ME ge 
b+te cta atb7~ b+c cta a+b’ 

Le. 

a+be be+ca ct+ab b?+be c+ca_ a*+ab 

> =at+be. 
b+e c+a a+b b+e cta a+b 

Equality occurs iffa=b=c. | 


202 Let a,b >0,n EN. Prove the inequality 


a n b n 
(1+¢) - (1+2) so. 
b a 


Solution We'll use the fact that the function f(x) = x” is concave on (0, 00). 
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So according to Jensen’s inequality we have 


n n n 
x+y = x+y 
2 ~ 2 


Remark Note that this is a power mean inequality. 
Now we have 


1 av" b\" l+a/b+1+b/a\" _(2+a/b+b/a\" 
ee ee ae 


(1) 


Using ¢ + 2 > 2 and (1) we deduce 
a\" b\" 2+2\" 
1+— 14+—) =2|——) =o". 
Oe) es) . 
203 Let a, b,c > 0 be real numbers such that a + b + c = 1. Prove the inequality 
i\° iy? 1\7_ 100 
at+—) +(b+—) +(c+-}) >—. 
a b Cc 3 


Solution The function f(x) = x” is convex on (0, 00). 
So according to Jensen’s inequality we have 


1 1\7 Ly" i\- 1 1 1 ryy 
azl(a+—] +(6+—) +[(¢+- 2 a+ bb he , 
3 a b Cc 3 a b Cc 


204 Let x, y, z > 0 be real numbers. Prove the inequality 


x y Zz as 


aT <7. 
2e-yte lyre xy tle 4 


Solution Lets =x+y+4z. 
The given inequality becomes 


x y t3 


+ <-, 
stx sty s+z7 4 


Consider the function f : (0, +oo) > (0, +00), defined by f(a) = =a) 
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We can easily show that f” (a) < 0, for every a € Rt, i.e. f is concave on RT. 
By Jensen’s inequality we have 


fO+FOFIO — _ 


3 3 
Le. 
—— $$ = f(x) + OF FO 
S+x s+y s+z 2 
x+y4+z S s/3 3 
<3 ———_ } = 3 — i 
~ s( 3 ) (5) s+s/3 4 
as required. a 


205 Let a,b,c,d > 0 be real numbers such that a < la+b<5,a+b+c< 
14,a+b+c+d < 30. Prove that 


(a+Jb+afe+a/d = 10. 


Solution The function f : (0, +00) > (0, +00) defined by f(x) = ./x is concave 
on (0, +00), so by Jensen’s inequality, for 


cag al 2 ie 4 
SS ie ig pe ag 
we get 
Rigt = es ee eee 
a , 
10 10V4 10V9 10V 167 Y10 20 30 = 40 
i.e. 
12a + 6b + 4c + 3d 
Ja+vb+Ve+Va<10)) = (1) 
On the other hand, we have 
12a + 6b+ 4c + 3d 
=3(a+b+c+d)+(at+bt+c)+2a+b)+6a 
<3-304+ 144+2-54+6-1=120. 
By (1) and the last inequality we obtain the required result. a 


206 Let a,b, c,d be positive real numbers such that a + b+c-+d=4. Prove the 
inequality 
a iy b ae Cc 4, d a 8 
b2+b cette d*4+d = a*+a™ (at+c\(b+d) 
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: ae b c d 
Solution Denote A = ap et gag gees 
Consider the function f(x) = TET: Then f is convex for x > 0. 


According to Jensen’s inequality, we have 


a b Cc d ab+bc+cd+da 
PfO+2 Hors 1a +$- fa s( ), 


4 


64 
A> 7 
~ (ab+ be + cd + da)? + 4(ab + be + cd + da) 


So it remains to prove that 


64 8 
> 
(ab+be+cd+da)2 +4(ab+be+cd+da)~ (at+c)(b+d)’ 


Le. 
ab+bc+cd+da <4, 
ie. 
(a—b+c-—dy=0, 
which is obviously true. Equality holds iffa =b=c=d=1. a 


207 Let x1, .x2,...,X%, > Oandn €N,n > 1, such that x} +-x2+---+x, = 1. Prove 
the inequality 


*1 fs x2 discace ute eo MX + /X2 + + /Xn 
JVl—x, VW1l—2x2 V1l=-xn Jvn—1 : 
Solution The function f(x) = Wes is convex on (0, 00). (Why?) 


Hence by Jensen’s inequality we have 


Xi +X2++Xn 
1 x4 x2 Xn ee oon 
( 5 noe )=( So ) 
n J1l— x, Vl = x2 V1— Xp 2! XQ+::+Xn 


It follows that 


xX] ce x2 capa Xn [n (1) 
Jl—x, V1l—x2 V1l—xn n—-1 


21 Solutions 
By QM > AM we have 


Vit Jat tin [ei tx24 FX _ 
n ~ n Jn’ 


1.e. 


Sx + Jha + + hn ST. 
By (1) and (2) we deduce 


X] X2 


349 


(2) 


fx + fk. +o + von 


+ +: > 
VI-x V1 = x2 a >a? Jnat 


as required. 


208 Let n € N,n > 2. Determine the minimal value of 
5 5 5. 
x x x 
! + = eve : 
XQFXB bit Xn XL ABH Xn XY X27 +++ + Xn-1 


where x1, x2,...,X, €IR* such that x7 +45 +---+x7=1. 


Solution Let S =x, +x2+--:+24,. We may assume that x1 > x2 >--- > Xp. 


5 5 Pe) 
oe LA 2 Xn sy x; 
Let A= 3-5 = Be er tee 2 re 
Since 
x x Xx, 
S,2ag ee Sx, and ae ee ee oe 
S—x, S—x2 S—Xy 
we can use Chebishev’s cage: 
We have A= "_, x# a 
So 
n x n n x 
A= : >n a : 
; S— x; S— x; 


By QM > AM we have 


n 4 n 2 n n 
a1 %; ™ stag 4 Nn , 1 
n 


The function f(x) = ~~ is convex. 
So by Jensen’s inequaliey we have 


Xp tx2+-++ +X ee 
r( )s = df), 


n 


(1) 


(2) 
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ie. 
tx2+e+2p 1 
1 n Xj : X1 ee xX, _ i = 1 
nS xi xy texte ty — ee an 
from which it follows that 
n 
Vea 3) 
f4 S$—x, n—1 
i=1 
Finally using (2), (3) and (1) we obtain 
1 n n 
A>n--- a : 
nn—-1l n-1l 
Equality occurs if and only if x} =x. =--- =x, =1/./n. a 


209 Let P,L,R denote the area, perimeter and circumradius of AA BC, respec- 


tively. Determine the maximum value of the expression if. 


Solution We have 


LP (a+b+c)abe _ 2R(sinw + sinB + sin y)8R° sina sin B sin y 


R3 R34R 4R4 ; 
i.e. 
LP igs en i? 
Re = A(sina + sinf + siny) sina sin f siny. (1) 
By AM > GM we have 
. : : (seetsnetsny) 
sina sinf siny < 3 : 
So by (1) we get 
LP  A(sin i i + 
Z (sina + sinf + siny) (2) 
R 27 
The function f(x) = — sin x is convex on [0, ], so by Jensen’s inequality we have 


sina + sinB + siny _fatpt+y V3 
3 < sin 3 = 


Finally from (2) we obtain 


LP 4 (3V3\* _ 27 
R-27\ 2) 4° 


Equality occurs iffa=b=c. | 
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210 Let a,b,c €R™ such that a+ b +c =abc. Prove the inequality 


1 " 1 : ee 
Vit+a VI4R VI4272 


Solution 1] After taking a = tana, b = tanB, c = tany where a, B, y € (0, 7/2), the 
given inequality becomes 


1 1 3 
+ <5, 


1+ sin” a sin? sin? y - 
ce a eer “hi + are i oe cos? y 


cosa +cos6 +cosy < 


NI] w 


Also 


tana + tan 6 + tan tana tan 6 tan 
tania+B+y)= E as ae 


— tana tan B — tan f tany — tany tana 


at+b+c-—abc 


~ |-ab—be-—ca 


which meansa + 6B+y=mZ. 
The function f(x) = —cosx is convex on [0, 7/2]. 
So by Jensen’s inequality we have 


cosa + cos B + cos y pees Ene 6 avd 


3 ~ a eae: 
i.e. we get 
3 
cosa +cosB +cosy < rt 
as required. | 
Solution 2 Leta = 5 Lpa=lcsa 


lL 
re 
c 
equality becomes equivalent to 


x y Zz 3 
+ + = 
Vx2t+1 Jy24+1 V24+17 2 


x y Zz -3 


+ ate een 
Jfx2txytyetex JSy2txytyztex JSetaeytyztex 2 
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i.e. 
x Zz 3 
+ + <>) 
Va+yVa+2) VF20+%) VR+x)Z+y)~ 2 
By AM > GM we have 
x AVF WA +2) — a+ y+ A+) 
Ve + Y)X + 2) (&t+y)@+z2) ~ 2ae+y)*+z) 
( x x ) 
= + . 
2\xty x+2Z 
Analogously we get 
if 
us < ( a + z ) and 
Viyt2Qytx) 2\yte  yrx 
z >( z z ) 
= i : 
ZEA) 2\E4X 2+y 
Adding these three inequalities we get inequality (1). | 


211 Let a,b,c € R such that abc +a +c = b. Prove the inequality 


2 2 3 10 
+ a 
az+1 b?24+1 c2+17 3 


Solution The given condition is equivalent to b = <*©. 


This suggest the substitutions: 
a= tana, b=tanB, c=tany, 


where tan 6 = tan(a + y) anda, 6, y € (—m/2, 1/2), so we have 


2 2,3 2 2 ,— 3 
~a+1 b24+1° c4+1° tantatl tart(at+y)+1.= tan2?y+1 


A 


= 2cos* a — 2cos*(a + y) + 3.cos” y 

= (2.cos? a -1)- (2 cos”(a +y)-1)+ 3 cos” y 
= cos 2a — cos(2a + 2y) + 3cos” y 

= 2sin(2a + y)siny + 3 cos” y. 


Let x = |siny|. Then we have 


1\7 10 10 
A< 3x43 =x?) ]=3x" 42x 4-3= a(x ;) + a 
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Equality holds if and only if sin(Qa + y) = 1 and siny = i, from which we deduce 
(a, b,c) = (V2/2, V2, /2/4). | 


212 Let x, y,z > 1 be real numbers such that 1 + 5 + = = 2. Prove the inequality 


Vx —-1+JSy—-1lt+v2-1< J/xFyFz. 


Solution 1 Letx =a+1,y=b+1,z=c+1, and clearly a,b and c are positive 
real numbers. 


The initial condition i + 5 + i = 2 becomes aa + mat + =I = 2, i.e. 
ab+bce+ca+2abc= 1. (1) 
We need to show that 
VJa+/b+ /e< Jat b+es 3. (2) 


After squaring inequality (2) we get 


a+b+c+2Vab+2Wbe+2J/ca<a+b+c+3 


or 
2V ab + 2be + 2/ca < 3, 
1.e. 
3 
MAES VBC aS (3) 


Identity (1) is equivalent to 
(Nab)? + (vVbe)? + (fea)? + 2(Vab- Vbe - Vea) = 1, 


so due to Case 7 (Chap. 8) we may take 
Vab = sin 5, vbe = sink, Vea =sin 7, 


where a, 6, y € (0,7) anda+B+y=nz. 
Now inequality (3) is equivalent to 


Y 


ae ciel B ae 
sin sin sin , 
2 2, 2-2 
where a, 6, y € (0,7),a +68 + y =7, which is true by N3 (Chap. 8). a 


Solution 2 Applying the Cauchy—Schwarz inequality we have 


1 1 1 
(= — is Jorty tae eaT4 Vy T+ Vem Te 
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Also 

<4 as (5+ ze )=1 
So 

xty+z>(Vx—-14+Vy-14+vz-D’, 
1.e. 


JxFytz>Vvx—-1l+J/y-l+vz-1. 


Equality occurs iff a = > a SI and t + ; + i =2,ie.x=y=z=3/2. Hf 


213 Leta, b, c be positive real numbers such that a+ b+ c = 1. Prove the inequality 


2 if Lege if? bal! ne 1>6 
a b b Cc Cc a et 


Solution Leta = xy,b= yz,c = zx. Then xy + yz + zx = | and due to Case 3 
(Chap. 8) we may take 


where a, 8, y € (0,7) anda+B+y=nz. 
We have 


i iy te ee (1 —xy)(1 — yz) 
a b = ab 7 xy2z 


oy pee = je _ Vity? 


2 


xy?z y y 
7 1+ tan? 4 2. 
tan 8 sin 5 


Similarly we obtain 


Now the given inequality becomes 


1 1 1 


+—>+ 
—z +7 ayes 
sin$ sin f sin 5 
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By AM > HM we have 
1 ie 1 ne 1 9 
sin 5 sin 4 sin5 ~ sin¢ +sin§ +sin4 


So we need to prove that sin 5 + sin . + sin y < 3 which is true according to N3 
(Chap. 8). 
Equality occurs if and only ifa = B=y =7/3,i1e.a=b=c= 7 a 


214 Let a, b,c be positive real numbers such that a + b+c-+1= 4abc. Prove the 
inequalities 


1 mn 1 in" 1 aes 1 oe 1 rm 1 
ab cy ~Jfab JVbe Sea 
Solution We have 


a+b+c+1=4abc 


=4 
= ba ta Gb abe 
1 & 1 n 1 = 2 4 
(2Jab)? (2/bc)2_— (2 ca)? (2 ab)(2/be)(2Jca) 
Due to Case 7 (Chap. 8) we can make the substitutions 
1 __ a 1 _ B 1 _ 7 () 
= sin —, =sin—, = sin —, 
2/be 2 2./ca 2 2/ab 2 
where a, 8, y € (0,7) anda+Bh+y=n7. 
From (1) we easily obtain 
1 2sin§ sin} 1 2sin 5 sin 7 1 2sin $ sin § 5 
=—277, -= 3 and = 35. 
a sin 5 b sin 5 c sin 5 
Now the given inequality becomes 
_ a  B ay 
2sin— +2sin— +2sin— <3, 
eae aes ar < 
i.e. 
sin — + sin 4+ sin’ <x, 
2 2 2 
where a, 6, y € (0, 7) anda + 6+ y =7, which clearly holds due to N3. 
We need to show the left inequality which, due to (2) is equivalent to 
2sin 4 sin ¥ 2sin § sin $ 2singsin5 (3) 
sin $ a . sin> 
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Let a, b, c be the lengths of the sides of the triangle with angles a, 6 and y, let s be 
its semi-perimeter, and let x =s —a, y=s —b,z=s—c. 
Then due to Case 9 (Chap. 8) inequality (3) is equivalent to 


x y Zz 3 
+ = > 
y+tz zt+x x+y 2 


i.e. we obtain the famous Nesbitt’s inequality, which clearly holds. And we are done. 
a 


215 Leta, b,c be non-negative real numbers such that ab + bc + ca = 1. Prove the 
inequality 


a i b z Cc _ 3v3 
l+a2 1462 1+ce?7 4° 


Solution Since ab + bc + ca = 1 (Case 3, Chap. 8) we take: 
a 

a=tan-—, b=tan —, c=tan-—, 

2 2 


where a, 6, y € (0,7) anda+B+y=n. 
So we have 


a 4: b ns ec 
lt+a2 1468?  14+c? 


1 
zoe +sinf+siny), 


and the given inequality becomes 


3/3 


1 
3 (sina +sinB+siny) < TT 


3 
sina +sinf +siny < >a 


which is true according to N; (Chap. 8). 
Equality occurs if and only if a=b=c =1/V3. a 


Remark This is the same problem as Problem 92. 


216 Leta, b,c be positive real numbers such that a+b-+c = 1. Prove the inequality 
/ ab 4 / bc 4 | ca 7 3 
c+ab a+be b+ca~ 2 


(c+a)(c+b)=c? +ca+cb+ab=c? +c(at+b) +ab=c +c(1—c)+ab 


Solution We have 


=c+ab. 
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Analogously we get 
(a+b)(a+c)=a+be and (b+c)(b+a)=b+ ca. 


Now the given inequality becomes 


ab be i 3 
alr =F =<. 
— — (b+c)(b+a)~ 2 


According to Case 9 (Chap. 8) it suffices to show that 


_a@ , By 
sin sin — < —, 
aes aT 725 


where a, B, y € (0,7) anda + 6+y=7, which is true due to N3 (Chap. 8). 


217 Let a, b,c > 0 be real numbers such that (a + b)(b + c)(c +a) = 1. Prove the 
inequality 


Blow 


ab+bc+ca< 
Solution We homogenize as follows 
3. 27 2 2 2 
(ab + bce +ca) Sqet?) (b+c)*(c+a). (1) 


Since inequality (1) is homogenous, we may assume that ab + be + ca=1. 
Now, by Case 3 (Chap. 8) we can use the substitutions 


a 
a=tan-—, pee. etn“, 
2 2 2 
where a, 8, y € (0,7) anda+B+y=n7. 
Then 
: B ao B - a+B y 
a sin cos & + cos ¥ sin sin cos 
atb=tanS + tanh = 7 2 z = — z= ; 2 z 
cos 5 cos 5 cosS cos cos $ cos 5 
Similarly 
cos 5 cos 4 
DG = = ag and c+a=—y—Z: 
cos 5 cos + cos 5 cos $ 
i.e. we obtain 
1 
(a+b)(b+c)(e+a)= 


a B y- 
COS 7 COS 5} cos 5) 
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Therefore inequality (1) becomes 


1 64. a By  3V3 
> » Le. cos—cos—cos = < ’ 
cos? & cos? 8 cos? ¥ ~ 27 2 8 
2 2 2 
which is true due to Ng (Chap. 8). So we are done. | 


218 Let a,b,c > 0 be real numbers such that a2 + b* + c* + abc = 4. Prove the 
inequality 


0<ab+bc+ca— abc <2. 


Solution Observe that if a,b,c > 1 then a* + b* +c? +.abe > 4. 
Therefore at least one number from a, b and c must be less than or equal to 1. 
Without loss of generality assume that a < 1. 
Then we have 


ab+be+ca—abc> be —abc=bc(1 —a)>= 0. 
So we have proved the left inequality. 
Leta =2x,b=2y,c=2z. 
Then the condition a? + b* + c? + abc = 4 becomes 
xr ty? +77 +42xyz=1 (1) 
and the given inequality becomes 
2xy+2yz+2zx —4xyz <1. (2) 
By (1) and Case 8 (Chap. 8) we can take 
x= cosa, y=cos f, Z=cosy, 


where a, 6, y €[0,7/2] anda+fB+y=z. 
Therefore inequality (2) becomes 


2cosacos B +2cosBbcosy +2cosy cosa —4cosacos Bcosy < 1, 
cosacos B + cos Bcosy + cosy cosa — 2cosacos B cosy < (3) 


Clearly at least one of the angles a, 6 and y is less than or equal to 7/3. 
Without loss of generality, we may assume a > 7/3 and it follows that cosa < 5 
We have 


cosacos B + cos B cosy + cosy cosa — 2cosacos 6 cos y 


=cosa(cos B + cosy) + cos Bcosy(1 — 2cosq@). (4) 


21 Solutions 
By Ns (Chap. 8) we have that 
cosa +cosB+cosy < . ile. cosB+cosy < ; — cosa. 
Also 
2cos Bcos y =cos(6 — y) + cos(B + y) < 1+ cos(6+ vy) = 1—cosa. 
By (4), (5) and (6) we obtain 


cosacos 8 + cos Bcosy + cosy cosa — 2cosacos B cos y 


= cosa(cos B + cosy) + cos B cosy (1 — 2cosa) 


3 1—cosa@ 
< cosa 7 cosa } + —— —2cosa) = 2, 


as required. 
219 Let a, b,c be positive real numbers. Prove the inequality 
a+b? 4+c* + 2abc+3> (1 +a)(1+b)(1+c). 
Solution The given inequality is equivalent to 
a+b +c +abe+22a+b+c+ab+bet+ac. 


Recall the Turkevicius inequality: 
For any positive real numbers x, y, z, t we have 


x4 + x" + rd + i + 2xyzt > x7y? + ye + vt + re + a + ve. 


If we seta =x*,b=y*,c=2z’,t = 1 we deduce 
a+b +c4+2WVabe+1l>atb+ctab+be+ac. 


Since AM > GM we get 
2V abc <abc+1. 


From (1) and (2) we obtain 


359 


(5) 


(6) 


(1) 


(2) 


e+bh+c+abe+2>a0°+b? +c? +2Vabe+1>atb+ct+abt+bet+ac. 
| 


220 Let a, b,c be real numbers. Prove the inequality 


Ja O= WF + PFT + VEO ae > 


360 21 Solutions 


Solution By Minkowski’s inequality we have 


Va? +(1— by + Vb? 4+ dc)? + Vc? +(1-a)? 


9 3/2 
> ; 
oar’! 


yh 
2 MaFB ETE Gaba = (a4 be 5) if, 
a 


221 Let aj,a2,...,an € R* such that )7"_, a3 =3 and -"_, a> =5. Prove the 
inequality 


n 3 
) a>. 
; 2 
i=1 


Solution We'll use Hélder’s inequality: 
If ay, a2,...,4n; 1, b2,...,bn € R® and p,q € (0, 1), 1/p + 1/q = 1 then we 
have 


We have 


2 3/5 3 a 3/5 
2< (oe) Sus 36. as <(4"") . (1) 


We’ ll show that 


Let S= ae qj. 
Since 0 < % < 1 and 3 > 1 we have that (48 < 4 =1 from which we deduce 


aoe 
+) <y'te=1. 
S dX S 


i=1 


So 


n 


n 5/3 
i=1 


i=1 


since 2° > 57,2 > 5°/> and by (1) we obtain the required inequality. | 
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222 Let a,b,c be positive real numbers such that ab + bc + ca = 3. Prove the 
inequality 


(+a7)\1 +b?) +c?) >8. 
Solution By Hélder’s inequality we have 
(7b? +a +b? +1)(b? +07 +b? + D(a? +a°c? +c7 +1) > (1t+.ab+be+ca)? 
Le. 
(+ @7yP1+ry+c) = 2%, 
as required. | 


223 Let a,b,c be positive real numbers such that ab + bc + ca = 1. Prove the 
inequality 


(a* +ab + b?)(b? + bc + c*)(c? +ca +a’) > 1. 
Solution We’ll show stronger inequality, i.e. 
g q y: 
(a? +ab+b?)(b* +bce+c)(c? +ca +a’) > (ab+be+ca). 
By Holder’s inequality we have 
(a* +ab +b’)(b? + bc + c*)(c? +ca +a’) 
=(ab+ a’ + b*) (b> oer bc) (a? +cat+ c’) >(ab+be+ ca), 


as required. | 


224 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


b 
a & a c = 
VI4+R +02 V7I+A+a% V7+a+b? 


Solution Denote 


a b Cc 
A= + + 
V7I4+RP 42 VI4C24+a V7I+a24+h2 


and 
Baa +b’ +c?) +b7 +c? +a’) +c +a? +b’). 
By Holder’s inequality we have 


A°B>(atb+c)’. (1) 
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Furthermore 


B=7(a+b+c)+(a+b+c)(ab+bce+ca) —3 


+b+c) 
<tatbt+o+ FIFO 3 <@@to40) (2) 

and by (1) and (2) we obtain 

3 

ere 4 te, a. 
B 

as required. a 
225 Let aj, a2,...,d, be positive real numbers such that aj + a2 +--+: +a, = 1. 


Prove the inequality 


a\ i a2 4 Ey an = n 
Vl-a JSl—-a@ J/l—a, Vn-l 


Solution Let us denote 


=—41_ + —8_}+...4—% 
l= a | «flap <J/V= ay. 
B=a\(1—a1) +a2(1 — a2) +--+ +41 — Gn). 


A 


By Holder’s inequality we have 
APB > (ay tan tetany = 1. (1) 
Applying QM > AM we deduce 


(aj +a, +++-+an)? n—-1 


B=1-(aj+aj+---+a;)<1 (2) 
n n 
By (1) and (2) we obtain 
n—1 % ) , n 
-A°>A*B>1, ite. A> : 
n n—1 
Equality holds iff a; = i for every i =1,2,...,n. |_| 


226 Let a, b,c be positive real numbers. Prove the inequality 


a + b 4 Cc es 
V2b2 +202 —a2 = 2c? +2a2—b? = 2a2 + 2b? — c2 


Solution Denote 


a b C 
A= + + 
V2b2 +202 —a2 = 2c? +2a2—b?2 = 2a? + 2b? — c? 
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and 
B= a(2b? + 2c? — a*) + b(2c* + 2a” — b*) + c(2a? + 2b* — c*) 
= 2ab(a + b) + 2bce(b +c) + 2ca(c +a) — a? — Bb — c’. 
By Holder’s inequality we have 
A?B>(atb+c)’. (1) 
We’ ll show that 


(a+b+c)>>3B, (2) 


and then by (1) we’ll obtain the required inequality. 
Inequality (2) is equivalent to 


4(a3 +b? + c3) + 6abe > 4(ab(a + b) + bc(b +c) +. ca(c +.)). (3) 
The following inequalities are true: 
3((a3 +b? +c?) + 3abc) > 4(ab(a +b) + bc(b +c) +. ca(e +.a)) (Schur), 
a+bh+c>3abec (AM>GM). 


Adding the last two inequalities we obtain inequality (3). 
Equality occurs iffa=b=c. a 


227 Let a,b,c be positive real numbers such that ab + bc + ca > 3. Prove the 
inequality 
a b c 3 
+ + = : 
Jat+b Jb+e Veta” V2 


Solution By Hélder’s inequality we have 


i 2/3 
(5 ae tee ) (a(a+b)+b(b+c)+c(c+a))!7 >at+bte, 
a Cc Cc a 


1.e. 


( aq, b a: ye (atb+c)3 
Jatb JVb+e Veta) ~ a+b? +c? +ab+be+ca 


It is enough to show that 


(a+b+c)3 ae 
a@t+b2+c2+ab+be+ca~ 2’ 


364 21 Solutions 


Qatb+c)>9a* +b? +c* +ab+ be +ca). (1) 


Let p=a+b+candq=ab+bc+ca. 
Using the initial condition we have q > 3, and then inequality (1) is equivalent to 


2p? >9(p?—-2q¢+q) or 2p?+9q> 9p’. 
Applying AM > GM we obtain 
2p? +.9q = 2p? +27 = p? + p? +27 > 3) 27p® = 9p’, 
as required. a 
228 Let a,b,c > 1 bereal numbers such that a+ b+c = 2abc. Prove the inequality 
Jatb+o2> Sab—14+ Soe—14+ Yea—l. 


Solution By the initial condition we have 


1 1 1 ab—1 bce-1 ca-I1 
a+b+c=2abc or —+—+—=2 S + + =1. 
ab be ca ab be ca 


By Holder’s inequality for triples 


b-1 1 1 
(a, b,c), (b,c, a), (¢ ce — 
ab be a 


we obtain 


ab be ca 
> (ab — 1)'3 + (be — 1917 + (ca — 1)". 


b-1 be-1 =" 
arbrooreraia(s ee ees ) 


Since 
GON gp Pe Oo? 
ab be ca 
we get 
Viat+b+c) > Vab—14+ Vbe—14+ Vea. Ps 


229 Let tg, ty, tc be the lengths of the medians, and a, b, c be the lengths of the sides 
of a given triangle. Prove the inequality 


5 
tath + tote + tela < Pc +bce+ca). 
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Solution We can easily show the inequalities 


After adding these we get 
tattp+te<atbte. (1) 
By squaring (1) we deduce 
Pa be + opty Pt Fad) <i bP te £2Gb+ bec, @) 
On the other hand, we have 


Qe 2(b? + c*) — a? 


2 2(a? +c?) —b* Qe 2(b? +a”) — cc? 
[ aye eae yet edi dt OD 
4 


% t ’ 
e 4 . 4 


SO 
p} 2 2 3 2 2 2 
atte =Fa@ +h +c"). 


Now using the previous result and (2) we get 
1 
Lip trict ht = ga tb +e’) +(ab+be+ca). (3) 


Also we have a? + b? +c? < 2(ab + bc + ca), since 
a’ +b? +c? —2(ab+be+ca) =a(a—b—c) +b(b—a—c)+c(c—a—b) <0. 


Finally by (3) and the previous inequality we obtain 
®) 
tath + tote + tela < q (ab + be + ca). | 


230 Let a,b,c and tg, ty, te be the lengths of the sides and lengths of the medians 
of an arbitrary triangle, respectively. Prove the inequality 


3 
ata + btp + cte < Bia? Ete | 


Solution By the Cauchy—Schwarz inequality we have 
(a7 +b? +07)(t2 +15 +12) = (ata + btp + etc)’. (1) 
Also 


3 
atte =7@ th +c’). (2) 
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From (1) and (2) we get 


3 3 
(ata + btp +cte)* < ri (a +i eey ie atin bee = af (i +b +c"), 
as required. | 


231 Let a, b,c be the lengths of the sides of a triangle. Prove the inequality 


Vth —CtVe+G—U LV bea Sati tue. 


Solution We'll use Ravi’s substitutions, ie. leta=x+y,b=y+z,c=z4+x, 
where x, y,z€ Rt. 
Now the given inequality is equivalent to 


V2x+JS/2y+V22< J/xtyt/ytztvVz+x. 


By QM > AM we have a > eae from which we deduce that 


vx + JY 
Jx + y > ——_. 
rr) 
Analogously we get 
VIt Vz vit vx 


Vy+z= and Z+x> 


V2 ~ V2 


After adding these three inequalities we obtain 


JTS + \PFE + EERE I 2 4 2, 


Jxtyt/ytitvetx > V2x4+ /2y+V2z, 
as required. | 


232 Let P be the area of the triangle with side lengths a, b and c, and T be the area 
of the triangle with side lengths a + b,b+ c and c +a. Prove that T > 4P. 


Solution We have 


b 
P? =s(s—a)(s—b)(s—c), wheres = aaa 


16P? =(at+b+c\(atb—c\(atc—b)(b+c—a). 


Let s; be the semi-perimeter of the triangle with side lengths a+ b,a+c,b+c. 
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Then 


_atb+atet+bt+e 


5 =a+b+c=2s. 


SI 


So we get 


T? =51(s, — (a +b))(s1 — (a+c))(s1 — (b+0)) 
= 2s(2s — (a+ b)) (Qs — (a+ c))Qs — (b+ c)) =abc(a+b+c). 


It suffices to show that T? > 16P? i.e. 
abc(ia+b+c)>(a+b+c)\(at+b—c)(a+c—b)(b+c—a). 
We have 
a’ >a? —(b—c)* =(a—b+0(atb—c)=(atc—by\(atb—c). 
Analogously 
b> > (a+b—c)(b+c—a) and cs (b+c—a)(a+c-—b). 
If we multiply the last three inequalities (Can we do this?) we obtain 


abc? > (atb—ci(atc—b)*(b+c—a)’, 


abc > (a+b—-c)(a+c—b)(b+c-—a), 


as required. 
Equality occurs iff a=b=c. | 


233 Let a,b,c be the lengths of the sides of a triangle, such thata +b+c=3. 
Prove the inequality 


2 


4abe 13 
>. 
3. 3 


a+b tert 


Solution Leta=x+y,b=y+zandc=7z+4+x. 
So we havex+y+z= 3 and since AM > GM we get xyz < Ey = z 
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Now we obtain 


4ab 
OLR e+ 


_ (@ +b? +c?)(a+b+c) +4abe 


3 
_ WaetyP tt? t+ Gtx 7@+V+D+4@t+ NOt DE+2) 
7 3 
4 : 4/(/3\? 1) 13 
= . > — 2 
3(@+y+2) XyZ)= -((5) =) 3 
Equality occurs iff x = y=z,ie.a=b=c=1. a 


234 Let a, b,c be the lengths of the sides of a triangle. Prove that 


> max{a, b,c}. 


ee 
2 


Solution Without loss of generality we may assume that a > b> c. 
We need to show that 


a, 


ae 
) 2 


-a +b? +c +3abe > 0. 
Since 
-a+b> +c) +3abe = (-a)? +b? +c? — 3(—a)be 
1 2 2 2: 
=5(-a tb +o\((a+b) + ater +b-c)), 
and since b+ c > a we obtain 
—-a+b>+c +3abc > 0, 


as required. a 


235 Let a,b,c be the lengths of the sides of a triangle. Prove the inequality 


3 
abc < a’(s —a)+ b*(s —a)+ c7(s -—a)< Bane. 
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Solution Since 
2(a*(s —a)+ b°(s —a)+ c7(s —a))= ab+arctbatbh’c+cat+cb 
=e 45" 0") 
and 
(b+c—a)(cta—b)(a+b-—-c) 
=@b+act+batb’c+cCatcb— (a? ey ee c) — 2abc 
we have 
2(a?(s —a) +b? (s —a) +7 (s —a)) = (b+c—a)(c+a—b)(a+b—c) +2abc. 
Hence 


ft: RE ai 


a’(s —a) + b*(s —a) +c7(s —a) 
> abe. 
Recalling the well-known inequality 
(b+c—a)(c+ta—b)(a+b-—c) <abc, 


we have 


- (b+c—a)(c+ta—b)(a+b—-c) 


+ ab 
5 abc 


a*(s —a) + b*(s —a) +c7(s —a) 


3 
< -abc. 
2 
Equality holds if and only if the triangle is equilateral. | 


236 Let a, b,c be the lengths of the sides of a triangle. Prove that 


1 " 1 x 1 , (Va + vb+ vo) 
Peploa Ve Mbp eoda. ser saab- <arbae  * 


Solution Firstly it is easy to show that if there exists a triangle with lengths sides 
a,b,c then there also exists a triangle with length sides /a, /b, Jc. 
Furthermore 


(Ja+Vb+ Jey =atb+c4+2(Vab + Vbe + Jca) <3(atb+c) 


1 , Va+vb+Je 


1 
Jat+vb+ je7~ 3(at+b+c) ) 
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Applying AM > HM we deduce 


3 _ vat Vb+.Je 
I m8 i + I = 3 : 
Vatvb—Je © Vb+Je—Ja — Jet+Ja-vb 
Le. 
1 1 1 9 
+E + > . (2) 
Ja+vb-Je Vbt+Jse-Ja Je+Ja-Vb~ Jfat+vb+Je 

By (1) and (2) we get the required inequality. a 


237 Let a, b,c be the lengths of the sides of a triangle with area P. Prove that 
at+h+c>4v3P. 


Solution After setting a=x+y,b=y+z,c=z+x where x, y, z > 0, the given 
inequality becomes 


(x+y)? + (y $2)? + (@+x)?)? = 48xyz(x + y +2). 
From AM > GM we have 
(ety + tz +44) = xy t 4yz+4ex)? = 16aytyztz2x). (D 
Since for every p,q,r € R we have (p+ q +r)? > 3(pq+qr+rp), by (1) we get 
(x+y +t t@txy"y 
> 1l6(xy + yz+ zx)? 
> 16-3((xy) (yz) + (yz) (Zx) + (2x) (xy)) = 48xyz2@ + y +2), 


as required. 
Equality holds iff x = y = z, ie. iffa=b=c. a 


238 (Hadwinger—Finsler) Let a, b,c be the lengths of the sides of a triangle. Prove 
the inequality 


a’ +b? +c? > 4/3P + (a— b)* + (b-c)? + (c—a)’. 
Solution I The given inequality is equivalent to 
2(ab + be + ca) — (a2? +b? +c?) > 4/3P. 


We'll use Ravi’s substitutions, 1.c.a=x+y,b=y+z,c=z+x, where x, y,z>0. 
Then the previous inequality becomes 


xy+yzt+zx > J/3xyz(x+y4+2), 


21 Solutions 371 


which is true due to 


2 2 2 
Xy — yz)" + (yz — 2x)" + (ZX — x 
ity ted eed ey +9 y+ ( y) ; 


2 
Clearly equality holds iff x = y =z, ie. iffa=b=c. a 
Solution 2 The given inequality can be rewritten as 
2(ab+be+ca)>4V3P+a°+b* +c’. (1) 
Using @ siny = as = sae — P it follows that 
2P 2P 2P 
ab= — : ac = —., bc = ——. 
siny sin B sina 
From 
bte2—a2 
cos ae R 
cota = — a abe (pte =a) 
sina aR abc 
we get 
a oa 
cota + cot B + coty = —(a°+b*+c‘*), 
abc 
i.e. 


a’ +b? +c? =4P(cota+ cotB+coty), 


and inequality (1) becomes 


1 1 1 
P{ ——+——+4+- > 4/3P +4P(cota + cotB +coty), 
sina siny  sinf 


1 1 1 
( - cota) + (5 cots) + (S— ~ coty) = v3 
sina sin B siny 


l—cosa 1-—cosp BOON spa (2) 


sina sin B siny 
But 1 — cosa = 2sin? & and sina = 2 sin & cos “, so we have 
2 2 2 


1—cosa 2 sin” 7 a 
: =p yz = tan-. 
sina 2 sin 5 COS 5 


Now inequality (2) is equivalent to 


a B 4 
t t t > J3, 
a ee 


which is true, since tanx is convex on (0, 2/2) (Jensen’s inequality). a 
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239 Let a, b,c be the lengths of the sides of a triangle. Prove that 


1 1 1 1 
< 2 
8abe + (a+b—c)3 * 8abc + (b+c—a)3 a 8abe + (c +a—b)3 ~ 3abc 


Solution The given inequality is equivalent to 


1 1 1 1 1 
8abe =8abe + (a+b—c)3 as 8abe =8abce+(b+c—a)3 a 8abc 
1 
8abce + (c +a — b)3 
3 1 
= i: ’ 
~ 8abc  3abc 
ie. 
(a+b—c) (b+c—a) (cta—b) 


>. 1 
8abe+(a+b—c)? 8abe+(b+c—a)y? 8abe+(c+a—b)~ 3 . 


Lemma 21.3 Let a,b,c,x,y,z€R*. Then 
ae bP 3 (atb+c)3 

+—+—2 : 
x y z 3(x+y+z) 


Proof We'll use the generalized Holder inequality, i.e. 
If (a;), (bj), (ci), i = 1,2,...,, are positive real numbers and p,q,r are such 
that p+q+r=1, then 


n P n q n r n 
(>>. . (> s] . >: “) > Sable 
i=l i=l i=1 i=l 


Forn =3, p=q=r=1/3 and 


aj =a2=a3=1; bj =x, by =y, b3 = 2%; 


we get 


5 e bP 
ba lsh) Gece Yr 2) ae 
x y Zz 


| 3 b3 3 
> feta diy Bahia’, 
x y 2 
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1.e. 


3 3 3 3 3 3 3 

a b Cc a b Cc at+b+c 
sety+o(L4+ 45) >(atb+c pS \ i 
Xx y 2Z xX y Zz 3(x+yt+2) 


According to (1) and Lemma 21.3, we have 
(a+b—c) (b+c—a) (c+a—b) 
8abe+(at+b—c)3 8abe+(b+c—a)? 8abe+(c+a—b)3 


" (a+b—c+b+c-—a+c+a—b)3 7 
~ 3(24abe + (a+b— ec) +(b+e—a+(cta—b)) 3 


240 In the triangle ABC, AC) is the arithmetic mean of BC’ and AB. Prove that 


cot” B>cota-coty. 


Solution Let BC =a, AC =b, AB =c. Then we have 2b* = a* + c”. By the law 
of sines and cosines we have 


24,2 2 
cos B ate (a2 +c2—b)R 
cot B = —— = ; = ; 
sin B oR abc 
(b? +c? —a?)R (b? +a —c*)R 
cota = —————_————_ and__ coty = —————___—_ 
abc abc 


So we need to prove that 


Wie aR OF +a -)R 7 (a? +c? — b?)? R? 
abc abc = (abc) , 


P+e—a)-(BP4+a—) < (24+ —by. 
Applying AM > GM we have 


2 
WHO na) Waa) < (TFT tee) 


2 


(b +c? —a°)- +a? ~ 0°) < &) = Ob’ by =@ +c —B*)’, 


as required. 
Equality occurs iff a=b=c. | 


241 Let d;,d2 and d3 be the distances from an arbitrary point to the sides 
BC, CA, AB, respectively, of the triangle ABC. Prove the inequality 


374 21 Solutions 
9 BY? 
Ged tae | SY 5 
i I 2 a) 2 R 

Solution We have P = —_ ie. 


1 
P= rc + bdy + cd3)’. (1) 


By the Cauchy—Schwarz inequality we have 
(ad, + bdz + cd3)" < (a* + b* +c) (d? +d} + d3). (2) 
Also 
a’ +b? +c? <9R’. (3) 


Finally by (1), (2) and (3) we obtain the required inequality. 
Equality holds iff the triangle is equilateral and the given point is the center of 
the triangle. | 


242 Let a,b,c be the side lengths, and hg, hp, he be the lengths of the altitudes 
(respectively) of a given triangle. Prove the inequality 


ha thy +he v3 
at+tb+c 7 2° 


Solution We have 


3abc 
(a+b+c)* >3(ab+bce+ca) = ap (hat hp + he) =OR (Aa + hy + hc). (1) 


Recall the well-known inequality a” + b? +c? < 9R?. 
Then we have 


(atbt+c) <3(a+b% +c?) <27R’, ie. atb+c<3V3R. (2) 


Now by (1) and (2) we get 


(a+b+c) _ hathythe _ V3 

be) 26 ithe ths ie a, 

(a+b+c) = 373 (hathpt+he), ie phobia oO 
Equality occurs iff a=b=c. | 


243 Let O be an arbitrary point in the interior of AABC. Let x, y and z be the dis- 
tances from O to the sides BC, CA, AB, respectively, and let R be the circumradius 
of the triangle AA BC. Prove the inequality 


vat v5+veea/ 
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Solution Let BC =a,CA=b, AB=c. 
By the Cauchy—Schwarz inequality we have 


1 1 
(i+ VI+ JOP sar toy be(2+ 7 +2). 


Since ax + by +cz=2P and P = 226 we have 


4R 
ab+bc+ca ab+bc+ca 
(Jx+ J¥+ V2)? <2P- = ()) 
abc 2R 
Also we have 
ab +be+ca <a? +b* +c? <9R?. (2) 

By (1) and (2) it follows that 

WVxtVJ/y+V255R, ie. Vet V¥t+Ves3/5- 
Equality holds iff the triangle is equilateral. a 


244 Let D, E and F be the feet of the altitudes of the triangle ABC dropped from 
the vertices A, B and C, respectively. Prove the inequality 


EF\? 2. FD\? fn DE\? 3 
a b c Ay 
Solution Clearly EF =acosa, FD = bcos B, DE = ccos y, and the given in- 


equality becomes 


cos” a + cos” B+ cos” y= 


I] Ww 


which is true according to Ny, (Chap. 8). | 


245 Let a,b,c be the side-lengths and hg, hp, he be the lengths of the respective 
altitudes, and s be the semi-perimeter of a given triangle. Prove the inequality 


ha hy he Ss 
< : 
a i b 7 c  2r 
Solution From ./(s — b)(s — c) < s—bts—e = $ (equality holds iff b = c), we have 


1 1 
a2 (s — b)(s —c) 


Hence 
ha 2P P 


a @ = TGS =o 
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Analogously we get 


hp P he P 
< and < : 
b 2(s —c)(s — a) c 2(s — a)(s — b) 
Hence 
hg hy he _P 1 1 1 
Ss + + 
a b Cc 2\(~—b)\(s—c) (s—c)\(s—a) (s—a)(s—b) 
is sP s°P s? s? Ss 
~ 2(s—a)(s—b)(s—c) 2P2 2P 2sr 2r° 
Equality occurs iff the triangle is equilateral. a 


246 Let a, b,c be the side lengths, and hg, hp, h, be the altitudes, respectively, of a 
triangle. Prove the inequality 
a i b? re ro 25 
Ath? h2+h2 ne +h 


Solution We have 
a 4 b? 4 c a a*b?c? 4: a*b?c? eS a2b?c? 
ne+h2  he+h2 9 24h? 4P2(b?+c2)  4P2(a2+c?)  4P?2(a? +?) 


eee. iin ata al 

~ 4P2 \pete') @+e2' @+Rey) 
Also 

a’b*c* = 16P* R? 
and 


1 1 1 9 
2 z+ 2 z+ 2 7 2 2 2 
bé+c a*+c a-+b 2(a* + b+ + c+) 


(since AM > HM). 


Therefore 
a b? 2 16P2R2 9 18R2 
+ + > : — > 2, 
he+h2 beth? We+h2~ 4P2 2a +b +02) a+b +c? ~ 


where the last inequality is true since a? + b* + c* < 9R?. 
Equality holds iff the triangle is equilateral. | 


247 Let a, b,c be the side lengths, hg, hp, h- be the altitudes, respectively and r be 
the inradius of a triangle. Prove the inequality 


1 a 1 cf 1 2 
hMag—2r  hyp—-2r he-2r7r 
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Solution By - + ip + - = : we obtain 


Barr Mole BY Baal 


=1. 
ha hp he 
Applying AM > HM we get 
Ba SHEE a fiasele ltr 21 hg ie hp a he eee: 
ha hp he hyg—2r hp—2r h.—2r 
Le. 
LL ee ee 
hg—2r hy-—2r he-2r 
Therefore 
2r Fa 2r 2r 
hg—2r hp-—2r he-2r 
— ha— (ta —2r) | hyp — Cho —2r) | he — (he — 2r) 
~~ fy —2r hp — 2r he —2r 
ha hp he 
= + + 3>9-3=6, 
hg—2r hy-—2r he-2r - 
Le. 
1 : 1 4 1 Zz 3 
hMg—-2r hyp—-2r he -2r7r |_| 


248 Let a,b,c; ly, 1,1, be the lengths of the sides and the bisectors of the respec- 
tive angles. Let s be the semi-perimeter and r denote the inradius of a given triangle. 
Prove the inequality 


Solution The following identities hold: 


2Vb 24/ 2Vab 
pe eee, bs ee) and be es. 
b+c cta a+b 
From the obvious inequality 7 = < | and the previous identities we obtain that 


ly </s(s — a), Ig<Vs(s—b) and 1, <V/s(s—c). (1) 
Also 


ha<la,  hy<lp and he<ly. (2) 
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So we have 
P+e24+P. 
ly lp ly laha [php lyhe (2) a + B or y 
+—-+—= < 
a b c 2P 2P 2P 2P 
D s(s —a)+s(s —b)+5(s —c) 
~ 2P 
_ 3s? —s(atb+c) _ 352 — 2s? _ s? _s 
~ 2rs "Ors Ors 2r- 
Equality occurs iff the triangle is equilateral. | 


249 Let a,b,c; lq,lp,l, be the lengths of the sides and of the bisectors of respec- 
tive angles. Let R and r be the circumradius and inradius, respectively, of a given 
triangle. Prove the inequality 


187773 < aly + blp +cly <9R?. 
Solution We have 
a* >a*—(b—c)* =(at+b—c)(a+c—b) =4(s —c)(s —D). 
Hence 
a>=2vV(s—c)(s —5), 


with equality if and only if b=c. 
Since ly = 2 bc veo and by the previous inequality we get 


4V bc 4V be 
aly > bev SG a)(s —c)(s — b) = irae 
Analogously we obtain 
4/ 4J/ab 
he PF aad ee" py 
a+c a+b 
Therefore 
4J/bc 4 /f/ac 4VJab 
ly + bl l, >4P j 1 
Be Tape oy = (Pee) @ 
By AM > GM we have 
4Vbce 4/ac 4 Jab 43 abc (2) 
b+c ate a+b (a+b)(b+c)(c+a) 


Also we have 


4s = (a+b) +(b+o0)+(c+a)>3V/(a+bb+o(c+a). 
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Hence 


: 1 3 
lame he 3) 
By (1), (2) and (3) we obtain 


9P 9 
aly + bly + cly > —Vabe = — J4PR = 9r</4srR. (4) 
Ss S 


According to Exercise 13.2 (Chap. 3) we have that s > 3r/3, and clearly R > 2r. 
Now by (4) we get 


aly + blg + cl, = orV/4srR > ory 2473/3 = 18r?V/3. 


Equality occurs iffa =b=c. 
We need to show the right-hand side inequality. 
We have 


(Gane sa" 


2 2 


Note that we have a strict inequality since s As — a. 
Now we have 


Js(s — b b 
le=2vVbeS— < Vics — ie. aly <a — 
c 


Analogously we obtain 


b 
blp <b" and cl, <co =~. 


So 
aly + blg + cl, <ab+be+ ca. (5) 


If we consider the well-known inequalities 
ab+be+ca<a?4+bh?4+¢? and ae be <OR’, 
from (5) we obtain the required inequality. | 


250 Let a,b,c be the lengths of the sides of triangle, with circumradius r = 1/2. 
Prove the inequality 


4 4 4 
b 
ee chee 2 eas: 
b+c-a at+c-—b a+b-c 
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Solution Let s be the semi-perimeter of the given triangle. The given inequality 
becomes 

Ae a* es bt ae ce ns 
~ 2(s—a) 2(s—b) 2s—c)— 


By the Cauchy—Schwarz inequality we obtain 


9/3. 


A- (2(s — a) +2(s — b) +. 2(s — 0) > @? +b? +. c*)* 


> ASA +h rey, 


2 2 2\2 
pe eae (1) 
_ a+b+ec 


Applying QM > AM we deduce 


2 2 
b 
) . a6 a +p 4 cre EHOTO” 


a+bh?+c2 . a+bt+c 
3 ~ 3 


Then by (1) we get 


2 2 2)\2 4 3 
A> & +b°+c*) , tbe) _ (a+b+c) 


= = (2) 
a+b+c 9a+b+c) 9 


Let’s introduce Ravi’s substitutions, i.e. let us takea=x+y,b=y+z,c=z4+xX. 
Then clearly s = athte =x+yt+z. 
By Heron’s formula we obtain 


P? =s(s —a)(s —b)(s —c) =xyz(x + y +2). (3) 
Also 
p?as?? = SFY Hey (4) 
By (3) and (4) we get 
xty+z=4xyz. (5) 


Since AM > GM and using (5) we obtain 


xtytz * age SEOs 
3 = 4 


3/3 
X+y+z> 5 
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Thus 
a+b+c=2%x+y+z) >3v3. (6) 
Finally according to (2) and (6) it follows that 


3 3 
ie Ss ae 


Equality occurs if and only if the triangle is equilateral with side equal to /3. 1 


251 Let a, b,c be the side-lengths of a triangle. Prove the inequality 


a b Cc 


> 1. 
Ghie atte eee 


Solution We have 
4a ie 4b 4 4c 
3a-—b+c 3b-—c+a 3c-—a+b 
a+b—-c b+c-a cta-—b 
3a—b+c 3b-c+ta 3c-—a+b 


a3 4. 


So it remains to show that 


atb—-c b+c-a Cras? 4 
3a—b+c 3b-—c+ta 3c-a+b~ 


By the Cauchy—Schwarz inequality (Corollary 4.3) we have 


eT ere ete? 
3a—b+c 3b-c+a 3c-—a+b 


(a+b—c)* (b+c-—a)* 

~ Ga-b+c\atb—c) (GBb-—ct+a)(b+c-—a) 
(c+a—b)* 
(3c-—a+b)(c+a-—b) 
e (atb+c)* 
~ BGa-—b+c)\(a+tb—c)+ Bb—ct+a(b+c—a)+ Bc-—at+b)(c+a—b) 
= 1, 
as required. 

Equality holds iffa=b=c=1. | 


252 Let ha, hp and h, be the lengths of the altitudes, and R and r be the circumra- 
dius and inradius, respectively, of a given triangle. Prove the inequality 


ha thp the <2R+4+5r. 
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Solution 
Lemma 21.4 Jn an arbitrary triangle we have 
ab+be+ca=r?>+s?+4rR and a? + b* +c? =2(s* —4Rr — 1’). 


Proof We have 


2 2 e 
re+s°+4rR=—>+4+5°4+ — + 
s? Pos s 


__ s? —as? — bs? — cs? + abs + bes + cas — abc + 8? + abc 
Ss 


= 2s" —s(a+b+c)+ab+bce+ca 


‘i be P - —b)(s— b 
2, abc” (s —a)(s \(s —c) re abe 
Ss 


= 25s" —2s* + ab+bce+ca=ab+be+ca. 


Hence 
ab+be+ca=r?+s*+4rR. (1) 
Now by (1) we have 


ebro") 


1 
ab-+be-+ c=? +3244 R= 5(202 +84 5 


ae Pues ee ee lee ee 

2 2 

from which it follows that 
2 D4 32 
b 
ab+be+ca=2r?4+8rR+ es (2) 

Now (1) and (2) yields 

a? +b* +c? = 2(s* —4Rr — 1’). (3) 


Without proof we will give the following lemma (the proof can be found in [6]). 


Lemma 21.5 Jn an arbitrary triangle we have 


s* <4R? 4 4Rr 4 3r’. (4) 
Lemma 21.6 Jn an arbitrary triangle we have a? + b* +c? < 8R? +.4r?. 


Proof From (3) and (4) we have 
a> +b? +c? = 2(s* —4Rr —r) < 2(4R? + 4Rr + 3r? — 4Rr — r?) = 8R? + 4r’. 
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Hence 


a+b? +c? <8R* +477. (5) 


Now let us consider our problem. 


We have 
2P 2P 2P b+b 
Ria iadaon 4 dR 
a b ¢ abc 
=ab+bc+ca 
2 Oj 
b 
{oP Lore a 
@ 2 2 2 
<2r*+8rR+4R*+2r 


<> R(hat+hp the) <2R? +4Rr + 2r? <2R* +4Rr + Rr < RQR+5r). 
Hence 
ha thy the <2R4+5r. 
Equality occurs iffa =b=c. | 


253 Let a,b,c be the side-lengths, and a, 6 and y be the angles of a given triangle, 
respectively. Prove the inequality 


1 1 1 1 1 1 a bee 
a + +b + +c + >2 +o+ F 
B oY y a a £6 a p y 
Solution If a> b then a > 6 and analogously if a < b then we have a < B. 
So we have (a — b)(a — B) > 0, i.e. we have 


aa + bp > ap + ba 


Le. 
Peed (1) 
B ava B 

Analogously we have 
a c_a_ ce 
aa eer (2) 
y @ a Y 

and 
oe (3) 
Py Bp ¥ 


Adding (1), (2) and (3) we obtain the required inequality. 
Equality occurs iff a = b = c, i.e. if the triangle is equilateral. a 
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254 Let a,b,c be the lengths of the sides of a given triangle, and a, 8, y be the 
respective angles (in radians). Prove the inequalities 


o 1 1 1 9 
1 e Tig tae" 


T 

o b+c—a cta—b a+tb—c 6s — atb+c 

2 Eee B + > >a, where s = 5" : 
o b+c—a cta—b a+b—c 9 
3 aa a bp a cy Zoe 


Solution 1° Since AM > HM we have 


BAA gitic 2 0 29 
a B y at+pty 


2° Lettx =b+c—a,y=c+a—bandz=a+b-—c. 

Without loss the generality we may assume that a < b < c. Then clearly 
a<psy. 

Alsox> y>zand$>5> 5. 

Chebishev’s inequality gives us 


b+c—a cta—b a+b—c 
3° Letx = Se" y= SE aandz =. 
Without loss the generality we may assume a <b<c.Thena<f<y. 
Ls I 
>y> =>4>6+ 
Also x > y =z and > cal acta 
Chebishev’s inequality gives us 


(E+3+2)2s04 +a(c+5+e) 
a B yj 3 ‘i a Boy 


— cta-—b *) 9 
> rs ; 


~ 3 a b c 14 


3fa b a cb ee 3 9 
ol Eerie ema eee WA ei 3)>—-@24+242-3)=-. 
w\b ac aoc b 4 ag 
a 
255 Let X be an arbitrary interior point of a given regular n-gon with side-length a. 
Let hy, h2,...,h, be the distances from X to the sides of the n-gon. Prove that 
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Solution Let S be the area of the given n-gon, and let r be the inradius of its in- 
scribed circle. 

Then S = 7. 

On the other hand, we have 


1 
S= glia +h +--+ + hn). 


Applying AM > HM we have 
n hythot+:-+h, 28 
irae T= aa 
Th ae = n na 
Le. 
ee () 
hy hy a 


The perimeter of the n-gon is larger than the perimeter of its inscribed circle, so we 
have 


. n 20 
na>2nr, ie. —>—. 
r a 
Now by (1) we obtain 
1 i 1 Aino 1 0 20 
— + — oe — — > —<——t'5, 
hy ho hn 1 a a 


256 Prove that among the lengths of the sides of an arbitrary n-gon (n > 3), there 
always exist two of them (let’s denote them by b and c), such that 1 < b <2. 


Solution Let a), a2,..., an be the lengths of the sides of the given n-gon. 

Without loss of generality we may assume that aj > a2 >--- > dy. 

Suppose that such a side does not exist, i.e. let us suppose that for any two sides 
b and c we have B >2 (b>), i.e. let us suppose that for every i € {1,2,...,n2—1} 


we have + > 2. 
qj41 — 


So it follows that 


a Gn-1 a 
an 


oa 5) nT" 


IA 


a2 
a=, ac 
2 2 


If we add these inequalities we obtain 


1 1 1 1 
irtetansai(s tap tet ger) =a(1~ sey) <a 


which is impossible (why?). | 
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257 Let a), a2, a3, a4 be the lengths of the sides, and s be the semi-perimeter of an 
arbitrary quadrilateral. Prove that 


Sy ae 1 
oe | 
= S+4j gee /(s — aj)(s — aj) 


Solution From AM > GM we have 


2 1 2 1 
= Ss > 9 -2 > 
i<jajpca VS — ai)(S — 4;) ied (s — aj) + (s — aj) 
_ 4 1 (1) 
? ee ee 


Let aj =a,a2 =b,a3=c,ag=d. 
We’ ll show that 


2 1 a 1 i 1 7 1 re 1 ry 1 
9\a+b atc at+d b+c b+d c+d 
1 1 1 1 
= + + + : 
3a+b+c+d at+3b+c+d at+b+3c+d atb+c+3d 


From AM > HM we deduce 


1 1 1 
(att) to Hato tatayes 


1 1 1 1 1 
+ + = : 
9\a+b at+c act+d 3a+b+c+d 


Similarly we obtain 


1/ 1 1 1 1 
+ + 2 , 
Ges: bt+e sa) a+3b+c+d 


1 1 1 1 1 
+ + = 5 
9\a+ec b+ce ct+d a+b+3c+d 


1 1 1 1 1 
+ oF = : 
3(3 b+d =a) a+b+c+3d 
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Adding these inequalities we get 


2 1 1 1 1 1 1 
9\a+b ate at+d b+c b+d c+d 
1 1 1 1 
= + + + 
3a+b+c+d at+3b+c+d at+b+3c+d atb+c+3d 


1 1 i 1 1 n 1 
“Asta stb ste std)’ 


4 
4 1 1 

= > : 2 
9 / zs So Dra (2) 


From (1) and (2) we obtain the given inequality. 
Equality holds iffa=b=c=d. a 


258 Let n EN, and a, f, y be the angles of a given triangle. Prove the inequality 


a n+2 
cot” 5 + cot” F + cot” ¥ ; 


Solution We use the identity 


cot = aap +cot ~ Sat ioe ae 
2 2 2 2: 2 2 
Since §, a + € (0, 2/2) it follows that cot $, cot a cot 5 > 0. 
Applying AM > GM we have 


cot S + cot A + cot Z = sfeor% - cot -cot¥ 


2 2 2 
or 
cot — reste - cot ~ > 3Jeor bee eae 
2 2 2 ) 2 2 
1.e. 
Sok ee! cee (1) 
2, 2 2 


Furthermore, using the power mean inequality we get 


n/3 
cot? + cot? 2 4 cot’ > 3 ce a : 
2 2 2 a = 
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Now from the previous inequality and (1) we obtain 


cot” 5 + cot” f + cot” - > 35 


Equality occurs iff a = B =y =77/3. a 
259 Let a, B, y be the angles of an arbitrary acute triangle. Prove that 
2(sina + sin6 + siny) > 3(cosa +cos6 + cosy). 


Solution Clearly a+ B > 5. 
Since sinx is an increasing function on [0, 2/2] we have 


sina > sin(3 _ p) = cos f. (1) 

Analogously 
: _ {7 

sin B > sin(3 _ «| = cosa. (2) 

Now (1) and (2) give us 
l1—cosB>1-—sina and 1-—cosa>1-—sinf. 
If we multiply these inequalities we get 
(1 —cos 6)(1 — cosa) > (1 — sina)(1 — sin B) 


or 
1 —cos B — cosa+cosacos f > 1 —sinf — sina + sina sin B 


or 


sina + sinB > cosa +cos f$ — cosacos f + sina sin B 


= cosa + cos B — cos(a + 6) =cosa+cos 6+ cosy. 
Analogously we obtain 
sinB+siny >cosa+cos$+cosy and siny+sina >cosa+cosf6+cosy. 
After adding these inequalities we get 
2(singw + sin6 + siny) > 3(cosa+cos6 + cosy), 


as required. | 
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260 Let a, B, y be the angles of a triangle. Prove the inequality 


sina + sin6 + siny > sin2a + sin26 + sin2y. 


Solution Applying the sine law we obtain 


PC esr ere a+b+c P 
sina + sin siny = ———— = —. 
p 2R rR 
Also 
sin2a@ + sin26 + sin2y = 2(sina cosa + sin cos B + siny cosy) 
1 
= ris cosa+bcosB+ccosy). 
Since 
2P 
acosa+bcosB+ccosy = R 
we have 
: 2P 
sin2a + sin26 + sin2y = Re 
Therefore 
sna+sinB+siny — R ae 
sin2a+sin2B+sin2y 2r- — 
Equality holds if and only if the triangle is equilateral. | 


261 Let a, B, y be the angles of a triangle. Prove the inequality 
cosa@ + J/2(cos B +cosy) <2. 


Solution Since a+ B + y =7, we have 


By B-y 
COs 
2 2 
B-y 
2 


cosa@ + /2(cos B + cosy) =cosa + 2V/2cos 


=cosa + 2/2 sin 5 cos 


a a 
< 2V 2 si =2-2{ si 
<cosa + v2sin 5 (sing 5 


Equality holds if and only if wa =7/2,B=y. | 


262 Let a, 6, y be the angles of a triangle and let ¢ be a real number. Prove the 
inequality 
12 
cosa+t(cosB+cosy) <1+ rs 
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Solution For any three real numbers £, y, ft, the following inequality holds: 


(cos B + cosy — po + (sin B — sin y) > 0, 


i.e. 
2 
—cos(B + y)+t(cosB +cosy) <1+ 5" 
Since a + 8 + y =z we have 
12 
cosa +t(cosB +cosy)<1+ 5" 
Equality occurs iff 0<t <2,cosa@ = 1— a cos B =cosy. a 


263 Let 0 <a, B, y < 90° such that sina + sin 6B + siny = 1. Prove the inequality 
2 2 2 3 
tan“ a + tan* 6 + tan* y > 3" 


Solution We have 


7) sin? x 1—cos?x 1 
tan” x = 7 = 5) = 5) 
coOs~ x cos* x cos* x 


The given inequality becomes 


1 1 1 3 27 
cos? a 7 cos? B = cos? y = 8 a 8° 
Applying AM > HM we get 
3 g cos* a + cos?” 6 + cos” y -1 sin’ a + sin® B + sin? y 
wa ees ay ° ° . 


(1) 


and since sinx > O for x € [0, 7] we have 


3 a 3 3° 


jas _ sna+sinB+siny — 1 


1 
sin? a + sin’ B + sin? y > ri 
So in (1) we obtain 


3 = sin’ + sin? B +sin?y _ 1 8 
ot 1 a" 1 = 3 = 9. 9° 


cos? B | cos? y 


1 
cos? a 
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1 1 1 27 
> 


cos?a@  cos*B cos*y ~ 8 


’ 


as required. a 
264 Leta, b, c be positive real numbers such that a+ b+ c = 3. Prove the inequality 
(ltata*)\1+b+b’)\(1+¢+c’) > 9(ab+ be +a). 


Solution Let us denote x =a+b+c=3, y=ab+bce+ca,z=abce. 
Now the given inequality can be rewritten as 


2? —2z—-Axz+z(xt+y)+x74+x+y*—y+3xy4+1 > 9y, 


(2-1? -(@-Da@-y)+@-y)? 20, 


which is obviously true. Equality holds iffa=b=c= 1. a 
265 Let a,b,c > 0 such that a+ b+ c= 1. Prove the inequality 
6 Eb pej4 1S 57 +h +e): 


Solution Letta+b+c=p=l1,ab+bce+ca=q,abc=r. 
By /, and Jy (Chap. 14) we have 


ae +b3 403 = p(p* —3q) +3r =1-3q¢ +3r 
and 
a+b? +c? = p*—2q =1-2¢. 


Now the given inequality becomes 


18r +1—2q —6q +1>0, 


9r+1>4q 
which is true due to Nj (Chap. 14). a 


266 Let x,y,z ¢R such that x + y+ z= 1. Prove the inequality 


(d—x? + -2? +d -2)?< (+x) +y)1 +2). 
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Solution Let p=x+y+z=l1,q=xy+yz+7x,r=xyz. 
The given inequality is equivalent to 


3-2 ty +7) tx4+ yt 4274 <(l+e+y)1 +2). 
By /,, I4 and Ig (Chap. 14) we have 
ety +27? = p*—2q =1-2¢, 


x4 + y4 +24 = (p* — 24)? — 2(q? — 2pr) = (1 — 2g)* — 2g? — 2r), 
d+xyd+y0d+z=l+ptqtr=24+ qtr. 


So we need to show that 


821 — 29) + Cl = 29)? = 8G" =O) 9 4g 


3-24+4¢+1-—49 +49? —2q7+4r<24+q+4+r 
> 2q*-q+3r <0. 


By NM, and N3 (Chap. 14) we have 


1 
3q<p’=1, ie. ge: (1) 
and 
pq>9r, ie. q>9r, ie r< a (2) 
By (2) we have 
3 , q _ i 
2q° —q +3r < 2q —T 3g = 24 a=; <0. 
The last inequality is true due to (1) and the fact that g > 0, so we are done. a 


267 Let x, y, z be non-negative real numbers such that x7 + y* + z* = 1. Prove the 
inequality 


(1 —xy)(1— yz)(1 a2. 


Solution Let p=x+y+z,q=xy+yz+2zx,r =xyz. Clearly p,q,r > 0. 
Then x? + y* + z* = p? — 2g, and the constraint becomes 


a = 29g = 1, (1) 
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We can easily show that 


(d-—xy)d — yz) zx)=1l—q+pr-r’. 


Now the given inequality becomes 


25, 


1 = 
PEPE SE 
By N, : p> — 4pq + 9r = 0 and (1), we have 


p(p> —4q) + 9r = 0 

= pi-—2q)+9r>=0 

& 9r> p(Qq-1). 
By Nq4: p? > 3q and p? — 2q = 1 we obtain 

2qgq+1>3q, ie gq<l. 


From (4) and N3: pg — 9r > 0 we obtain 


8 
P>pq>9r & 9p-9r=>8p s& p-r> oP, 
from which we deduce 


8 38 p2q—1)_ 8p?(2q—1) a) 8(2¢+1)2q-1) 
r(p-r)>=pr>-p = = . 
9 9 9 81 81 


Now we have 


ge 82g + 1)2q— 1) 


l-g+pr—-r?=1-q+r(p—-r)21 81 


By (2) and (6), we have that it suffices to show that 


82¢4+1@q-1)_ 8 
> 
oo 81 = 97" 


which is equivalent to 
(l= @) 49 —32q)2 0, 
which clearly holds, due to (4). 


268 Let a,b,c € R®™ such that as a + a = 2. Prove the inequalities: 


a+l 
| 1 \ 
> 
Y woatwmotenZ! 
od 1 1 3 
2” geet Faber * aaa = 2 
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(2) 


(3) 


(4) 
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Solution Let p=a+b+c,q=ab+bc+ca,r=abce. 
From at mot 1 =2we deduce 


a+ )O+)+64+)e4+)D4+C+)@+)=24@+)6+ c+). CO) 
According to Jy and I\9 (Chap. 14), (1) is equivalent to 


34+2p+q=204+pt+q+r) 


q+2r=1. (2) 


1° We easily get that 
(8a* + 1)(8b7 + 1) + (8b* + 1)(8c* + 1) + (8c? + 1)(8a? + 1) 
= 64(q? — 2pr) + 16(p? — 24) +3 
and 
(8a? + 1)(8b? + 1)(8c? + 1) = 512r? + 64(g? — 2pr) + 8(p? — 2g) +1. 

So inequality 1° becomes 

64(q* — 2pr) + 16(p* — 2g) +3 > 512r? + 64(g? — 2pr) + 8(p* — 2g) +1 
Le. 

8(p? — 2g) +2 > 512r?. (3) 
Using that g? > 27r? and q = 1 — 2r we get 
(1—2ry>27r? 8734+ 15r*+6r—1<0 
& (8r—1D(r? +2r +1) <0, 


from where we deduce that 
(4) 


Since AM > HM we have 


1 1 1 
(a+n+o+n+e+n(T 7+ 5 +—7)29 


or 


2(at+b+ct+3)>9, 
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NI w& 


p=at+b+cez 
From N : p* > 3q (Chap. 14) it follows that 
2 
p 
2. > Wg, 
3 74 


By (5) and (6) we have 


3 3 34 


2 
8 89 
8(p? - 24) +22 8(p?-25) 42= Sp? +22 57 42-8, 


From (3) and (7) we have that it suffices to show that 
8 > 512r? 


or 

1 

8 ’ 

which is true according to (4). And we are done. 
2° We have 


rs 
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(5) 


(6) 


(7) 


(4ab + 1)(4be + 1) + (4be + 1)(4ca + 1) + (4ca + 1)(4ab + 1) = 64pr + 8g +3 


and 
(4ab + 1)(4be + 1)(4ca + 1) = 64r? + 16pr +4q +1. 
We need to show that 
3 
64pr+8q+3> 5 (64r® + lopr+4q +1) 
or 


32pr + 16g + 6 > 192r? + 48 pr + 12g +3, 


192r* + 16pr —4q —3 <0. 


By N7: q* > 3pr (Chap. 14), it follows that pr < a 
Now since g = | — 2r we get 


2 
1927? + 16pr — 4g —3 < 192? + 16S —4q-3 


(1 —2r)? 
3 


= 192r*+ 16 


4(1 — 2r) —3 


(8) 
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5 
= = (128r? — 8r — 1) 


as 128 : : 9 
=3/128(r-§)(++ 76): ad 


From (9) and r < 7 it follows that 192r? + l6pr — 4g — 3 <0, which means that 
inequality (8), i.e. inequality 2°, holds. | 


Ww 


269 Leta, b,c > 0 be real numbers such that ab+ bc+ca = 1. Prove the inequality 


1 1 1 1 m 
atb b+tce cta atb+c™ 


Solution Let p=a+b+c,q=ab+bce+ca=1,r=abe. 
The given inequality is equivalent to 


(at+b)\b+c)+(b+c)(c+a)t+(c+al(at+b) 1 =) (1) 
(a+b)(b+c)(c+a) a+tb+c 


By Is, Ig (Chap. 14) and (1) we have that it is enough to prove that 


which is equivalent as follows 


p+ p—p+r>2p*—2pr 
7 p> —2p*+2pr+r>0 
& p—2p*+r2p+1)=0. (2) 
Let 
f(p) =p? — 2p? +r@pt+D. (3) 


From N4: p* > 3q = 3 (Chap. 14) it follows that p > /3. 
If p > 2 then clearly f(p) > 0. 
Let V3 < p <2. 
By N1: p> — 4pq + 9r > 0 we have 


p =4p+9r 50, ie, ¢= -——_, (4) 
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By (3) and (4) we obtain 


3 2 3 2, (4P—P° 
SDP = 2p trp) 2 P= 2p \- a pe 1) 
=—2p(p —2)(p— 1)" = 0. 
The last inequality holds, since p < 2. So we have proved (2), and we are done. Ml 


270 Let a, b,c > 0 be real numbers. Prove the inequality 


ab+4bce+ca be+4ca+ab ca+4ab+bc 


> 6. 
a? +be b2+ca C+ab 


Solution Let p=a+b+c,q=ab+bc+ca,r=abce. 

Since the given inequality is homogenous we may assume that p = 1. 

After elementary algebraic operations we can easily rewrite the given inequality 
in the form 


7 pq — 12r? = 4q3 —q’. (1) 


By N; : p? —4pq + 9r = 0 (Chap. 14) we have 9r > 4g — 1 and clearly 0 <q < ;- 
So 


9 
orp aa4q—1) & Sta@dg—-l) @ 3rqzq*4qg-). @) 


From N3: pq — 9r => 0 (Chap. 14) it follows that g > 9r, i.e. we have 
Arg > 36r? > 12r?. (3) 
By (2) and (3) we obtain 
7Tpq — 127? = 3rg +4rq — 12r? > 3rq>= q’(4q —1), 
i.e. inequality (1) holds, as required. a 


271 Let a, b,c be positive real numbers such that a + b+ c+ 1=4abc. Prove the 
inequality 


1 1 1 3 
+ + < : 
at+b+c b4+eta ctt+atb” a+bt+ec 


Solution By the Cauchy-Schwarz inequality we have 


1 _ 14+b64+¢ . 1+b+4+0¢ 
att+b+c (a4+b+00+b34+c3)~ @2 +b? 4+ c2)? 
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Similarly we get 


1 14+2+bD3 1 1+a+b3 
< and < ; 
b4t+eta™ (a24+b? +c?) cCt+atb~ (a24+b2 4c?) 


After adding the last three inequalities we obtain 


1 re 1 ‘: 1 _3t2@ +b? +e) 
attb+c bs+eta cetatb7~ (a2+b?4+c?)? 


? 


so it suffices to prove that 


34+ 2(a7 +b? +3) 33 3 
(a2 +b2 +2)? ~atbt+e’ 


3a? +B? +0?) > (at+b4+064+2ae+h>+0°)). 


Leta+b+c=p,ab+bc+ca=q andabc=r. 
Then sincea+b+c+1=4abc, by AM => GM it follows that 


4r=at+b+c4+1>4/7, ie r>1. 
Now we have 
A=30?4+0*4+07% —-@+b4+034+20? +b +0%)) 
= 3(p” — 24)" — p(3 + 2p(p* — 3q) + 6r) 
= 3(p* — 2q)° — 3p — 2p*(p* — 3q) — 6pr 


= 3p* _ 12p*q + 124? —3p- 2p? + 6p"q — 6pr 


= p*—6p?q + 12q* —3p —6pr 

= (p? — 3q)? +4? — 3p + 2(q° — 3pr). 
Since r > 1 we have q —3pe= Gg — 3pr and it follows that 

A= (p? —3q)° + 4° — 3p +2? — 3pr) = (p* — 3g)" + 3(q" — 3pr). 
According to Nz : g? — 3pr > 0 we deduce that 
2 2 2 
AS (pe 3g)" +3" = spr) > 0, 

as required. a 


272 Let x, y,z > 0 be real numbers such that x + y + z = 1. Prove the inequality 


1 
(x27 4 (0? +.27)(22 +x?) < am 


399 


21 Solutions 
Solution Let p=x+y+z=l1,.q=xy+yz+7zx,r=xyz. 
Then we have 
x? y?=(«4+ y)* —2xy = (1-2)? —2xy =1—-224+27 —2xy 
=1-—z-—z1-—z)-2xy=1-z-zat+y)—2xy=1-—z-q—-xy. 


Analogously we deduce 
yt2=l—-x-—q-—yz and 2? +4+x*=1—y—q-—xx. 


So the given inequality becomes 
q ys (1) 
x ; 
- a 32 


(l-—z-—q-xy)d-—x—-q-—yz)d 


After algebraic transformations we find that inequality (1) is equivalent to 
2 3 1 
q — 2q ee re (2) 


Assume that g < i 
Using NM; : p> —4pq + 9r > 0 (Chap. 14), it follows that 
4q-1 


9 


es 


’ 


9r>4q-—1, ie. 


and clearly g < ;: 
It follows that 
4q—1 I7=—329. 1722 
Q4r—4g > 24 — 4q = i 5+ >. 


So we have 
gq’ —2q? —r(24+r—4q) <q? —2q° =q7(1 —2¢) 
q q(2qg+(1—24)\?>_ q 1 
2 74 n<4( 2 a 2 


i.e. inequality (2) holds for g < i 
We need just to consider the case when q > i 


Let 
3 


fi) =¢@? —2q? -—r+r—4q). 


Clearly r > at 
Using N3: pq — 9r > 0 (Chap. 14) it follows that 9r < q,ie.r < $. 


We have 
2—2r <0. 


f(r) =4q -2 ass 


400 21 


Solutions 


This means that f is a strictly decreasing function on (44, 3); from which it 


follows that 


4q-—1 4 3 I 
ross 9 )=a 2a a og EN 328), 


Le. 
81(q? — 2q3 4g — 1)(17 — 32 
fn< (q q) “1 )( 4) 

Let 
9(q) = 81(q? — 24°) — (4q — 1)(17 — 324). 

Then 


g'(q) = —486q7 + 418q — 100. 


Since i <q< i we get 


—486 418 
g'(q) = —486q° + 418q — 100 < + ~100<0. 


So g decreases on (1/4, 1/3), 1.e. we have 


1 81 
g(q) < (3) = 35° 


Finally by (3), (4), (5) and (6) we obtain 


= 0y FOL Ah = TH (“ -) 


_ 81(q? — 293) — 4g — 117 — 329) 


81 


jin st 
_ 8) _ 8) 32 _ | 


81 81 81 32’ 


as required. 


273 Let x, y,z€R such that x + y+ z= 1. Prove the inequalities: 


l< = us g ee 
~1l-yz l—-zx I1-xy7 8 


Solution Let p=x+y+z=lq=xy+yz+7zx,r=xyz. 


(4) 


(5) 


(6) 


21 Solutions 401 


We have 
x(1—2zx)(1—xy)+ yO — yz)(1 — xy) + (1 — zx) (1 — yz) 
=x(l—xy — zx + x7yz) +yd-xy-yzt+ y?xz) +z —zx-—zy+ zxy) 


=xtytz—xe (yt 2 —ytx)— a+ y) +x? yzt yrext ry 


=p—x*(p—x)-y*(p—y)—-2(p— 2+ xye(x? + y? +2’) 
=p—(p—xy2rtyt2)tetyte 

= p —(p—r)(p* — 2q) + p(p? — 3q) +37 

Sti Dy = 997 2 (1) 


also we have 


(l—xy)(1— yz) — zx) = (l—xy — yz t+ y?xz)(1 — zx) 
=1—zx —xy— yetx7yz+ yx + cexy — x*y?z* 


=l—q+pr—r?=1-q4r-r’. (2) 


By (1) and (2) we have that the left inequality is equivalent to 


l—qg+r—r?<1-(—rn(—2qg)+1-3¢+3r & r—2q¢+320. (3) 


Using Ns: p? > 27r (Chap. 14), it follows that r < a: 
Also by Ni : p>? — 4pq + 9r = 0 (Chap. 14), we haveg < 2+". 
Now we deduce 


or +1 are Tera2-12 1l0=14r  S=Tr 


—2. 3>r—2 3 — 
ll a + 4 4 2 


so ay 
2, 


i.e. inequality (3) holds. 
We need to show the right side inequality from (1), which, using identities (1) 
and (2) is 


Or? + 23r+q —l6gr <1. (4) 


Let us denote f(r) = 9r? + r(23 — 16g) +4. 
By Nz: q7 > 3pr = 3r (Chap. 14), it follows that 


2 2 
pee. ie. jer ©. 
3 3 
We have 
f'(r) = 18r + 23 — 16q. (5) 


Using N4: p* > 3q (Chap. 14), it follows that g < ;: 


402 21 


By (5) we have 


16 
f'(r) = 18r + 23 — 16g > 18r +23 — =o 


i.e. f increases on (0, ), we q< i. 
So we obtain f(r) < #3) 
It suffices to show that f(4) < 1. 
We have fH =q' 16 93 +4 By? +4q. 
Now we get 


16 23 
4 3 -) 
+ 1<0 
34 34 +q = 
& (3q—1)(q? —5q* +69 +3) <0 


= (3q—-1)(¢q —2)(¢ — 3) +3) <9, 


which clearly holds since 0 <q < ;. This complete the proof. 


274 Let x, y,z € RT, such that xyz = 1. Prove the inequality 


1 1 1 2 
1 
fiace Uso Geer dendenisn 


Solution Letx+y+z=p,xy+yz+zx=qandxyz=r=l1. 
The given inequality becomes 


Solutions 


(+x +y? ++ y)?01 +27 +0427 +2)? +20 4+x)1+ +2) 


>(1+x)?(1+y)?(1 +2). 
By Ig and [,; (Chap. 14), we have 
(d+x)d+yd+z)=l+pt+qtr=2+p+q 
and 


(bey $97 +0497 ber +o ee 
=(3+2pt+q)—-238+p)\l+pt+qtr) 
=(3+2pt+q) —238+p)\(2+p+q). 


(1) 


21 Solutions 403 


So inequality (1) becomes 
B+2p+q) —234 p\2t+p+q)t+22+p+q)>2+pt+a) 
& pr >2q+3. 
According to Ng : q* > 27r? = 27 (Chap. 14), it follows that 
G23; (2) 


By N4: p? > 3q (Chap. 14), we obtain 


‘ Q) 
po = 3q=2q+q>2q +3, 
as required. a 


275 Let a,b,c > 0 such that a+b-+c= 1. Prove the inequalities: 


1° ab+be+ca<a3+b3 +34 6abc 
2? 2+h+4+c + 6abe <a +b? +c? 
3° a? +b? +c? <2(3 +b? + c3) + 3abe. 


Solution Let p=a+b+c=1,q=ab+bc+ca,r=abce. 
1° Using kh: a3 +b? 4+? = p(p* — 3q) + 3r = 1 — 3q + 3r we have that 
inequality 1° is equivalent to 


q<1-3q+3r+6r © 9r+1>4¢, 


which is true since Ny; (Chap. 14). 
2° Using I; :a? +b* +c? = p* — 2q = 1 — 2q we get the equivalent form 


1—3q¢+9r<1-2q << Or<q 


which is true since N3 (Chap. 14). 
3° The given inequality is equivalent to 


1—2q¢ <20 -—3q¢+3r)+3r << 4q¢<1+4+9r, 


which is true since Nj (Chap. 14). |_| 


276 Let x, y, z > 0 be real numbers such that xy + yz + zx + xyz = 4. Prove the 
inequality 


3(x? + y* +27) +-xyz > 10. 


Solution Let p=x+y+z=l,q=xy+yz+7x,r=xyz. 
The given inequality becomes 


3(p? —2q)+r>10, with constraint g +r=4. 


404 21 Solutions 
So it is enough to show that 
3p’ -6¢+4-—q>10, ie. 3p*—7q—6>0. (1) 


Applying N : p> — 4pq + 9r => 0 (Chap. 14), and since g +r = 4 we deuce 


3 
3 : p? + 36 
2_4 9(4—q)>0, i. Sa 
pang Oa) = 15 tp +9 
So 
3 2 
36 —3)6 42 102 
3p? —1q —6> 3p" opt a? Op +42p+ ye (2) 
4p+9 4p+9 
Applying AM > GM we obtain 
4=xytyz+zex+xyz> 4 (xyz)3 
& 1l>xyz. (3) 


Also (x + y+ zy> 3(xy + yz + zx), so we deduce 


(3) 
p=xtytz> /3(4—xya = V34—D 3. 
Finally by using (2) we obtain that 3 p* — 7g — 6 > 0, i.e. inequality (1) holds. 1! 


277 Let a,b,c € R™. Prove the inequality 


1 
Mytoaty(ztxytAet+y)< Tid +y+z). 


Solution Let p=a+b+c,qg=ab+bc+ca,r=abe. 
Since the given inequality is homogenous, without loss of generality we may 
assume that p = 1. 
We have 
4 4 4 _ 3 3 3 
EYED AV EAE ty) =x Ay +22) + yy (VE + yx) + (x + Zy) 
=X qg-yd+Vq@-wm+eq-xy) 
= q(x? + y? +27) —xyz(x? + y? +2’) 
=4(p(p? — 3q) + 3r) — r(p? — 24) 
=q(1—3q+3r)—rd — 2q) 
= q(1 — 3g) + rq — 1). 


21 Solutions 405 


Now the given inequality becomes 
g(l —3q) +r6q—D <=. (1) 
From 3q < p? it follows that 
q=z- (2) 


Ifq< i then r(5q — 1) < 0, so we have 


(1—3q)+3q\*_ 1 
2 ~ 42’ 


1 G<A | 
gag rt OP) Saul aa i aad < 3 


i.e. inequality (1) holds. 
Let 


q> = (3) 

ie. let g € (1/5, 1/3] and denote 
fq) =4C — 3q) + 5rq—1r. 
Then 
f'(q) = 1-64 +5r. (4) 

Using N3: pq => 9r (Chap. 14), we get 

ger (5) 
Now according to (3), (4) and (5) we deduce 


49 49 1 
-s< 
9 5 


5 
f'q)=1-6q¢+5r<1 6g+59=1 0, 


i.e. f is strictly decreasing on g € (1/5, 1/3], so it follows that f(q) < f(G) Le. 
we deduce that 


i seskeGoe DS lin. \oelee dS 
qd q)+rroqd ae ee Re SSS. 


as required. | 


278 Let a,b,c € R®™ such that a + b +c =1. Prove the inequality 


1 1 1 
—~+—+-—+448(ab+be+ca) > 25. 
a bec 


406 21 Solutions 


Solution Setting ab+ be +ca= 1-9? > 0, q => 0, it follows that g € [0, 1]. 
g 3 q q 


We have 


1 1 1 ab+bc+ca 
—+—4+-—+448(ab+4+ be + ca) = —————_ + 48 (ab + be +. ca) 
a boc abc 
_ 2 
a AGEs: 
3r 


So it suffices to show that 


~¢ 
+ 16(1 — q?) > 25. 


Due to Theorem 15.1 (Chap. 15) we have 


rey 2) 97 lea +16(1 —q?) 
37 fT a eA) q 
l+q 2 
29 2 EE eh g?) 
(l—q)Q+2q) 
2q2(4q — 1)” 
TGq7 Ws 595. 


~ d=) +29) 


Equality occurs if and only if (a,b,c) = (1/3, 1/3, 1/3) or (a,b, c) = (1/2, 1/4, 
1/4) (up to permutation). | 


279 Let a,b,c be non-negative real numbers such that a + b+ c = 2. Prove the 
inequality 


a+b +c+abezait+b+e’. 
Solution Applying Schur’s inequality (fourth degree) we have that 


a+b+cttabceatb+o>ra(b+otb(cta+c(atb), 


2(at + b+ 4+.c+) +.abc(atb+c)>(@4+b4+0)\atbt+eo) 
from which, using the initial condition, we obtain the result as required. 


Equality holds iff a= b=c=2/3 ora =b=1,c =0 (over all permutations). 
a 


280 Let a, b, c be non-negative real numbers. Prove the inequality 


2(a* + b* +c?) +abe+8>5(atb+c). 


21 Solutions 407 
Solution We'll use Schur’s inequality, i.e. 
x4 yr gt 3xyz>xy(xt+y)+yziyt+z+zx(z+x), forallx,y,z>0. 
By AM > GM and QM > AM we have 
6(2(a* +b? +c?) +abe +8 —S(a+b+c)) 

= 12(a7 +b? +c?) + babe + 48 — 30(a +b +0) 

= 12(a* + b? +c?) + 3Qabe +1) +45 — 30(a+b+c) 


> 12(a2 +b? +c?) + 9) (abo)? + 45 —5((a tb +c)? +9) 


PPE 432 £8 +22) — 6(ab + be +a) 
— a c*) — 6(a c+ca 
sabe 
49a by b= 6) (6 a)) 
> PE 4 3(q? +b? +02) — 6ab + be +a) 
a c’) — 6(a c+ca 
~ abe 
27abc D, 
> — — +3(a+b+c)* — 12(ab+be+ca) 
at+b+c 
3 
= ———_9abe + (a+b +c)? — 4(ab + be + ca)(a +b +c)) 
at+b+c 
3 
= —— (2 +b? +c? + 3abe — ab(a +b) + bc(b +c) +. ca(c +.a)) > 0. 
at+b+ec 
And we are done. Equality holds iffa=b=c=1. a 


281 Let a, b,c be non-negative real numbers. Prove the inequality 
a+h4+e4+4at+b+c) + 9abc > 8(ab + be + ca). 
Solution We'll use Schur’s inequality, i.e. for all a, b, c > 0 we have 
at+bh+c+abc(atb +c) > abla? +b*) + bc(b? +c?) + ca(c? +a”). 


By AM > GM we have 


A(ab + be + ca)? 
4(a+b+c) + —————— > 8(ab+ bc + ca). 
( ) (at+b+c) ~— ( ) 
So it suffices to prove that 
A(ab + be + ca)” 


a+b +c 4+ 9abe > 
(a+b+c) 


408 21 Solutions 


The previous inequality is equivalent to 
at +b+4+ct+abc(at+b+c) +ab(a? +b*) + be(b? +c?) + ca(c* +a’) 
> 4(a*b? + b*c? +.c7a7). 
Applying Schur’s inequality and AM > GM we obtain 
at +b*+ct+abc(atb+c) +ab(a? +b?) + be(b? +.c*) + ca(c? +a”) 
> 2(ab(a? + b?) + be(b? +c”) + ca(c* +.a7)) 
> 2(ab(2ab) + be(2be) + ca(2ca)) = 4(a7b? + bc? +. ca’), 


as required. 
Equality holds iff a=b=c=1 ora=b=2,c =0 (up to permutation). a 


282 Let a, b,c be non-negative real numbers. Prove the inequality 


a b3 (oa 


+ >Satbt+e. 
ae EA PS OEY a2 —ab+b2 — 


Solution Applying the Cauchy—Schwarz inequality (Corollary 4.3) we deduce 


a eg b3 4 (oa 
b2—be+c2 c*-—ca+a* a*—ab+b? 
a’ bt ct 
= + + 
a(b?—be+c?)  b(ce2?—ca+a?)  c(a* —ab+b?) 
(a2 + b? +. c?)? 


7 a(b? — be +c?) + b(c2 — ca +. a*) + c(a — ab + b?)" 
So it suffices to prove that 
(a7 +b? +0?) > (a(b* — be +c?) + b(c? —ca +a?) + c(a* —ab+b’))(a+b+c). 
The previous inequality is equivalent to 
ae et 40h be + ea") 
>(atbt+cy\ae(b+c) +b? (c +a) +c? (a +b)) — 3abc(a +b +c) 
or 
a+bt+ctt+abcatb+to>ra(b+otb(cta+c(at+b), 


and it is Schur’s inequality (fourth degree). 
Equality holds iff a= b=c ora=b,c =0 (up to permutation). gi 


283 Let a,b,c be non-negative real numbers such that a + b+ c = 2. Prove the 
inequality 


15ab 
a+b +84 > 2. 


21 Solutions 409 
Solution Applying Schur’s inequality we have that the following inequality holds 


ISabe _ (a+tb+c) 
4- = 4 


C+h4Ot4 


’ 


from which we obtain the required inequality. Equality holds iff a = b = c = 2/3 or 
a=b=1,c=0 (over all permutations). | 


284 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


a*+be th b? +ca ea c2 +ab 
a(b+c) b*(cta) c2(a+b) 


>ab+be+ca. 


Solution We’ll show that 


a? +be b? +ca c* +ab 1 1 1 
: ; >-+-4-. (1) 
a-(b+c) b*(c+a) c*(at+b)” a bc 


We have 


a’+be 1 (@—b)(a-c) 
a(b+c) a a(b+c) 


Analogously we deduce 


b?+ca 1 (b-—c)(b—-a) 4 c+ab 1 (c—a)(c—b) 
= an = 
b2(c+a) b b2(c +a) c(atb) c c2(a+b) 
Applying the previous identities and Corollary 12.1 from Schur’s inequality we ob- 


tain (1). From (1) and abc = 1 we obtain the required inequality. 
Equality holds iffa=b=c=1. a 


285 Let a,b,c be positive real numbers such that a’ + b? + c* = 3. Prove the 
inequality 


a@tabe bB+abe G+abe 3 
+ + 2s 
(b+c)* (c+a)* (a+b)? ~2 


Solution We’ll show that 


a* tabe | bi +abe | ct tabe | a % b? 4 C2 
(b+)? (cta)? (a+b)? ~b+ce cta atb 


(1) 


We have 
a> +abe a _ a 
(b+c)2 bt+e (b+c)? 


analogously we get the other two identities. 


(a—b)(a—c); 


410 21 Solutions 


Now (1) is equivalent to 


Cc 
(a+b)? 


(a—b)(a—c) (b—c)(6—-a)+ (c—a)(c—b) > 0. (2) 


a 
(bb+o2 © edtay? 


Assume that a > b>c. 
Then we easily deduce that 


& SY 2% ae ee yy? , and the correctness of (2) 
will follow from Corollary 12.1 of Schur’s inequality. 


Furthermore, we’ll show that 


a? b? of 32 +b? +c%) 


bie ea pee 2 


(3) 


Assume that a > b > c. Then 
2 1 2 1 ~ 1 


2 and > > : 
b+e”cta™” a+b 


a >b*>c 


Applying Chebishev’s inequality and AM > HM we get 


a b? oe 1 1 1 1 
~ + > +0 +2) + - ) 


b+ce cta a+b” 3 b+e cta a+b 


1 
= ge tbe +c’) 


2(a+b+c) 
3a? +b? +c*) — f3(a? +b? +c?) 
~ 2,/3(a2 + b2 +c?) 2 : 


So inequality (3) is proved. 
By (1), (3) and the initial condition we obtain 


atabe bb+abe @+abe a? b? : C2 , V3 +b? +07) 


= + 
(b+c) (c +a)? (a+b)? ~b+c cta atb— 2 
=, 
5 
Equality holds iffa=b=c=1. a 


286 Let a,b,c be positive real numbers such that a‘ + b* + c+ = 3. Prove the 
inequality 
1 1 1 


=< 1. 
top tate Ae 


Solution I After clearing denominators the given inequality becomes 


48-8) \ab+abe)\a< 64-16) ab+4abe a — abc’, 


sym sym sym sym 


21 Solutions 


16 + 3abc(a +b +c) > a*b’c? + 8(ab + bc + ca). 


Applying Schur’s inequality we have that 


411 


(1) 


(a? +b? +c? +3abc)(a+b+c) > (ab(a+b)+be(b+c) +ca(c+a))\(a+b+o), 


and since a* + b+ + c+ =3 we deduce 

3 + 3abc(a + b +c) > (ab +-.ac)? + (ac + be)? + (be + ab)’. 
Using AM > GM we get 

(ab +.ac)* + (ac + bc)? + (be + ab)* + 12 > 8(ab + bc + ca). 
Now from (2) and (3) we deduce 

154+ 3abc(a+b+c) > 8(ab+bc+ ca). 
Once more we apply AM > GM, and we get 
3=at+bt4c4>3/ (abo), ie. 1l>abc 

or 


1> a’b’c?. 


Finally using (4) and (5) we get inequality (1). 
Equality holds iffa=b=c=1. 


Solution 2 Let x = ab, y = be and z =ac. The given inequality is equivalent to 


1 i vas Si 
4 4-—y 4 > 
or 
1—x? fay" 1-22 


>0 
443x—x2  443y—y? 9 4437422 7 
Notice that 


x 4 y 4-27 = (ab)? + (be)? + (cay? <a* +8 +e =3. 
Assume that x > y > z. Then clearly 


1 1 1 
l= Slay 22" and 


(2) 


(3) 


(4) 


(5) 


é < 
44+3x—x2~ 443y—y?2 ~ 443z4 22 


412 21 Solutions 


Therefore by Chebishev’s inequality we obtain 


3 aa? p= 1-2? 
44+3x—x?  443y-—y?  443z4+22 


1 1 1 
>(l-x?+1-y*+1-2 + + 
sores : ON Gera 4a hae 


> 0, 


as required. 
Equality occurs iffa=b=c=1. a 


287 Let a,b,c be positive real numbers such that ab + bc + ca = 3. Prove the 
inequality 


(a? 8). 5P Hb sie =e 5) 15, 


Solution For any real number x, the numbers x — 1, x? —1,x3— 1 and x° — 1 are 
of the same sign. 
Therefore 


(x — 1)(x? — 1) >0, @?=DG2—1)0) and G@?=1)G?=1)=0, 
a2 =a ES 0, 
b> — b> —b*+1>0, 
Cea a1 0, 
So it follows that 
a—at5>a’+4, b—b4+5>b'4+4 and c)—245>0744. 
Multiplying these inequalities gives us 
(@—a+5)(b —b +5) —P +5) = @74O0'4+4C74+4. 
We'll prove that 
(a? + 4)(b* +4)(c? +. 4) > 25(ab + be +. ca +2). (2) 
We have 
(a? + 4)(b? +4)(c? +4) 


=a°b’c? + 4(a*b* + bc? + c2a’) + 16(a? + b* +: c*) + 64 


21 Solutions 413 
S60 eC He 46 4c)\42440r 4h tee +9) 
LI1S(a 4h te" 2550, (3) 
By the obvious inequalities 


(a— by + (6=—c" +(c=aY>0 and @b—1)?+(be=1) + (ca—1)*=0 


we obtain 
a+b? +c? >abt+bet+ca, (4) 
a*b? + b’c? +. c7a? +3 > 2(ab + be + ca). (5) 
We'll prove that 
a*b’c? + (a* +b? +c?) +2 > 2(ab+ be + ca). (6) 


Lemma 21.7 Let x, y,z > 0. Then 
B8xyz +x? + y2 +27 > A(xy)?/? + (yz)?/” + (zx)7/*). 
Proof By Schur’s inequality and AM > GM we have 


ey tt 3xyz> (X?y + y2x) + (ey + yz) + (072 + 27x) 


> 2((xy)?* + (yz)3/? + (zx)?”). 


2/3 


By Lemma 21.7 for x = a?/3, y = b?/7, z= c?/3 we deduce 


3(abce)*3 +a? +b? +c? > 2(ab+ be + ca). 
Therefore it suffices to prove that 
a’b?c? +2 > 3(abc)?/3, 


which follows immediately by AM > GM. 
Thus we have proved inequality (6). 
Now by (3), (4), (5) and (6) we obtain inequality (2). 
Finally by (1), (2) and since ab + be + ca = 3 we obtain the required inequality. 
Equality occurs if and only ifa=b=c=1. a 


288 Let x, y, z be positive real numbers. Prove the inequality 


1 1 1 9 
+ + > : 
x2txuyty2? y2tyztz2  2text+x2 7 x+yt+z)? 


414 21 Solutions 


Solution It is true that x? +xy+ > =(x+y +z)? (xy+yz+zx)—(x+y4+zZ)z. 
Now we have 


(tytz) _ 1 
2 2 xy+yz+zx ge 
x“ +xy+y 1 Gayta? > Se 


i.e. 
(ty+tz)? _ 1 
x24+xy+y2 1—(ab+be+ca)—c 
where a = —*__, b= —*_,c=—3 
Fy+Z 


x+y+z 


x+y+z" 
The given inequality can be written in the form 


a a =9 (1) 


where a, b, c are positive real numbers such that 
a+b+c=1 and d=ab+bc+ca. 
After clearing the denominators, inequality (1) becomes 
9d? — 6d” —3d+1+9abc>0 or d(3d—1)*+ (1 —4d +9abc) > 0 


which is true since 1 — 4d + 9abc => 0 (the last inequality is a direct consequences 
of Schur’s inequality). | 


289 Let x, y, z be positive real numbers such that xyz =x + y+z+2. Prove the 
inequalities 


1° xy+tyztzx >2(x+y4+2Z) 


OP ly tales 


Solution 1° The identity xyz =x + y+z-+2 can be rewritten as 


a ar 
l+x ity l+z — 


> 1 1 1 
Let's denote 5 =4, G5 =? = C. 
Then 


b b 
a+t+b+c=1 and x= sd pee Z iia 
a b Cc 


21 Solutions 415 


Now we have 


xy+tyztex>2(x+y+z) 
b+e cta cta a+b a+b bee 


b b Cc Cc a 
(= cta “*”) 
>2 + + 
a b c 


& &4+h+c+3abe> ablat+b)+bce(b+c)+ca(c +a), 


which clearly holds (Schur’s inequality). 
2° The given inequality is equivalent to 


1 i 1 n 1 23 
Jyz fzx f/xy~ 2 


e |< a a ee we a__3 (1) 
b+c cta cta a+b a+b b+e7 2) 


Using AM > GM we have 

| a b 1 a b 

: < + ; 
b+c cta™~ 2\a+tece ct+b 
| b Cc 1 b 6 

. < + and 
cta a+b” 2\a+b ca 
i ¢ a 1 Cc a 

‘ < + . 
atb b+c™” 2\b+cec a+b 


Adding the last three inequalities we obtain inequality (1), as required. | 


290 Let x, y, z be positive real numbers. Prove the inequality 
8a ty to)>@+yP +t 4+ E42). 
Solution I The given inequality is equivalent to 
°+w+eyaxytarzety*xt yet extc’y 
= T([3,0,0]> 7T[2, 1,0], (1) 


which obviously holds according to Muirhead’s inequality. | 


Solution2 Let p=x+y+2z,q=xy+yz+7zx,r=xyz. 
Since the given inequality is homogenous we may assume that p = 1. 
Using Ip we get 


x+y? +2 = p(p* —3q) +3r = 1-39 43r 


416 21 Solutions 
and 


xytxrzt yxty?ztext ey =xy(xt+y)+ yz(ytz) + 2x(z +x) 
=xyd—z)+yzd—x)+zx0— y) 
=xy+yz+zx —3xyz = q — 3r. 


Now inequality (1) becomes 
21 —-—3¢+3r)>q-3r & 249r>74q, 
which is true according to Ng, and we are done. |_| 
Solution 3 We can easily deduce that 
403+ y3)-—(atyP=3at+y)\(a—y)* 20, ie 40°? +y3)> 4 y). 
Analogously we get 
Ay? +2)2(+z)> and 4@> 42°) (+2). 
Adding these three inequalities we obtain the result. a 


Solution 4 According to Jensen’s inequality for the convex function f(x) = x?, we 
obtain 


1 1 + 343 +y\ 
sfen+5r02 (722) or = — > (=) 


& AGi+y7)= +7). 


Now the solution follows as in the previous solution. | 


291 Let a, b,c be non-negative real numbers. Prove the inequality 
3, 7343 1 3 
a+b’+c +abce> gare te) : 


Solution We have 


(atb+cP=H4R40°43@7(b+0)4+h(c+a)+c(a+b)) + 6abc 


_ T[3,0,0] 


5 + 37T[2, 1,0] + 7[1, 1, 1] 


and 


T [3, 0,0 T[1, 1,1 
a+b+c+abe= as ly ne ! 


21 Solutions 417 


So we need to prove that 


(ees 4 T(1, 1, ) . st 0] 


3T[2, 1,0] + T[1, 1, 1], 
5 Pr ol [ ]+7 ] 


T[1, 1, 1] 


which is true according to T[3,0,0] > T[2, 1,0] and 7[1, 1, 1] > 0 (Muirhead’s 
theorem). | 


292 Leta, b, c be positive real numbers such that a+b-+c = 1. Prove the inequality 
a +b* +c? +3abc > : 
Solution We will normalize as follows 
9at+b+c)(a* +b? +c’) +27abe > 4(a+b+c)? 

which is equivalent to 

5(a> +b? +c?) + 3abe = 3(ab(a + b) + bc(b+c)+ca(ce+a)). (1) 
According to Schur’s inequality we have that 

a’ +b? +c? +3abe > ab(a + b) + be(b +c) + ca(c +4) (2) 

and by Muirhead’s theorem we have that 


2T[3, 0, 0] > 27[2, 1, 0], 


i.e. 
4(a> +b? +.c*) > 2(ab(a +b) + bc(b +c) + ca(c +.a)). (3) 
Adding these two inequalities gives us inequality (1). | 
293 Let a), a2, ..., dy be positive real numbers. Prove the inequality 
ay a a 
(l+a,))Ud +a2)---d+aq)<{1+—){(1+—)]---{1+—)}. 
a2 a3 a\ 


Solution Let x; = Ina;, then given inequality becomes 
(1+ e%)(1 + e*2)--- (1+ e™) < (1 + e172) (1 4 67827-%3)... (1 en 71), 
After taking logarithm on the both sides we obtain 
ln(l +e") =) + + n(l +e") < In(l fe) 4s Fn er), 


Let consider the sequences a : 2x1 —x2, 2x2 —Xx3,...,2X,—x, and b: x1, X2,...,Xn- 


418 21 Solutions 


Since f(x) = In(1 + e*) is convex function on R by Karamata’s inequality it 
suffices to prove that a (ordered in some way) majorizes the sequences b (ordered 
in some way), which can be done exactly as in Exercise 12.13, and therefore is left 
to the reader. a 


294 Leta, b,c, d be positive real numbers such that abcd = 1. Prove the inequality 


1 1 1 1 


(aan Gane Gener” (1+d)? =v 


Solution I First we’ll show that for all real numbers x and y the following inequality 
holds 


1 1 1 
+ > : 
(+x)? (t+y)? 7 1l4xy 


We have 
1 1 1 
zt 2 
(1+) d+ y) l+xy 


_ KV? 7) x29? = Dey +1 = xy(x — y)? + (xy — 1)? ee 
(1+x)?(1+y)?(1 + xy) (l+x(1+y)?(+xy) 7 


Now we obtain 


1 1 1 1 
@ van Gime” Geen” (1+ d)? 
= 1 s 1 = 1 ft 1 
~I1l+ab 1+cd 1+ab_ 1+1/ab 
1 ab 


= ae 
ius 1+ab 


Equality holds iffa=b=c=d=1. a 


Solution 2 Let 

1 te 1 fi 1 ‘ 1 
(lta)? (1+5)? (1+c)? (1+d)? 
g(a,b,c,d)=abcd —1. 


f(a,b,c,d)= 


Define 


1 1 1 1 


Bd Te Gene” Gee Be | eee es Cae 


(abcd — 1). 


21 Solutions 419 


For the first partial derivatives we have 


oL —4 Xr . —4a 

= =0, Lie. A= ——{, 
da (l[+a)? a (l+a)2 
oL —4 Xr ‘ —4b 

= =0, Le. A= , 
db (14+b)2 Db (1+) 
OL —4 Xr . —4c 

= =0, Le. A= ——, 
dc =(l4+c)? ¢ (l+c) 
OL —4 x . —4d 

= =0, ie. A=——. 
dd (l+d)* d (1+d) 

4a 4b 4c —4d 


So we have A, from which we get the follow- 


(+a)? ~~ (+b)? ~~ (+e)? ~~ (+d)? 
ing system of equations: 


(a—b)(1—ab)=0, (a—c)(1—ac)=0, (a—d)(1—ad)=0, 
(b—c)\1—be)=0, (b—d)(1—bd)=0, (c—d)(1—cd)=0. 


Solving this system we get that we must have a = b= c = d, and using abcd = 1 it 
follows that a= b=c=d = 1 and then we have 


Pie She ee a 
PN Se BS Ae Bae St 


Since f(1,1,1/2,2.=4+ 4+ 5+ 5 =34+38 > 1, by Lagrange’s theorem we 
conclude that f(a, b,c, d) = 1, as required. | 


295 Let a,b,c,d > 0 be real numbers such that a +b+c+d=4. Prove the 
inequality 


abc + bcd + cda + dab + (abc)? + (bed)? + (cda)* + (dab)? < 8. 
Solution Let us denote 
f (a, b, c,d) = abe + bed + cda + dab + (abc)? + (bed)? + (cda)* + (dab)’. 


Because of symmetry we may assume thata > b>c>d. 
We have 


Ochi Gre 
pos = 9. 


a-c 2 at+c 2 
=( ; ) (o+a+((S*) + ac) 0? + a2) 20%) 


2 
= (‘ 5 “) (4abcd — 2b?d2)>0 (abcd > b2d?). 


4) f(a, b,c, d) 


420 21 Solutions 


So 


2 2 
According to the SMV theorem it suffices to show that 


(5 ae oy 4) > f(a,b, c,d). 


f(t,t,t,d) <8 


where 3¢ + d =4 and clearly O<t< z. 
We have 


f@,.tta<8 © £43°3-—3)+43(4-3n*+<8 
& (GS 708 S16P 127 ]8)-S0: 


So it is enough to show that 28r4 — 16t? — 1217 — 8 < 0, which is easy to prove for 
O<t<f. 
Equality holds iffa=b=c=d=1. a 


296 Let a, b,c,d > 0 such thata+b+c+d=1. Prove the inequality 


148 1 
4,3.4,.4 4 

b —abcd > =. 
av+ +er+d' + abed > = 


Solution Denote f(a, b,c,d)=a*+b++c4++d*+ abcd - a. 


Since the given inequality is symmetric we may assume thata > b>c>d. 
We have 


ql 37 
f(a,b,c,d) (Fo, a) = (Jta- 0? + 3a — sybd )(a — by. 


Since ac > bd it follows that 


f(@,b,¢,4) p(F*o, Fe a) mo, 


a ree 
2 2 


According to the SMV theorem it suffices to show that 


flarb.evd) > (SS a) 


l-d 
f(t,t,t,d)=>0, wheret= ae 


We have 


— qd) _ a3 42 
(1 —d) aay d) 1 _ 2d(4d 1) eee Day 


t,t,t = 
PELE) 27 729 27 729 


21 Solutions 421 


Equality occurs if and only ifa=b=c=d=1/4o0ra=b=c=1/3,d=0 (up 
to permutation). | 


297 Let a,b,c be positive real numbers such that a2 + b* +c? = 3. Prove the 
inequality 


a*b* + bc? + ca? <atb+ce. 
Solution Without loss of generality we may assume that a < b < c. Then clearly 


a<1and b? +c? > 2, from which it follows that b +c > J2. 
Let f(a, b,c) =a+b+c—a*b* — b*c? — c?a*. Then we have 


2 2 
Coe s(«.f 2 +c? es) +c 


2 
=(b—c) a >0. 


9 1 ; 
b 
4 eS a) oe 


2 2 2 2; 
p10,6.02 Hoof? ee - z) 


By the SMV theorem it suffices to prove that f(a, t,t) > 0, when a? + 21? =3. 
We have 


Thus 


f(a,t,t)=>0 
1 
& a4+/23 =a) 2 a*G=a7)+ ge-ay 


: Jeo (1) 
3-—at+ 2(3 — a?) 


& = »?(Fe 1° 


Since a < | it follows that 


: es 
3-a+ J/23-—a2) 4 4 


Therefore inequality (1) is true, and we are done. 
Equality occurs iffa=b=c=1. a 


298 Let a,b,c,d > 0 be real numbers such that a+b+c+dz=4. Prove the 
inequality 


(l+a7)1+5*)(1 +c?) +d?) >(1+a)1+b)d +e) +4). 


422 21 Solutions 
Solution Let 
f(a,b,c,d)=(1+a7)1+b*)(1+c7)(1 +d?) -(1+ a) +b) +e) +4), 


and assume that a < b <c <d (symmetry). 
We’ll show that 


,b, 
2 2 


flarb.evd) > (SF aaa ) 


Clearly 
a+c<2, (1) 


so it follows that 


a+c at+c 
4) 


f(a, b,c, d) r( 5 ,b, 5 


2 2 2 2 a+c\*\ 
=(14+b°)(1+d*)(d+a)d+ec7)—(1+ 5 


2 
+atna+a((1+ 2) -(1+a(1-+0)). 


Since 


2\ 2 2 
atayr+e)-(1+(S*) ) =(a (5 (a+o) ta) 4 


2 2 16 


(this inequality follows by (1)) and by AM > GM it follows that 


2 
(tateos(14+"F*). 


So 


a+c at+c 


f(a, b,c, d) r( 5 ,b, 5 14) =0, Le. 


at+c at+c 
.) 


0) 
2 2 


flarb.evd) > s{ 
According to the SMV theorem it suffices to show that 
f@t,t,t,d)>=0 


where 3t +d=41e.d=4-—3t. 


21 Solutions 423 


We have 
f.ttd=0+PyPd+ 4-30)) - +596 — 36) 
a9) 204 444 P42 ee bar = Sar —36r 
a@17 OF —6r 433 = 208 + 1807 = 1244-12} 
(17 (Ora 17 40 4-5 OF 1S 10P 496 = 2) = 0. 


Equality holds if and only ifa=b=c=d=1. a 


299 Let a, b,c be positive real numbers such that abc = 1. Prove the inequality 


Did esl 6 ™ 
a bc atb+c7™ 


Solution Without loss of generality we may assume that a > b> c. 
Let f(a,b,c)=t4+G¢++4+ 5%. 
We'll prove that 


f(a, b,c) = f(a, Vbe, Vbc). 
We have 
f (a,b,c) = f(a, be, Vbc) 
i 4 6 2 6 
bo oe Gps ~ Jie” aaone 
& clatbt+c)(at2Vbc) + b(atb+c)(at+2Vbc) + 6be(a + 2Vbc) 


> 2Vbe(a +b+c)(a+ 2/be) + 6bc(a+b+c) 
& (vb— Ver ((atb+c)(at2Vbc) — 6bc) = 0. (1) 


Since a > b> c we have a > pre > Vbe. 
Thus 


(at+b+c)(a+2Vbc) > (Wbe + 2Vbc)(W be + 2V be) = 9bc > be. 
So due to (1) and the last inequality we have 
f(,b,c) = fla, Vv be, Vbe). 


According to the SMV theorem we need to prove that f(a, t,t) > 5, with at? = 1. 
We have 


f@to>=5 <= rare 


424 21 Solutions 
which is equivalent to 

P= 17 Or aa 47 74-9) 0, 
which is true since 24 + 41? — 447 -t +2>0 fort > 0. a 


300 Let a, b, c be positive real numbers such that a+ b+ c = 3. Prove the inequality 


| ee ee | 3 3, 3 
12(| -+-+-]>4(a+b?4+c’)421. 
a boc 


Solution Without loss of generality we may assume that a < b <c. 
Let 


L,!,! a pe 8 
f(a,b,c)=12| —-+=-4+-)-4@4+b4+c). 
a bioec¢ 


Then we have 


f(a,b,0) (> .c) 


a 

1 1 1 ee 4 1 3 3 

=12(-+5+-)-4@ +h? +c°)— 12( ——+-]}+ (+b) +4c 
a b c atb oc 


(t42-—* _\4 @4m 4? 40% 
= == a “~—4(a 
a b a+b 


gt 2 4 
= 3(a —b) (aa a+0)). (1) 


Since a < b<c we must have a+ b < 2, and clearly c > 1. 
By the AM > GM we have 


ab(a +b)? < 


4 
at) “ ~@+by20: 


, Le. ——— 
~ ab(a+b) 
Hence by (1) we deduce that 


a+b a+b 
2° 2 


f(a, b,c) r( 


bas 
vc) 20 ie. flab. ¢( _ vc). 


So according to the SMV theorem it suffices to prove that f(t,t,c) > 21, when 
2t+c=3,c >t. 
We have 


f(t,t,c) = 21 


21 : aa 
@ 12(>+—)+(@n*>—4c? 221 
Cc 


21 Solutions 425 


4 1 3 3 
@ 12(|—+4+-)4+(2t) -—4c° >21 
2t oc 


4 1 

S 12( + J+o cp —4c3 > 21 
3-c Cc 

& © —18c? + 48c? — 36c + 12>0 

& (c—2°(c— Ic? +3c—3)>0 


which is true since c > 1. 
Equality occurs iff (a, b,c) = (2, 1/2, 1/2). a 


301 Let a,b,c, d be non-negative real numbers such thata +b+c+d+e=5. 
Prove the inequality 


Aa? +b? 2" ed? + e*) + Seabed = 25. 


Solution Without loss of generality we may assume thata > b>c>d>e. 
Let us denote 


f(a,b, c,d, e) =4(a* +b* +c? +d? +e”) + Sabed. 


Then we easily deduce that 


b,c = ——— (8 — 5bee). (1) 


a+d a+d (aay 
2 ar ins 4 


flasb,evde)~ f( 


Since a > b>c>d>e, we have 


Cee: a 
so peebbeweee = — ey 


Thus it follows that bce < 1. 
Now, by (1) and the last inequality we get 


at+d at+d ) (a —d)* 
,e) > 


50; ,d, ~ ——.,b, > 
f(a, b,c, d,e) r( 5 ar 


d d 
flarboevd.e)> f(F4 p, 0, ve). 


According to the SMV theorem it remains to prove that f(t,f,t,t,e) > 25, under 
the condition 4t +e =5. 
Clearly 4t <5. 


426 21 Solutions 
We have 
f(@,t,t,t,e) => 25 
& A(t? +e?) 4+5t4e> 25 
& 417 44(5 — 41)? +5145 — 41) —25>0 
& (5—41)(t—1)2(t? +21r+3) =0, 


which is true. 
Equality occurs if and only ifa=b=c=d=e=1o0ra=b=c=d= 
5/4, e = 0 (up to permutation). a 


302 Leta, b,c be positive real numbers such that a+b-+c = 3. Prove the inequality 


1 1 1 3 
+ + a 
2 ae be 2 beet Db et ge A 


Solution Without loss of generality we may assume that a > b> c. 
1 


Let f(a, b,¢) = a5 + ape + Tae 
We have 

b+c b 
(4 — =*) — plato 


2 
— (e+2- ero ) 


( ) 
* . 
(b+ c2+2)2+ PE) (44202 +b? +02)(4+4 202 + HE) 


Since 
b 2 
Pee» OF 442a7+B?-+2?>bh+c?+2 and 
b+c)? b+c)* 
pg TEN ee) 
2 2. 
we have 


as 2 


(a ae “i ) > f(a, b,c). 


b 2 
(a ie xe) f(a,b,c)=0, ie. 


According to SMV theorem it suffices to prove that f(a, t,t) < i, when a + 2t =3. 


21 Solutions 427 


We have 
3 
Fatynss 
2 1 3 
PEaade 2+ 217 =A 
8 2 3 
8 + 4a? + (21)? Bs 44+ (2t)? < 4 
8 2 3 


+ ae 
8+4a2+3—a’ | 44+G6—ay~ 4 


which can be easily transformed to (a — 1)?(15a? — 78a + 111) > 0, and clearly 
holds. 
Equality holds iffa=b=c=1. | 


303 Let a,b,c be positive real numbers such that a* + b* +c? = 3. Prove the 
inequality 


ab+bce+ca<abc+2. 
Solution Without loss of generality we may assume that a > b> c. 


Let f(a, b,c) =ab+bce+ca— abe. 
We have 


a2 + b2 a2 +b? 
,b, 9 ’ 
jor Se =) 
2 2 2 2, 2 2 
b | b b 
=ab+bc+ca-— abc — 2c _ +05 


2 2 2 2 
(w-* a ) + e((a+0) - v2? +0) o(ab 7 x") 


2 

_ -(@-by c(a — b)* c(a — by? 

2 (a+b) + /2(@? +B?) 2 

=(a m(5 “ ) (1) 
2 2 (a+b)+J2(a? +b?) 


Notice that since a > b > c we must have c? < l,iie.c <1 anda?+b?>2. 
By AM < QM we have 


c ol Cc c 
< 
2 2 (a+b)+VJ2(a2+b2) 7 2 2/2: (a2 +b?) 
Cc Cc 
< 


“2 2 2,/2-(a2+b2 +c?) 


Cc 


eS NOL 


428 21 Solutions 


Hence by (1) we get that 


2: 2 2 2 
Fla,b,) (V2 ° 4! ° vc) <0 
2 2 2 2 
ra.rozi(y" x — x vc). 


According to the SMV theorem we need to prove that f(t,t,c) <2, when 217 + 
2 
cS3. 
We have 


fi.to<2 © #+2ct-tc<2 
& wW+4+4ct<2et+4 & 4ct <2?e43-21741 
& 4ct<2P’c+c7 +1, 


which is true due to AM > GM, L.e. 


rete etla=Peted¢14 Per 4Vte-c2- 120 =4et. = 


304 Let a, b,c be positive real numbers. Prove the inequality 


a bc atb b+ece ate 
+-+-=2 : 
b c a b+ce cta a+b 


Solution Without loss of generality we may assume that c = min{a, b, c}. 
Notice that for x, y, z > 0 we have 


z 1 > 1 
fet 3= —(«—- yy) + —( — z)(y — 2). 
y 2 xX Xxy XZ 


Lan ce ee OO Pe 3 
b cieoa ~e+tb bt+a a+tb 


1 2 1 
S (a — b)* + —(a—c)(b—c) 
ab ac 


1 : 1 
Gill” § “Gear °°" @ 


21 Solutions 429 


1 1 ) n+ 1 1 ) 
ma (= (atobta)” ac. (a+cyatb) 
x (a-—c)(b—c)=>0. 


The last inequality is true, since: 


1 1 
>0O and > 0. 
ac (a+c)(a+b) ab (a+c)(b+c) = 


c=min{a, b,c}, 


305 Let a, b,c be positive real numbers. Prove the inequality 


Bite iy SE OS OB: oe 
e+e) @e+ae ath? ~b+e cta atb 


Solution We have 


a? a ab(a — b) + ac(a—c) 
bt+ece b+te (b%+c2)(b+c) ’ 
b? b bc(b — c) +. ab(b— a) 
= and 
c+a* cta (c?2 +.a7)(c +a) 
ce a ac(c —a)+ bc(c — b) 


ae+b> a+b (b%+a2)(b+a) 


Now we obtain 


a? b? Cc? a b c 
pope eee gee (++) 
_ ab(a—b)+ac(a—c) bc(b—c)+ab(b—a)  ac(c—a)+bc(c —b) 
~  (b+0e2)(b+0) (c2 +.a2)(c +a) (b? +. a2)(b +a) 
ab(a — b)” Soa 
(b+c)(c+a)(b?>+0?)(c? +a?) ~ 


=(a° +b? +c? +ab+bet+ca)- >> 


306 Let a, b, c be positive real numbers such that a > b > c. Prove the inequality 
2 2 2: 
a b(a—b)+b’c(b—c)+c*a(c—a) > 0. 
Solution We have 


a’b(a —b) + b*c(b —c) +. c’a(c —a) 


=ab(a — b) + b*c(b — c) +: c’a(c — a) — ab*(a — b) — ab*(b —c) 


_ ab*(c —a) 


430 21 Solutions 
= (a’b(a — b) — ab? (a — b)) + (b’c(b — c) — ab*(b — c)) 
+ (c*a(c — a) — ab?(c —a)) 
= ab(a— b)* + (ab +ac—b*)(a—c)(b—c). 
So we need to show that 
ab(a — b)* + (ab +.ac — b?)(a — c)(b —c) > 0, 
which clearly holds since a > b> c. | 


307 Let a, b,c be the lengths of the sides of a triangle. Prove the inequality 


(b+c)? (cta)* (a+b)? +6 
a2 +be b2 +a c2+ab — 


Solution We have 


(b+c)? 3 (c+a)* . (a+b)? 


2>0 
a2 +be b? +a c2 +ab ~ 
b?+c2—2a* ce? +.a* — 2b? a* +b? 2c? 
a*+be b2 +a c2 +ab 


b*—a* a*—bd? c—a*  a*—c? 
(set eee) + (Set 7) 
ZR GO ee ee 
+(S— +o) 20 
(b—a)’(a+b)\(atb—c) (c—a)*(c+a)(c+a—b) 


(a2 + bc)(b? + ca) (a2 + bc)(c? + ab) 


(b—c)*(b+c)\(b+ce—a) 
(b2 + ca)(c2 + ab) = 


which is clearly true. a 


308 Let a, b,c be positive real numbers. Prove the inequality 


a+b Pe joe 4 ab+bce+ca 
b+c cta a+tb (atbt+c)? — 


Solution Without loss of generality we may assume that c = min{a, b, c}. 
Now we have 


a+b sas asl 7 
b+c cta a+b (a+c)(b+c) 
1 
nt (a+b)(b+c) 


(a—b)? 


(a —c)(b—c) 


21 Solutions 431 


and 
ab+bc+ca 1 2 1 
l= b b : 
(a+b+cP Ga ae 
The given inequality becomes 
M(a—b)* + N(a—c)(b—c) =0, (1) 


where M = 


u d and N = : ! 
(atc)(b+c) — (a+b+c)? ~ (atb)(b+c) — (a+b+c)** 
We can easily prove that M, N > 0, and since c = min{a, b, c} we get inequal- 
ity (1). 
309 Let a, b,c be real numbers. Prove the inequality 


3(a* — ab +b?) (b* — be +.°)(7? —cata*) > P4033 +c’. 


Solution It is enough to consider the case when a, b,c > 0. 


We have 
(a? — ab + b*)(b* — be +.c7)(c? — ca +a) = ) ab? — ) ab? — Satbe 
sym cyc cyc 
+a*b*c?. 


The given inequality is equivalent to 
3) ath? 4) ab? —3) athe + 3a7b’c? > 0, 
sym cyc cyc 


which is equivalent to 


Y\(2ct +.3a7b? — abc(a +b +c))(a — b)” = 0. (1) 


cyc 
Assume a > b > c and denote 
Sq = 2a* + 3b*c? — abc(a+b+0o), 
Sp = 2b* + 3a2c* — abc(a +b +c) 
and 
S, = 2c* + 3a"b* — abc(a+b+¢). 
We have 
S= on 43h eS = abc(a+b+c)> a +20 be abc(a+b+c)>0, 
Se = 2c* + 3a7b? — abc(a + b +c) = 3a*b* — abc(at+b +c) =0, 


432 21 Solutions 
Sq +28, =2a* + 3b?c* + 4b* + 6a7c* — 3abc(a +b +c) 
> at + 2a*be + 8b?ca — 3abc(a+b+c)>0 
and 
Se + 2Sp = 2c*t + 3a*b? + 4b* + 6a*c? — 3abc(a +b +c) 
> Ba7b* + 3a*c*) + 3a7c” — 3abc(a +b +c) = 0. 


(Since the given inequality is cyclic if we assume that a < b <c similarly we can 
show that S,, Sc, Sq + 2Sp, Sc + 2S, > 0.) 
According to the SOS theorem we obtain that inequality (1) holds, as required. 
Equality holds iff a=b=c. a 


310 Let a,b,c,d €R* such thata + b+c+d+abcd =5. Prove the inequality 


1 a 1 ie 1 4 1 SA 
ab ¢ og 
Solution We'll use Lagrange’s theorem. 
Let 
1 1 1 1 
f(a,b,c,d)= ha ae as, and g(a,b,c,d)=a+b+c+d+abcd—5=0. 
a c 
We define 


1 1 1 41 
L=f-jAg=-+-4+-4+ A(a+b+ce+d+abcd —5). 
a bc d 


For the first partial derivatives we get 


ae ! AC + bed) =0 a : AC. + acd) =0 
es ee Cc = 0, —$> = - =0, 
ja oe ry ae se 
OF ao De eo 
dc. 2 eee ee i lat 
So 
1 1 i 1 


a(l+bed)  b*<l+acd)  c2(1+abd) d2(1+abc)’ 
From the first two equations we deduce 
a(1+bced)=b*(1+acd), ie. (a—b)\(a+b+abcd) =0. 


Since a+b-+abcd > 0 we must have a = b. 
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Analogously we deduce thata =c=d,ie.a=b=c=d. 
Usinga+b+c+d-+ abcd =5 we get 


at+4a—5=0 S (a—l)\(a+a?+a4+5)=0, 
and it follows that we must have a = 1. 


Soa=b=c=d=1. 
Finally we have f(1, 1, 1,1) =1+1+1+1=4, and we are done. |_| 
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